BOUNDARY AND LENS RIGIDITY OF LORENTZIAN
SURFACES
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ABSTRACT. Let g be a Lorentzian metric on the plane R? that agrees
with the standard metric go = —dz? + dy? outside a compact set and so
that there are no conjugate points along any time-like geodesic of (R?, g).
Then (R?, g) and (R?, go) are isometric. Further, if (M, g) and (M*, g*)
are two dimensional compact time oriented Lorentzian manifolds with
space—like boundaries and so that all time-like geodesics of (M, g) max-
imize the distances between their points and (M,g) and (M*,g") are
“boundary isometric” then there is a conformal diffeomorphism between
(M, g) and (M*,g*) and they have the same areas. Similar results hold
in higher dimensions under an extra assumption on the volumes of the
manifolds.

1. INTRODUCTION

In this paper we consider uniqueness questions for Lorentzian manifolds
where time-like geodesics have no conjugate points and the closely related
problem of uniqueness for Lorentzian metrics on manifolds with boundaries
in terms of the boundary distances. In the Riemannian setting the earliest
uniqueness result for manifolds without conjugate points seems to be the
theorem [I0] of E. Hopf that a metric without conjugate points on a two
dimensional torus is flat. (For extensions of this result and more references
cf. [8] and [B].) This result was used by Green and Gulliver [6] to show
that a metric on the plane R? with no conjugate points that agrees with
the standard metric outside compact set is flat. Our main result is that this
result extends to Lorentzian metrics.

Theorem 1.1. Let go = —dx? 4 dy? be the standard flat metric on R? and
g any other Lorentzian metric on R? that has no conjugate points along any
time-like geodesic and which agrees with gy outside a compact set. Then
(R2, g) is isometric with (R?, go).

In [5] Croke extended the Green and Gulliver result to Riemannian met-
rics on R™ without conjugate points and which agree with the standard

1991 Mathematics Subject Classification. 53C50.

Lars Andersson supported in part by the Swedish Natural Sciences Research Council
(SNSRC), contract no. F-FU 4873-307. Mattias Dahl supported in part by the Wallenberg
foundation. Ralph Howard supported in part by the SNSRC, contract no. R-RA 4873-306,
the Swedish Academy of Sciences and the Crafoord foundation.

1



2 LARS ANDERSSON, MATTIAS DAHL, AND RALPH HOWARD

metric outside a compact set. In doing so he showed that this result fol-
lows from the boundary rigidity for domains in Euclidean space, a problem
which had already been considered by Gromov [7] and Michel [I2]. In an-
other paper Croke [4] gave a very general boundary rigidity result for two
dimensional Riemannian manifolds. In [4] Croke introduces the class of
strongly geodesically minimizing manifolds, a class of compact manifolds
that includes totally convex domains and which seems to be the natural
class to consider when dealing with boundary rigidity questions. In order
to define the analogous notion in the Lorentzian case we make the following
definition.

Definition 1.2. A space—like slab is a time oriented Lorentzian manifold
(M, g) with non-empty boundary OM which is space-like and so that every
inextendible causal curve ¢ meets both the past boundary N (the set of
boundary points p where the inward unit normal points to the future) and
the future boundary N, (the set of boundary points where the inward
normal points to the past), and that moreover the past and future boundaries
are complete as Riemannian manifolds.

This implies that both N and N, are Cauchy hypersurfaces in (M, g)
and therefore (M, g) is globally hyperbolic. (Our basic references for the
concepts of Lorentzian geometry are [I, G]. For the rest of this paper we
will denote by N the past boundary and by N, the future boundary of a
space—like slab (M, g).) The following class of space—times is the Lorentzian
analogue of the strongly geodesically minimizing manifolds.

Definition 1.3. A space-like slab (M, g) is strongly geodesically maxi-
mizing (or SGM for short) iff every time-like geodesic « : [0, L] — M of
(M, g) maximizes the distance between any two of its points in the strong
sense that v(0) has no cut points in the closed interval [0, L].

The following condition is not as natural as the condition SGM, but most
of the spaces we are interested in satisfy it and it is very important for
technical reasons in our proofs.

Definition 1.4. A space-like slab (M, g) is free of cut points iff the past
boundary N has no cut point in M along any geodesic normal to V.

We use the notation p < ¢ to mean that there is a time-like curve from
p to q. If p < ¢ then the Lorentzian distance d(p,q) is the supremum of
the lengths of all the time-like curves form p to ¢ and d(p,q) = 0 if p K q.
Let (M, g) and (M*, g*) be two space-like slabs and let us assume there is
an isometry ¢ : OM — OM™ (so that ¢ is an isometry of the Riemannian
manifolds (OM, g|anr) and (OM*, g*|oar=)). Let n be the future pointing
unit vector field along N and £ the future pointing unit vector field along
N,. Let n* and £* be the corresponding vector on N* and N7¥. Let H(N)
be the bundle of all future pointing time-like unit vectors of M based at a
point of N and H(N4), H(N*) and H(N7) the corresponding bundles over
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Ny, N* and Ny. Then for any vector V' tangent to N there is a unique
number § > 0 so that cosh(f)n+V € H(N), that is so that cosh(6)n+V is
a future pointing unit vector. Then ¢ induces a map ¢4 : H(N) — H(N¥)
be p4(cosh(0)n + V) = cosh(0)n* 4+ ¢, V. There is a similarly defined map
o4 H(N,) = H(NY).

Definition 1.5. Let (M, g) and (M*, g*) be space-like slabs.

1. A smooth map ¢ : OM — OM™* is a boundary isometry iff it is an
isometry of the Riemannian manifolds (0M, gloys) and (OM*, g*|gar+) and
for all p € N and g € Ny the equality d*(¢(p), ¢(q)) = d(p, q) holds.

2. A smooth map ¢ : OM — OM* is a lens equivalence iff it is an
isometry of OM with OM™* and if v = cosh(f)n+V € H(N) and £ > 0 is so
that exp(¢v) € H(N,), then for the geodesic v*(t) := exp*(tp4(v) it holds
that v*(¢) € N1 and px(v'(¢)) = ¢((v*)'(¢)). (That is if we identify OM
and OM™* by ¢, then for any inward pointing unit vector v the corresponding
time-like geodesics v and v* with the initial velocity vector v both have the
same length, they both hit N, at the same point ¢ and have the same
velocity vector at q.)

3. The space-like slab (M, g) is boundary rigid iff every space-like slab
(M*, g*) boundary isometric to (M, g) is isometric to (M, g). (Isometries
are assumed to preserve the time orientations.)

4. The space-like slab (M, g) is lens rigid iff every space-like slab
(M*, g*) lens equivalent to (M, g) is isometric to (M, g).

It will be shown in Section B that if (M, g) is SGM and (M*, g*) is bound-
ary isometric to (M, g) then (M*, g*) is also SGM and (M, g) and (M*, g*)
are lens equivalent. The only examples of boundary rigid space-like slabs
known at present are

Theorem 1.6. Let (N, ds?) be a circle of length L and let 2w < L. Then
the Lorentzian cylinder ([0,w] x N, —dt?> + ds?) is both boundary and lens
rigid.

In higher dimensions we show (Theorem p.2) that if (IV,h) is a compact
Riemannian manifold with injectivity radius > w and (M*, g*) is boundary
isometric to (M, g) := ([0, w] x N, —dt* 4+ h) and also Voly(M) = Volg«(M*)
then (M, g) and (M*, g*) are isometric.

For two dimensional space-like slabs the examples of Section B show
the condition SGM, even along with the (M, g) being free of cut points, is
not enough to guarantee that (M, g) is boundary rigid. However if (M, g)
is SGM then at least its conformal type and area are determined by its
boundary distances.

Theorem 1.7. Let (M,g) be a SGM two dimensional space-like slab and
let (M*,g*) be boundary isometric to (M,g). Then the boundary isometry
extends to a conformal diffeomorphism between (M, g) and (M*,g*). If also
(M, g) is compact and free of cut points, then (M,g) and (M*, g*) have the
same area.
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2. PRELIMINARIES

Let (M, g) be a space-like slab and let H(M) be the bundle of all future
pointing time-like vectors tangent to M. For each © € M, the fiber H,
is the set of future pointing vectors satisfying g(u,u) = —1. Thus each
fiber is isometric to the Riemannian hyperbolic space H* ! with constant
sectional curvature —1. Let ¢' be the geodesic flow on H(M). That is for
each u € H(M), ¢'u = +/(t) where ~ is the geodesic satisfying +'(0) = u.
Let H(N) := U{H, : p € N} be the restriction of H(M) to the past
boundary N. For v € H(N), let ¢(v) be so that exp(vf(v)) € N4 and let
H = {(v,t) € H(N) x [0,00) : t < ¢(v)}. Then because N is a Cauchy
hypersurface

Proposition 2.1. The map (v,t) — (v From H to H(M) is a diffeomor-
phism. ]

Let M = {(z,t) € N x [0,00) : t < ¢(n(x))}. The following is also
elementary.

Proposition 2.2. If (M, g) is without cut points, then (z,t) — exp(tn(x))
is a diffeomorphism of M with M. O

The following two results show that it is possible to determine if (M, g)
is free of cut points or is SGM from the behavior of d? : N x N} — (0,00).

Proposition 2.3. The space-like slab (M,g) is free of cut points iff for
all ¢ € Ny there is a unique point P(q) so that the function d°(-,q) has a
maximum at P(q) and moreover the map q — P(q) is a diffeomorphism of
N with N. Thus if (M,g) is free of cut points and (M*,g*) is boundary
isometric with (M, g) then (M*,g*) is also free of cut points.

Proposition 2.4. A space-like slab (M, g) is SGM iff for each q € Ny
the function d°(-,q) is smooth on N NI1~(q) and for each p € N the map
q > Vpd?(-,q) is a diffeomorphism of I'*(p) N Ny with H,. Thus if (M, g)
is SGM and (M*, g*) is boundary isometric to (M, g) then (M*,g*) is also
SGM and (M, g) and (M*,g*) are lens equivalent.

In the following proposition we will use the notation R™[0,w] for the
subset of R™ defined by R"[0,w] := {z : 0 < 21 < w}. Recall that a time
oriented Lorentzian manifold (M, g) is future one connected iff for all
p,q € M with ¢ € I'*(p) and for all time-like curves ~g,v1 : [0,1] — M
with 79(0) = 71(0) = p and (1) = 71(1) = ¢ there is a homotopy of o
to 1 through time-like curves keeping the endpoints fixed (cf. [0, Definition
9.28]).
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Proposition 2.5. Let g be a Lorentzian metric on R™ that agrees with
the standard metric g = —da? + dz3 + - + dz? outside a compact set
K C R™[0,w] and so that (R™]0,w], g) is globally hyperbolic, future one con-
nected, and the time-like geodesics of (R™, g) have no conjugate points. Then
(R™0,w], g) is both boundary isometric and lens equivalent to (R™[0,w], go).

Remark 2.6. Part of the proof of Theorem [ consists of showing that in
two dimensions the assumptions on global hyperbolicity and future one con-
nectedness are redundant (cf. Proposition [.1)), as any Lorentzian metric
on the plane which agrees with the standard metric out side a compact
set is globally hyperbolic and future one connected. In higher dimensions
this is no longer true, cf. Remark b.3, however it is still open if there is a
counterexample that is free of time-like conjugate points.

Proof of 2-3. If (M, g) is free of cut points, then each point ¢ € N is
uniquely of the form ¢ = exp(tn(p)) for some p € N and ¢ > 0. This
induces a map ¢ — p = P(q) which is easily seen to be a diffeomorphism
using Proposition Z.2.

Conversely if there is a map P(-) with the properties of the proposition
and p € N, let ¢ = exp(4(n(p))n(z)) be the point where the geodesic ~
normal to N at p meets N;. As P(-) is bijective there is a point ¢; € N
so that p = P(q1). Since M is globally hyperbolic there is a maximizing
geodesic vy from p to ¢; and by the properties of P(-) this geodesic must
also maximize the distance of its point from N. Thus y; will be normal to N
at p so that 43 = v, and ¢1 = ¢. Thus (¢) = exp(tn(p)) maximizes distances
from N for t € [0,¢(n(p))] which implies that none of the points (¢) is a cut
point of N for 0 < ¢ < ¢(n(p)). To see that the point ¢ = exp(¢(n(p))n(z))
can not be a cut point note that because P is bijective for any ¢ € N4
there is at most one maximizing geodesic from ¢ to N and therefore the
only way that g can be a cut point is if ¢ is a focal point of NV, that is a
point where the derivative of the exponential on the normal bundle to N
is not injective. But the restriction of the exponential to the hypersurface
Ny = {(¢(n(p)),p) : p € N} is essentially just the map P~! and thus has
an injective differential. For a fixed p € N the curve t +— (t,p) in the normal
bundle maps to t — exp(tn(p)) which has a nonzero tangent vector for all ¢.
As t — (t,p) is transverse to the hypersurface Ay this implies that exp has
injective differential at all points of Ay which shows that no point of N is
a focal point. O

Proof of Z4. Let H, = {(v,t) : v € Hp,t € [0,€(v)]}. Then if (M,g) is
SGM, the map (v,t) — exp(tv) is a diffeomorphism of M with It (p). If
V € T(N),, there is a unique # > 0 so that v := cosh(d)n(p) +V is a
future pointing time-like unit vector. Let ¢ be the point where the geodesic
v(t) := exp(tv) meets N,. Then as (t) is free of cut points V,d?(-, q) is the
orthogonal projection of 4/(0) onto T'(N),. That is V,d?(-,q) = V. As the
point ¢ is the point where the geodesic determined by cosh(6)n(p) +V meets
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N, the point ¢ is the unique point with Vpda(‘,q) = V. Now using the
diffeomorphism of Proposition @ it follows that the map ¢ — Vpda(', q) is
a diffeomorphism.

Conversely if there is a time-like segment + : [0, L] — M which is not
strongly maximizing, then by extending it to a maximal geodesic segment
it can be assumed that for some p € N and v € H, that v(t) = exp(tv)
defined on [0, 4(v)]. Let y(to) be the first cut point of p = v(0) along v and
let ¢ = v(¢(v)) be the point where v meets N. If tyg < ¢(v) then  does not
maximize the distance from p to q. Write v = cosh(0)n + V where 6 > 0
and V € T(N)p. As v is a unit vector ||V|| = sinh(#) so that V' determines
6. Then there can not be any ¢; € I'T(p) N Ny so that Vpda(',qﬁ =V,
for then the maximizing geodesic from p to ¢; would have initial vector
v = cosh(0)n+V which in turn implies ¢; = exp(¢(v)) = g. This contradicts
~ not being maximizing. This leaves the case ty = ¢(v) which splits into
two sub-cases. The first being that ¢ = exp(¢(v)v) is a conjugate point of
p, and the second being that ¢ is not a conjugate point, but there are two
or more maximizing geodesics from p to gq. To rule out the first sub-case
note that as the mapping g — V,d?(-,q) is a diffeomorphism of I*(p)N Ny
with Hj, the derivative of the exponential map is non-singular at any of the
points £(u)u with v € H,. Thus ¢ = exp({(v)v) is not a conjugate point
of p. This leaves the case where there are two maximizing geodesics (t) =
exp(tv) and 71 (t) = exp(tvy) from p to q. Write +/(0) = cosh(f)n + V and
v1(0) = cosh(61) + Vi where V,V; € T(N),. But as there are no conjugate
points along the geodesics v and 41 we have Vi = V,d?(-,q) = V. As V
and V7 determine 6 and 6, this implies 4/(0) = 44 (0) which implies v = 1,
contradicting v # ~;. This completes the proof of the characterization of
SGM in terms of boundary distances.

If (M, g) is SGM, then for each p € N, v € T(N),. Write v = cosh(0)n+V
where § > 0 and V € T(N),. Let ¢ € Ny be the unique point so that
V,d?(-,q) = V. Then {(v) = d?(p,q) and ¢ = exp(¢(v)v). The velocity
vector of y(t) = exp(tv) at t = £(v) is V,d?(p,-) + cosh(#)¢ where ¢ is the
future pointing unit vector to N4 at q. This shows that when (M, g) is SGM,
the length of the geodesic y(tu) = exp(tu), the point where this geodesic
meets N, and its velocity vector at N4 can all be determined by d°. Thus

any (M*,g*) boundary isometric to (M, g) will also be lens equivalent to
(M,g). O

Proof of Proposition [2-3. We adapt Croke’s argument [5, §4] to the Lorentzian
setting. Assume g is a Lorentzian metric that agrees with the usual Lorentzian
metric gg = —dz3+dr3+- - +dz? outside of the compact set K C R"*[0,w] :=
{0 < 21 < w} and that (R",g) is globally hyperbolic and future one con-
nected. Then let p,q € R™ with p in the future of ¢q. Then [1, §9.1] there
is exactly one time-like geodesic of (R", g) through p and ¢ and the unique
geodesic segment between p and ¢ maximizes length. This implies that if ~
is a future directed time-like geodesic of (R™, g) then the direction it enters
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R™[0, w] and the direction it leaves R"™[0, w] are the same. For if not there
would be a time-like geodesic v; that misses K and meets v in two points.

Let N := {z; = 0} and Ny := {x; = w} be the past and future bound-
aries of R™[0,w], d? : N x N — [0, 00) the boundary distance function of g
and df, also defined on N x N, , the boundary distance function of gog. We
now show d? = dJ. Let p € N and ¢ € N and let (¢) be a time-like future
pointing unit speed geodesic that misses the compact set K but is parallel
to the segment from p to q. Then 7 is a geodesic for both the metrics g and
go- Letting d and dg be the distance functions of g and gy we have from the
reverse triangle inequality for large ¢

2t = do(y(—t), (1)) = d(v(=1),~())
> d(y(—t),p) +d(p,q) +d(q,7(t))
= do(v(—t),p) + d°(p, @) + do(q,¥(t))

Thus df(p, q) = limy—oc[2t — (do(7(~1),p) + d(a,7(1)))] = d°(p, q)-

To get the inequality dJ(p,q) < d°(p,q) in the case p € {z; = 0}, q €
{r1 = w} and ¢ € I'*(p) let y be the time-like geodesic of the metric g that
passes through p and gq.

Parameterize v so that v(0) = p and let £ = d?(p,q) be the number so
that v(¢) = ¢. The restriction of v to each of the intervals (—oo,0) and
(¢,00) will be straight lines as the metrics agree outside of K. Let H; be
the space-like hyperplane through p = (0) and orthogonal (with respect to
go) to v, Hy be the hyperplane through ¢ = «(¢) orthogonal to v and let D
be the distance between H; and Hs (See Figure 1). By the reverse triangle
inequality D > d(p,q) = £. Choose a point = that is not causally related
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to any point in K and connect it to the points v(—t) and (¢t + ¢) by line
segments. By the reverse triangle inequality

2t + £ = d(y(—t),7(t + £))
> d(y(=t), ) + d(z,y(t +£)).

Therefore d?(p, q) = £ > do(y(—t),x) + do(x,y(t +£)) — 2t. But it is easy to
check that lims o do(y(—t),z) + do(z,y(t + £)) — 2t = D > do(p,q). This
yields d°(p,q) > do(p,q) and completes the proof (R™[0,w],g) is boundary
isometric to (R™[0,w], go). As (R™[0,w], go) is clearly SGM Proposition B.4
implies (R™[0, w], g) and (R™[0,w], go) are lens equivalent. O

3. BOUNDARY DISTANCES AND CONFORMAL TYPE

Let (M, g) be a two dimensional space-like slab. As part of the definition
of space-like slab is that every inextendible causal curve meets both the past
boundary N and the future boundary Ny it follows that each of the two null
geodesics through a point will meet both N and N,. Since (M, g) is time
oriented it is possible to choose two foliations of M by the null directions.
Let £_ be the foliation by null geodesics so that if a person stands on N
and looks into the future, then the curves of £_ move to the right. Likewise
let £, be the foliation by null geodesics so that when standing on N and
looking to the future the elements of £, move to the left. As (M,g) is
globally hyperbolic and N is a Cauchy hypersurface M is diffeomorphic to
N % [0,1] (cf. [0, §2.2] and as N is one dimensional it is isometric to either
R or the circle S'. Thus if N is simply connected then N is diffeomorphic
to R and as the past boundary of a space-like slab is complete, the past
boundary of a simply connected two dimensional surface is isometric to R.

Now assume that (M, g) is simply connected two dimensional space-like
slab. Fix a point pg of the past boundary N and let ¢: R — N be the unit
speed parameterization of N so that for increasing s, the point ¢(s) moves
to the left compared to someone standing on N and looking to the future.
If M is simply connected then there are unique functions u and v defined
on M by the differential equations

u(c(s)) =s, and du(X) =0 if X is tangent to £_,
v(c(s)) =s, and dv(X) =0 if X is tangent to L.

From this it follows for all ¢ € M that
u(q) —v(g) >0 with equality iff g € N.

The function wu is constant on the curves of the foliations £_ and v is con-
stant on the curves of the foliation £,. For a point ¢ the boundary of the
chronological past I~ (q) of ¢ is the union of the two null curves through g.
As the chronological past is also given by I~ (q) = {p : d(p, q) > 0} it follows
that there are the formulas

{ u(q) = sup{s:d(c(s),q) > 0}
v(q) = inf{s:d(c(s),q) >0}
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for v and v in terms of distance function. Define a map ¢ : M — R? by
(1) ©(p) := (u(p) — v(p), ulp) +v(p)).

If R? has the Lorentzian metric gg = —dx? + dy? then ¢ sends null curves
of (M, g) to null curves of (R?, go) and therefore ¢ is conformal. Points on
N are of the form ¢(s) and thus ¢(c(s)) = (0,2s) and it follows that ¢ maps
N bijectively onto the y-axis. We wish to show that the image of N, can
be defined in terms of boundary distances. In what follows we will take the
terms “left” and “right” to mean the left or right for someone on M facing
to the future. For the point ¢(s) on N let ¢4 (s) be the point on N4 where
the null curve from £ and passing through c(s) meets N (See Figure 2).
This can be defined in terms of boundary distances as

(2)  cy(s) = left endpoint of the interval {g € Ny : d?(c(s),q) > 0}

and then define f(c(s)) to be the point where the null line from £_ and
through c4(s) intersects N. That is

(3)  f(c(s)) = left endpoint of the interval {p:€ N : d?(p,cy(s)) > 0}

The map s — c4(s) is a diffeomorphism of R with N,. Note that from
the definition of v, c4(s) and f(c4(s)) we have v(ct(s)) = s, u(cy(s)) =
u(f(c(s))) and thus

p(er(s)) = (u(f(c(s) = s, u(f(c(s))) + 5)-
The formulas (B), (B) and (B) show that ¢(c4(s)) is determined by the
function d? : N x Ny — (0,00). Thus ¢[M] is the region of the plane

between the y-axis and the curve s +— (¢4 (s)) and so the above discussion
along with Proposition B.4 yields

Proposition 3.1. Let (M, g) be a simply connected two dimensional space—
like slab. If (M*,g*) is boundary isometric to (M, g) then there is a unique
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FiGuRrE 3.

conformal diffeomorphism ® : (M, g) — (M*,g*) that extends the isometry
between the boundaries. U

It is natural to try to reduce the general case (i.e. where the surface (M, g)
is not simply connected) to the last proposition by passing to the universal
cover. However it is not clear in general that if (M,g) and (M*,g*) are
boundary isometric that their universal covers are boundary isometric. This
motivates

Definition 3.2. A space-like slab (M, g) has simply connected bound-
ary cones iff for all p € N (the past boundary) and ¢ € N (the future
boundary) the chronological future I (p) of p and the chronological past
I~ (q) are simply connected. O

As an example let S! be the unit circle and let (M, g) = ([0, w] x S, —dt?+
d6?). Then (M, g) has simply connected boundary cones if and only if w < 7.
In two dimensions a space—like slab with past boundary N is diffeomorphic
to [0,1] x N. Thus in two dimensions when M is not simply connected, N
is a circle and M is diffeomorphic to a cylinder.

Assume that M is two dimensional and not simply connected. Let p € N
and let M° := M \ OM be the interior of M. Let 74 and y_ be the two null
curves through p. Then as p is on the past boundary we see that near p the
boundary of I (p) is the union v and y_. If v, and v_ do not intersect at
a point in M°, then It (p) will be simply connected.

If 44 do intersect in M° at some point x then there is a time-like curve
¢ connecting = to some point y in the future boundary N (Figure 3). By
smoothing the curve that consists of following v; from p to x and then
following ¢ form x to y to get a time-like curve c4 from p to y. Likewise
there is another timelike curve ¢_ from p to y that approximates following
~v_ from p to x and then following ¢ from x to y. Then the union of the
curves ¢y and c_ is a loop in I (p) that can not be contracted and therefore
I'"(p) is not simply connected.

Proposition 3.3. 1. Let (M,g) be a two dimensional space-like slab and
po € N and qo € Ni. Then I (po) is simply connected if and only if
{ge Ny :d%po,q) =0} # 0 and I~ (qo) is simply connected if and only if
{pe N :dp,q) =0} #0. Thus if (M,g) is a two dimensional space—
like slab with simply connected boundary cones, and (M*,g*) is boundary
isometric to (M, g), then (M*, g*) also has simply connected boundary cones.
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2. If (M, g) is a two dimensional SGM space-like slab, then (M,g) has
sitmply connected boundary cones.

Proof. To prove the first part note that in the notation above, {g € Ny :
d?(po,q) = 0} # 0 if and only if the two curves v, and v_ intersect in M°®
and the result follows form the proceeding discussion. To prove the second
part we show that if one of the sets I (p) for p € N is not simply connected
then (M, g) is not SGM. As above if I (p) is not simply connected there is
a point y € N, that can be connected to x by two time-like curves c_ and
¢+ that are not homotopic. Because (M, g) is globally hyperbolic there will
be a maximizing geodesic in the homotopy class (with endpoints fixed) of
each of the curves c_ and cy so we can assume that each of c_ and c; is a
geodesic segment from p to y. But then either y is a cut point of p along
both ¢_ and ¢y or at least one of c_ or ¢4 contains an interior cut point of
p. In either case the definition of SGM is violated. O

Proposition 3.4. Let (M,g) and (M*,g*) be space-like slabs which are
boundary isometric and which have simply connected boundary cones. Then
the universal covers of (M, g) and (M*,g*) are boundary isometric.

Proof. A tedious, but more or less straight forward exercise. O

Theorem 3.5. Let (M,g) be a two dimensional spacelike slab with sim-
ply connected boundary cones (for example if (M, g) is simply connected or
SGM). Let (M*,g*) be boundary isometric to (M,g). Then (M*,g*) also
has simply connected boundary cones and the boundary isometry between
OM and OM™ extends to a unique conformal diffeomorphism between (M, g)
and (M*,g*).

Proof. The case of (M, g) simply connected was covered by Proposition B.1l.
If (M,g) is not simply connected then let (J\/J\, g) and (]\7*,@*) be the uni-
versal covering spaces of (M, g) and (M*,g*). Let & : OM — OM* be the
lift of the boundary isometry given by Proposition @ and let @ : M — M*
the unique conformal extension of @. Let G be the group of deck transfor-
mations of 7 : M — M and let G* be the group of deck transformations of
7 M* — M*. Because ® is determined by its boundary values there is an
isomorphism p : G — G* so that p(a)o ® = doaq for all a € G. This implies
the map ® : M — M* given by ®(m(z)) = 7*(®(z)) is well defined and is
a conformal diffeomorphism form (M, g) to (M*, g*) extending the bound-
ary isometry. If ®, ¥ : M — M™* are both conformal diffeomorphisms that
extend the boundary isometry, the map ®~'o W : M — M is a conformal
automorphism which is the identity on @M. This implies @' o ¥ = Idy,
which proves uniqueness. O

3.1. Examples. We now give examples of Lorentzian surfaces that are
boundary isometric but not isometric. These examples are the Lorentzian
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versions of the examples in [6, §2], however we work with locally conformally
flat metrics instead of surfaces of revolution. Let w > 1 and let M be the
strip {(z,y) : 0 < x < w} in the plane R%. Let 1(z) be a function be a
function defined on the line —oo < & < oo so that the support of ¢ is in
the interval [0,1] and so that 0 < ¢ < 1. For each § with 0 < 0 < w — 1,
set Es(x) =1 —(x —§) and let g5 = Es(x)?(—dx? + dy?). Every time-like
curve is of the form y = u(x) where |u/(z)| < 1. The length of such a curve
is fOL Es(z)\/1 —4/(x)?2dx and therefore the Euler-Lagrange equation for

geodesics is & <E5(x)u’(x)/\/l —u'(x)? ) = 0. Integrating with respect to
x and solving for u/(x) shows that for the constant a = u/(0)//1 — «/(0)?
a * adt

u(m):\/ﬁ, u(z) = u(0) + ; W.

This implies that the values of u(w) and «'(w) only depend on u(0) and
u'(0), but are independent of § € (0,w — 1). Thus all the manifolds (M, gs)
are lens equivalent, but if ¢y £ 0 no two of them are isometric. To get
compact examples identify the edge line y = 0 with the line y = b to get
lens equivalent metrics on a cylinder.

As Es(x) < 1 it follows that any time-like geodesic y = u(z) will have
length < wy/1—v/(0)2 < w. Let K(z) = Ej*(v)(log(Es(x)))” be the
Gaussian curvature of gs and let y(¢) be a unit speed time-like geodesic of
(M, gs5). If e(t) is a parallel normal field along ~y, then the Jacobi equation for
the field X (t) := y(t)e(t) is y"" + K (y(t))y(t) = 0. Thus by basic comparison
theory for ordinary differential equations we see that if |K(x)| < 72 /w?
that no time-like geodesic will have any conjugate points and as (M, gs)
is globally hyperbolic this implies that all geodesics of (M, gs) maximize
between all of their points (cf. [I, §9.1]) and so |K(z)| < 7%/w? implies
that (M, gs) is SGM. If |K ()| < (47?) then the past boundary N will have
no focal points which implies that (M, gs) is free of cut points. Finally to
get compact examples identify the line y = 0 with the line y = b to get a
cylinder which we denote by M. Then the conditions

71.2

—2 "
2w < b, ||E;*(logEjs) HLOO < a2
imply that the space-like slabs (Mj, g5) are all SGM, all free of cut points
and all are boundary isometric. They also all have the same conformal type

and the same area. But if ¢y Z 0 then no two of them are isometric.

4. VOLUME ESTIMATES AND BOUNDARY DISTANCES

Let (M, g) be a space-like slab with past boundary N and let H(M),
H(N), ¢!, and £(v) be as in Section P.

Definition 4.1. The two space-like slabs (M, g) and (M*, g*) are length
equivalent if and only if there is an isometry ¢ : N — N* so that for all
v € H(N) there holds ¢(p4v) = £(v), where p4 is as in Section [I.
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If (M, g) and (M*, g*) are lens equivalent then they are length equivalent.

Theorem 4.2. Let (M, g) and (M*,g*) be compact two dimensional space—
like slabs which are free of cut points. Assume that for some w > 0 there is
a bound

w

@) O <

for all v € H(N). Then if (M,g) and (M*,g*) are length equivalent,
they have the same area. In particular if {(v) = w/|{v,n)| for all v then
Area(M) = w Length(V)

We will set up the analysis for this result in general dimensions as this
does lead to a bound on the volume of a Lorentzian manifold with boundary.

Theorem 4.3. Let (M, g) be a compact space-like slab which is free of cut
points and so that the bound ([J) holds. For each r € [0,w] let N, :=
{exp,(rn(x)) : @ € N} (n is the inward unit normal field along N ) be the
hypersurface parallel to N = Ny at a distance r. Let Ai,... , Ap—1 be the
principal curvatures of Ny and let B := 2max{|\j(z)| : 1 < i <n—1,r €
[0,w],z € Ny}. Then there is a constant C(n) depending only on the di-
mension so that

(5) Vol(M) < w Area(N) (1 +Cm) (2 +23 “’)M Bw)

When n = 2 the constant C(2) = 0 so this reduces to Area(M) < w Length(N).

Remark 4.4. Let (M, g) be a general n-dimensional compact space-like slab
which is free of cut points and let (n — 1)H = Ay + -+ + A,—1 be the mean
curvature of the parallel hypersurfaces N,. If for all p € N the inequality
£(n(p)) < w holds and the mean curvature is bounded, say |H| < B, then
the first variation formula implies the bound
e(n—l)Bw -1

(n—1)Bw °

Our basic tool is the Lorentzian version of Santald’s formula which we

now state. Each fiber H, of the bundle H (M) has a natural measure, the
area measure du as the hyperbolic space H, = H"~!. Thus the total space
of the bundle H(M) has the local product measure dudy where dy is the
volume measure on M. Likewise H(N) has the local product measure dv dz
where dv is the area measure on the fibers H, = H" ! and dz is the area
measure on N.

Theorem 4.5 (Santalé’s Formula). If (M, g) is a space-like slab then for
any function f defined on H(M)

(6) /‘%f M@—//zafmfﬁwm>wwx

(Here (,) = g(,) and (' is the geodesic flow.) O

Vol(M) < Area(N)/ e =VB gt — Area(N)
0
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For a brief discussion of the proof see the appendix.
Call a function f defined on H(M) adapted iff f > 0 and for all y € M

(7) /H Fu)du = 1.

Lemma 4.6. If (M,g) is a compact space-like slab, then for any adapted
function f on H(M)

Vol(M // F) (v, () |e(v) dv dz
- / / z / () - £0) del(oon(a)| v

In the special case that £(v) = w/|(v,n)| this reduces to

Vol(M) — w Area(N / / x / “ (F(¢t) — f(v)) dt|(v,n(x))| dv da,

so in this case the integral on the right is independent of which adapted
function is used.

Proof. We use Santaldé’s formula and the relation ([7).

Vol(M / Hyf u)dudy = //ﬁ/w}f(t ) dt|(v, n(z))| dv da

— / F(0)e) v, () do da
N

H,
+/ /I/é(v) (f(¢"v) = f(v)) dt|(v,n(x))| dv dz

If ¢(v) = w/|(v,n)| then, using fH v)dv =1,

// e vn(x)>|dvdaz:w/N/wa(v)dvdm:wArea(N). 0

Now assume that (M, g) is free of cut points and compact. By Proposi-
tion 2.2 the map (z,t) — exp(tn(z)) is a diffeomorphism. Thus in this case
we can define a forward pointing unit vector field n on M by

n(exp(in(e)) = - exp(sn(x)

s=t

Note that the flow lines of the vector field n are the curves exp(tn(z)) which
are geodesics. Thus Vyn = 0. Let v € H(N). We now estimate the angle
that (v makes with n. For u € Hy, let p(u) be the distance in H, from n(y).
That is p(u) is the hyperbolic angle that u makes with the direction n(y).
Let v(t) := exp(tv) and let and X (¢) be the unit vector field along ~(t) that
is normal to n and so that if p; := p(7/(¢)) then

7 (t) = cosh(p;)n + sinh(p;) X (¢).
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Define y(t) := cosh(p;). Then the last equation is

V() =ytn+ Vyt)? —1X(2).
As v is a geodesic
_ PogN o0 y(t)y/(t) X \/T X
0= Vy(t)'y (t) = (t)n + y(t)va(t)n + —y(t)Q —1 + y(t) 1V7,(t)

Using that n1 X, n1V.n, take the inner product of the last equation with
n

Y () = Vy(t)> — UV X,n) = —/y(t)? — L(X, V. yn)
= =V — KXV i D)
= —/y(t)? - (X, V\/y(t)—g_an) (as Vpn = 0)
= —(y(t)* = 1)(X, Vxn)

By compactness and continuity there is a constant B > 0 so that for all unit
vectors X Ln the inequality |(X,Vxn)| < B/2 holds. To be more precise
let A1,...,A,_1 be the principle curvatures of the parallels N, to N. Then
we can take B to be

(8) B :=2max{|\i(z)|:1<i<n—1,r € [0,w],z € N,.}

This is because the linear map X +— Vxn is just the shape operator of
N,. Using the bound |(X,Vxn)| < B/2 in the calculation above gives the
differential inequality

B
9) Y ()] < 5 (w07 ~ D).
Using y(t) = cosh(p:) this can be rewritten as

d B .
(10) ’ﬁ cosh(py)| < 3 sinh?(py).

Lemma 4.7. Let (M, g) be a compact space-like slab. Assume that for some
w > 0 and for each v € H(N) the inequality ¢(v) < w/|{v,n(x))| holds.
Let v € H(N), v(t) := exp(tv), pr = p(7/(t)), and y(t) = cosh(p;). Let
yo = y(0) = [(v,m)|. Then there is a constant A < (2 + Bw)/2 (where B is
the constant in ([)) so that

1
(11) T =Y < Ayo.

Proof. The function y satisfies the differential inequality () thus it will be
bounded below by the solution to 3’ = — (7% — 1) B/2 with initial condition
7(0) = yo. The solution is

y(t)

o+ 1+ (yo— e P
yo+1—(yo—1)e Bt
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In this we have t < f(v) < w/|(v,n(x))| = w/yo. Therefore e~ B¢ >
e Bw/vo > 1 — Bw/yp. Using this in the formula for 7 gives

yo+1+(yo—1) <1—B—w)

7> Yo AT
- Bw\ — 24+ Bw
Yo+1—(yo—1) <1_E>

which is the desired lower bound. To prove the upper bound let ¢y € [0, ¢(v)]
and define z(t) := y(top — t) on the interval [0,%p]. Using the differential
inequality (f]) for y it is easy to see that z also satisfies |2/| < (2% — 1)B/2.
Thus the analysis we have just done applies to give

2(0) =

y(to)-

Yo = z(to) >

_2—|—Bw 2+ Bw

As ty was any element of the interval [0, ¢(v)] this gives the required upper
bound. 0

Let n be the dimension of M. For a > 0 define functions h, and f, on

[0,00) by
1 1<2<a,
ha() :={ <
z
and
fa = Ngha,

where N, is the constant so that
o
N, Vol(S"2) / hq(cosh(r)) sinh™ 2(r) dr = 1.
0

To estimate this constant we do the change of variable x = cosh(r), dr =
dx/vx? — 1 so that for large a

15” 2y = /ooh (cosh(r)) sinh™2(r) dr

N, Vol(Sn—
/ ho(z)(2? —1)" T ® da

/ 1 dx
1

—

x J—
loga n =2,

- 1"

a n > 3.
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So for large a, we have

1
n =2,
loga
(12) N, <
on ez
a

Let p : H(M) — [0,00) be as above (that is p(v) is the hyperbolic angle
that v makes with the vector field n) and we use the function f(u) :=
fa(cosh(p(u))) in Santalé’s formula. Note that if y € M and S"? is
the unit sphere in n(y)* then vectors v in H, are parameterized by u =
cosh(p(u))n(y) + sinh(p(u))f(u) where 8(u) € S"2. The volume measure
on Hy is then du = sinh(p)"2dpdf, where df is the standard measure on
S"~2. Thus the normalizing constant in the definition of f, is chosen so that
ny fa(cosh(p(v))) dv = 1. Therefore

(13) /M /H £ (cosh(p(u))) du dz = Vol(M).

Let € N, S?~2 = unit sphere in n(x)*, let v € H(N) and define 7(v) €
[0,00) and O(v) € S7~2 by

(14) v = cosh(r(v))n(x) + sinh(r(v))0(v).

Let pi(r,0) := p(r,tv) with v given by ([[4) and p, ¢! as above. Then

£(v)
(15) /N / z / (fa(cosh(pi(r, 6)) — fa(cosh(p(v)))) dt|{v, ()| dv dz

—// I,(x,0)d dx
N Jsp?

where

(16)
oo pl(v(r,0))
I(x,0) = /0 /0 (fa(cosh(py(r,0))) — fa(cosh(r))) dtcosh(r)sinh™ 2(r) dr

We will suppress the dependence on x and 6. Note that p, = p;(r, 0) satisfies
po = r and the differential inequality ([[0) holds. Thus by Lemma [1.7 y(¢) =
cosh(p;) satisfies

(17) %COSh(T) < cosh(p¢(r)) < Acosh(r)

The function f, is constant on the interval [0,a] thus the last inequality
implies

(18) | fa(cosh(pt(r))) — fa(cosh(r))| =0, for coshr < a/A.
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For large r we use that from the definition of f, the inequality |f.(z)| <
Nyna™/z""! holds for all z > 0. Using this bound on |f!|, and the inequal-

ities (L0) and ([7) gives

fulcoshipn(r))) = fulcosh(r)| = | [ 5 fulcoshipu(r)) ds
<),

t

5 [ 17acoshipu(r))]sink? (ps(r)) ds

nBY o [f s ()

(F) | ooy
nBY\ t ds

< (7)o | o

n—1
< (nA_B) a”Na;l.
2 cosh™™*(r)

We are assuming £(v(r,0)) < w/[(v,n)| = w/ cosh(r). Then the bounds on
| fa(cosh(p(r))) — fa(cosh(r))| give

Fi(cosh(pa(r) o COSh(ps(T))‘ s

IN

IN

o)) 0 coshr < %,
[ ot -nr)lae < (M) VRS S R
4 acosh”“(r) AT .

Using this in the definition of I,(z, ) gives

An—lB 2 e’} : hn—2
I e L N e
4 cosh—1q/a cosh”™r

For all n > 3 we have sinh" 27/ cosh™r < sinhr/cosh®r. So using the
bounds on N, we find for all n > 3 that

n—1 2 [ee) :
(19) [La(2,0)] < <M> a"N, / R
4 cosh™a/A cosh” r

A"~1 By? 1 A2
_ (s buw a"N, =
4 2 a?

n+1 2
< (nA 8Bw >C(n)
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When n = 2 for large values of r the inequality 1/ cosh? r < 2sinhr/ cosh®r
holds. So using the bound on N, we have for large a that

2 00 :
(20) [I,(x,0)| < (AB;U >a2Na 2/ ﬂdr

osh~1a/A cosh® r

2
= (ABwQ) a2Na%

< (A3Bw?) —.

- ( v ) loga
Proof of Theorems -3 and f-3. When n = 2 define the function F, on H (M)
by Fy(v) := fa(cosh( (v))). Then F, is adapted. The estimate (B() implies

/ / x / - Fu(w) dilfo.n(@) | do < O

for some constant C' < co. Using this in Lemma F.§ gives

Avea(M) = lim. / / I (2))[6(0) dv dz.

This gives a formula for Area(M) just in terms of the numbers ¢(v). This
implies that if (M, g) and (M *.g") are length or lens equivalent then they
have the same area which completes the proof of Theorem

For the proof of Theorem H.3 first note if the bound £4(v) < w/|{v,n)|
holds then, with F, as just defined,

// Fa(v)| (v, n(x ))E()dvdm<w// Fu(v) dv dz = w Area(N).

The estimate ([[9) implies for large a that for some constant C'(n) only
depending on n

£(v)
/N/ /0 |Fa(Ctv) - Fa(v)} dt|(v,n(x))| dvdr < C(n) A" Bw? Area(N).

From Lemma 1 A < (2 + B)/2. Using these facts in Lemma [L.§ yields
Theorem E73. O

5. BOUNDARY RIGIDITY OF PRODUCT MANIFOLDS

Let (N, h) be a complete Riemannian manifold. Recall that the injectivity
radius of (N, h) is the supremum of all the numbers r so that exponential
is a diffeomorphism on all balls of radius r. The proof of the next result is
left to the reader.

Proposition 5.1. Let (N, h) be a complete Riemannian manifold of dimen-
sion (n — 1). Then the Lorentzian product manifold (M,g) = ([0,w] X

—dt? 4 h) is free of cut points. It is SGM if and only if the injectivity
radius of (N, g) is > w. O
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Theorem 5.2. Let (N, h) be a compact Riemannian manifold of dimension
(n — 1) with injectivity radius > w and let (M, g) = ([0,w] x N, —dt?> + h).
Let (M*, g*) be a space-like slab boundary isometric to (M,g).

1. If dim(M) = 2 then (M, g) and (M*,g*) are isometric.

2. If dim(M) > 3 then Volg«(M™*) > Voly(M) with equality if and only if
(M, g) and (M*,g*) are isometric.

Proof. We first prove this under the assumption that the past boundary
N* of (M*,g*) is totally geodesic. By the last proposition (M, g) is free
of cut points. By Proposition P.4 this implies (M, g) and (M*, g*) are lens
equivalent. Let ¢ : OM — OM™ be the boundary isometry and to simplify
notation identify M with OM™* by ¢ and assume that OM = OM™*. Let
p € N be a point of the common past boundaries and let v(t) = exp(tn(p))
and v*(t) = exp(tn*(p)) be the normal geodesics to N in (M, g) and (M*, g*).
Let Xo, X1 € T(N), and let (s, t) be a variation of y(t) through geodesics
of (M,g) so that «(0,t) = ~y(t), 2—3(0,0) = X and (%%—?) (0,0) = X;. Let
J(t) = g—?(O,t) be the resulting Jacobi field. Let a*(s,t) be a variation of
~* through geodesics of (M*, g*) so that the resulting Jacobi field J*(¢) =
%(O, t) has the same initial conditions as J(0). Then as (M, g) and (M*, g*)
are lens equivalent we have J*(w) = J(w). For a vector X (¢) normal to
(v*)'(t), define R*(t) X := R*(X, (v*)'(t))(v*)'(t), where R* is the curvature
tensor of (M*, g*). (Our convention on the sign of curvature is R(X,Y)Z =
VxVyZ — VyVxZ — Vixy)Z.) The Jacobi equation along v* is then
X"(t) + R*(t)X (t) = 0. Using that N* is totally geodesic in (M*, g*) if we
define a field of linear maps C3(t) : (v*(t))~ — (v*(t))* by

Gy (t) + R*(t)Cy(t) = 0, Cy(0)=1I, C}'(0)=0
then the volume of (M*, g*) is (cf. [I1])

(21) Voly- (M) = /N /0 " det(C2(1)) di dp.

As (M, g) is a product manifold and the geodesic y(t) = exp(tn(p)) is
normal to N we have, with the same notation we have been using, that
R(t) = R(-,7'(t))y(t) = 0. As for Jacobi fields J and J* with the same
initial conditions J(w) = J*(w) we have that in the terminology of the
appendix (cf. Definition [[.]] and the second of the Remarks [7.3) that R*(t)
and R(t) = 0 are lens equivalent. But then Theorem [7.2 and (BI) imply
that Volg«(M*) > w Area(N) with equality if and only if R*(t) = 0 along
all geodesics normal to N. But if R*(¢) = 0 along all geodesics normal to N
it follows that (M*, g*) is isometric to a product ([0,w] x N, —dt? + h).

When dim(M) = 2, Theorem [.7 implies Areag(M*) = Areay(M) =
w Length(N) so in this case (M*, g*) and (M, g) are isometric.

It remains to deal with the general case where N* need not be totally
geodesic in (M*,g*). Let ¢ be a small positive number. Let (M¢, g.) =
([—&,w] x N,—dt? + h). Then (M,g) = ([0,w] x N,—dt?> + h) is a subset
of (Mg, g:) in an obvious way. Let (M}, gY) be the two space-like slabs
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([—€,0] x N,—dt?> + h) and (M*,g*) glued together along N x {0} = N
(N x {0} is the future boundary of ([—¢,0] x N, —dt?> + h) and N is the past
boundary of M). The resulting metric g} is continuous and smooth off the
hypersurface N x {0} = N. (In the terminology of Croke [§] the metric is
almost C2.) Using the lens equivalence of (M, g) and (M*, g*) it is not hard
to see that (Mg, g-) and (M, g¥) are lens equivalent and it is clear that the
past boundary {—e} x N is totally geodesic in (M, g}). The proof given
above adapts without changes to almost C? metrics (cf. the appendix to
Croke’s paper [6]). O

Remark 5.3. If (N,h) is a compact Riemannian manifold then the above
argument shows that if (M,g) = ([0,w] x N,—dt? + h) is lens equiv-
alent to the space-like slab (M*,¢*) and (M*,g*) is free of cut points
then all the conclusions of Theorem B2 still hold. In the Riemannian
setting the argument above shows that a compact Riemannian product
(M, g) = ([0,w] x N,dt? + h) is always lens rigid. (It is not hard to see
that products ([0,w] x N,dt? + h) are never strongly geodesically minimiz-
ing (SGM) in the sense of [8, Def. 1.1] and we are not making a statement
about the boundary rigidity of compact Riemannian products.)

Corollary 5.4. Let g be a Lorentzian metric on R™ that agrees with the
standard metric go outside a compact set K C R™[0,w] and so that (R™[0,w], g)
is globally hyperbolic, future one connected, and the time-like geodesics of
(R™, g) have no conjugate points.

1. If n = 2 then (R?,g) and (R?, go) are isometric.

2. If n > 3 then Voly(K') > Voly, (K) with equality if and only if (R", g)
and (R™, go) are isometric.

Proof. Let D C N = {0} x R""! be a cube with sides of length L. If the
opposite sides of D are identified the result is an (n — 1) dimensional torus
T"~! whose injectivity radius is L/2. Choose L so large that L/2 > w and
K C [0,w] x D. Then by Proposition p.1 the manifold ([0,w] x T"~!, go)
is free of cut points and is SGM. The metric g drops down to a metric
on [0,w] x T"~'. By Proposition R.5 the space-like slabs (R"[0,w], g) and
(R™[0,w], go) are boundary isometric. This implies that ([0,w] x T, go)
and ([0,w] x T""1, g) are boundary isometric. The result now follows from
Theorem b3 O

6. PROOF OF THE MAIN THEOREM
In light of Corollary p-4 to prove Theorem [[]] it is enough to show

Proposition 6.1. Let g be a Lorentzian metric on R? that agrees with the
standard metric —dx? + dy? outside a compact set K. Then there is a
conformal diffeomorphism ¢ : (R?,g) — (R2%,go). Thus (R2,g) is globally
hyperbolic and future one connected.
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Remark 6.2. By [, Proposition 2.30] any Lorentz metric on R? is stably
causal.

Proof. We can assume that K C {z > 0}. Then let V} be a non-vanishing
null (for the metric g) vector field that agrees with 8/0x + /9y on R?\
K and let V_ be a non-vanishing null vector field vector that agrees with
0/0x —0/0y on R?\ K. These vector fields are bounded with respect to the
standard Euclidean structure dz? + dy? on R? and thus they are complete
in the sense that any integral curve of Vi or V_ will be defined on all of
(—00,00). Since R? is simply connected [I5, §3.4 Lemma 11] shows that
null curves intersect at most once. Thus it follows from [, Proposition 2.28]
that the maximal integral curves of V. and V_ intersect exactly once.
Define functions u, v : R> — R by defined on R? by the differential equa-

tions

w(0,y) =y, and du(Vy) =0,

v(0,y) =y, and dv(V_)=0.

As K C {x > 0} this implies that on the set {z < 0} u(z,y) = —z + vy,
v(z,y) = x + y. Define the map ¢ by

(,0($, y) — (—U(CU, y)2+ v(a;, y) 7 U,(IL', y) ;_ ’U(CC, y)) )
This maps sends null curves to null curves so it is conformal. The u = Const.
curves are the integral curves of Vi and the v = Const. curves are the
integral curves of V_. As these are all null curves and pairs of null curves
meet in at most one point it follows that ¢ is injective.

Let (a,b) € R2. Let ¢y be the integral curve of V. through the point
(0,(—a+1b)/2) and c_ the integral curve of V_ through (0, (a + b)/2). Let
(z0,y0) be the unique point where these two curves meet. Then from the
definitions ¢(xo,y0) = (a,b). Thus ¢ is surjective and this completes the
proof that ¢ : (R?,g) — (R?, go) is a conformal diffeomorphism.

It is clear that a conformal change of metric preserves both global hyper-
bolicity and future one connectedness. Thus (R?, g) is globally hyperbolic
and future one connected. O

Remark 6.3. We now give an example to show that in dimensions greater
than two a Lorentzian metric on R™ agreeing with the standard metric out-
side a compact set need not be globally hyperbolic, or even causal. For
simplicity we work in R3, but the construction can easily be modified to
work in higher dimensions. Let z,y, z be the standard coordinates on R3
and let V} := 8% and Vs := y% — Za%' Let ¢ be the circle defined by = = 0,
y? + 2% = 32. This is an integral curve for the vector field V5. Let U; be
the set of points which are at a distance > 1 from ¢ and Us the set of points
at a distance < 2 from c. Then {Uj,Us} is an open cover of R? and the
vector fields Vi, V5 are pointwise linearly independent on the set U; N Us.
Let ¢1, 92 be a partition of unity subordinate to this open cover and set
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V = @1 V1 + @2V5. Then the vector field V' is non-vanishing, agrees with V5
in a neighborhood of ¢ and V = % outside the ball of radius 5 centered at
the origin. Thus V is a vector field that agrees with 8% outside a compact
set and which has a closed orbit. Because R? is contractible there are glob-
ally defined vector fields eq, es, eg so that e; = V, and outside the ball of
radius 5 there holds e; = %, ey = 8% and ez = %. Let o', 02, 03 be the
dual one forms and let g = —(0')? + (62)? + (¢%)?. Then g is a Lorentzian
metric on R? that agrees with the standard metric gg = —da? + dy? + dz?
outside the ball of radius 5. As R? is simply connected the space (R3, g) is
time orientable and we assume that it has the time orientation that agrees
with the standard one outside the ball of radius 5. But then the curve c is
a closed time-like curve for the metric g and thus (R3,g) is not causal and
therefore not globally hyperbolic.

7. APPENDIX: SOME RESULTS ON ORDINARY DIFFERENTIAL EQUATIONS
AND SANTALO’S FORMULA

7.1. Lens Equivalent Systems of Differential Equations. We give a
precise statement of the results we are using about systems of ordinary
differential equations. For the proofs we refer the reader to [B, §6]. Let
t — R(t) be a continuous map from [0, w] to the space S of symmetric
m x m matrices. Given such an R(t) we define two matrix valued functions
on the interval [0, w] by the initial value problems

(22) C"(t) + R)CEH) =0, C0)=1, C'(0)=0
(23) S"(t)+ R(#)S(t) =0,  S0)=0, S§'(0)=1I

Definition 7.1. For i = 1,2 let t — R;(t) be continuous maps from [0, w] to
the space of symmetric matrices. Then R;(t) and Ry(t) are lens equivalent
on [0, w] iff (with the obvious variant of the notation above) both C;(¢) and
C5(t) are non-singular all ¢ € [0, w] and

Ci(w) = Ca(w),  Si(w) = Sz (w).
Theorem 7.2. If R(t) is lens equivalent to Ra(t) =0 on [0,w] then
w < /w det C(t) dt,
and equality holds iff R(t) = 0. : O

Remarks 7.3. 1. In the proof of Proposition p-2 this is used in the more
general case of systems of ordinary differential equations coming from Jacobi
equations along geodesics of almost C? metrics. The theorem still holds in
this case. We refer the reader to the appendix of Croke’s paper [H] for the
proof. In the proof of Proposition p.2 if the past boundary N* of (M*, g*) is
totally geodesic, then the almost C? version of the theorem is not needed. We
note that in proving Corollary b4 and thus Theorem [[1] that the manifold
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(M*, g*) used in the proof has totally geodesic boundary and we can avoid
using the more general version.

2. It follows from elementary linear algebra that R;(t) and Ra(t) are lens
equivalent on [0, w] iff det(C;(t)) # 0 for t € [0, w] and for any vectors vy, v, €
R™ if, for ¢ = 1,2, J;(¢) is the solution of J/'(t) + R;(t)J;(t) = 0, J;(0) = vy
and J/(0) = vy, then Ji(w) = Jo(w). It is this form of lens equivalence that
arises naturally in the geometric problems we are considering. O

7.2. Santalé’s Formula. In this section we give a short proof of Santalé’s
formula in the Lorentzian case which only uses the fact that the geodesic
flow is volume preserving and avoids the formalism of integral geometry used
in [I4, §19.5] or [I3]. Let (M,g) be a connected time oriented Lorentzian
manifold of dimension n and for each x € M let H, be the set of all future
pointing timelike unit vectors. Each H, is Riemannian manifold isometric
to the hyperbolic space of dimension n — 1 and constant curvature —1. Give
H (M) the measure p which is locally the product of the standard measure
on the base times the standard measure on the fiber. Thusif f : H(M) — R
is a continuous function with compact support

/ £(0) du(v) == / F(0) dv da
H(M) M JH,

where dz is the standard volume measure on M and dv is the standard area
measure on H,.

Let ¢! be the geodesic flow on H(M). That is if u € H(M) and  is the
geodesic in M with 7/(0) = u, then (*u = +/(t). Let G be the vector field
on H(M) that generates this flow, that is

d

G(u) = Ectu

t=0
The most basic fact about the geodesic flow is

Theorem 7.4 (Liouville’s Theorem). The geodesic flow ¢* preserves the vol-
ume du. Thus Lodp = 0 (where Lg is the Lie derivative with respect to
G). O

For a proof of Liouville’s theorem that can easily be adapted to cover the
present case see [2, Prop. 1.46 p.31]. The next result is just a formula on
the differential calculus on manifolds, but it can be viewed as an abstract
version of Santald’s formula. The proof is left to the reader.

Proposition 7.5. Let M be an m-dimensional oriented manifold and, €
an m form on M. Let X be a wvector field on M so that the Lie derivative
LxQ =0 and let £ be the flow of X. Let S C M be an oriented hypersurface
and define a map F : S x R — M by F(z,t) := £ (x). Then

(24) F*Q = LxQ A dt.
where tx$) is the m — 1 form obtained by contracting € with X. O
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We now give a more useful formula for the geodesic vector field G. Let
7w : H(M) — M be the natural projection. For a curve v : [a,b] — H(M)
let ¢ = mo~. Then 7 is horizontal iff V(v = 0, that is iff v is parallel
along c. A tangent to H(M) is horizontal iff it is tangent to a horizontal
curve. For any vector Y tangent to M there is a unique vector horizontal
vector YH so that .Y =Y. The vector Y is called the horizontal lift of
Y. By definition a curve c is a geodesic iff Vo (;)c/(t) = 0 and thus it follows
that the geodesic vector field is given by

G(u) =u't.

Lemma 7.6. Let N be an oriented space—like hypersurface in (M,g) with
future pointing unit normal field n. Then H(N) has the measure dvdx
which is the product of the measure dv on the fibers and the measure dx on
N. Then

LGdN‘T(H(M)) = [{v,n(z))| dv dx.

Proof. A straight forward calculation using the form of G given above. [

This lemma together with Proposition [(.5 implies that if H(N)xR is given
the measure |(u,n(z))| dudz dt then the map (u,t) — exp(tu) is measure
preserving. The form of Santalé’s formula given in Theorem .5 now follows
easily.
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