SOME RESULTS ABOUT C'(K).

The goal of this set of exercises is to give show how some of the
topics we have covered (the Stone-Weierstrass Theorem, weak topolo-
gies) can be combined to prove some results about C'(K), the algebra
of continuous real valued functions on a compact Hausdorff space K.

Let K be a compact Hausdorff space and C'(K') the set of continuous
functions f: K — R. We define norm on C(K) by

[ fllzee = sup [f(x)].
zeK

Then C(K) is a complete metric space with the distance between f
and ¢ being || f — g||l=. The space C(K) is also an algebra with the
usual pointwise product of functions. Note that

1Fgllzee < I[fllz<llgllzee-

Recall from algebra that an ideal in C(K) is a subset I such that
fi,fo €I, thensois fi+ fo € I. And if f € [ and g € C(K), then
fg € I. That is I is close under addition and by multiplication by
elements of C'(K). Note that as C'(K) contains the constants we have
that if ¢1,c0 € R and fi, fo € I then ¢1f; + cofs € I. Therefore I
vector subspace of C(K). It is therefore a subalgebra of C'(K). Also
recall that I is a maximal ideal of C(K) if it is an idea, I # C(K),
and if J is any ideal of C(K) with C(K) with J D I and J # I, then
J =C(K).

Proposition 1. Let zg € K. Then I,, .= {f € C(K) : f(xo) = 0} is
a mazimal idea in C(K).

Problem 1. Prove this. U
These are all the only maximal ideals of C'(K):

Theorem 2. If I is a mazimal ideal in C(K), then there is a unique
point vg € K such that I = I,,.

Problem 2. Prove this. HINT: If there is no point of K where all
functions of I vanish, then use the form of the Stone-Weierstrass given
in class to show that the closure of I is all of C(K). That would mean
that there is an f € K such that || f—1||z~ < 1/2. But then f does not
vanish and therefore 1/f € C(K). This implies that 1 = f(1/f) € I
which in turn implies I = C'(K), which is impossible. Therefore there
is at least one point zy such that f(zg) = 0 for all f € I. That is
I C I,,. Now use the maximality of I. U

A multiplicative linear functional on C(K) is a linear map
a: C(K) — R such that a(fg) = a(f)a(g). As an example of such a
function show that if g € K, then the evaluation map «(f) = f(zo)
is a nonzero linear multiplicative linear functional. We now show this

is all of them.
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Theorem 3. Let a: C(K) — R be a nonzero linear multiplicative
linear functional on C(K). Then there is a unique x, € K such that «
is giwen by a(f) = f(xy). That is all the nonzero linear multiplicative
linear functionals are given by evaluations at points.

Problem 3. Prove this. HINT: Show the kernel, ker(«) := {f : a(f) =
0}, is a maximal idea in C'(K). Therefore by, Theorem 2, there is an
xg so that ker(a) = I,,,. Then show that a(f) = f(xq). O

Recall that a map F': C(K3) — C(K) is an algebra homomor-
phism iff F is linear and F'(fg) = F(f)F(g) for all f,g € C(K,). Now
let K7 and K3 be two compact Hausdorff spaces and ¢: K; — Kj a
continuous map. Define p*: C(K3) — C(K;) by

e (f) = foe
(Note the reverse of order: ¢: K; — Ky but ¢*: C(K3y) — C(K;).)

Proposition 4. The map ¢*: C(K3) — C(K;) is an algebra homo-
morphism that satisfies ©*1 =1 and ||@* f||p~ < || fllr=-

Problem 4. Prove this. U
We now show that the converse of this is true. The fist step is:

Proposition 5. Let K be a compact Hausdorff space and let T be the
topology of K. Let Ty be the weak topology on K generated by the
functions C(K). Then T = Tyy.

Problem 5. Prove this. O

Proposition 6. Let K, and Ky be compact Hausdorff spaces and
p: K1 — Ky a function. Then ¢ 1is continuous if and only if
fope C(Ky) forall f € C(K2). (That is ¢ is continuous if and only
iof for all continuous functions f € Ky — R the function f o ¢ is a
continuous function on K;.)

Problem 6. Prove this. HINT: The topology on K, is the weak topol-
ogy generated by the functions in C'(K3). Now use the second propo-
sition on page 35 of the class notes. U

Theorem 7. Let F': C(Ky) — C(K;) be an algebra homomorphism.
Then show there is a unique continuous map @: K; — Ky such that
F(f) =" f.

Problem 7. Prove this. HINT: For each x € K; define a map
Bz C(K3) — R by G.(f) = (F(f))(z). Show this is a nonzero multi-
plicative linear functional. By Theorem 3 there is a unique ¢(x) € K5
such that G,(f) = f(p(x)). This defines a function ¢: K; — K5 and
form the definition (F(f))(x) = f(¢(x)). That is F(f) = fop =
©* f. It remains to show that ¢ is continuous (use Proposition 6) and
unique. O



