
Here is Polina’s solution to the problem of showing that f(x) =
√
x is

uniformly on [0, 1]. Her argument shows something a bit more general. As
with our other proof of this result it is based on the algebraic identity

(1)
√
x−√y =

x− y√
x+
√
y

Proposition 1. The function f : [0,∞) → R given by f(x) =
√
x is uni-

formly continuous. (This is more general is we have replaced [0, 1] with the
larger set [0,∞).)

Proof. Let ε > 0 and let δ = ε2. We wish to show that for for all x, y ∈ [0,∞)

(2) |x− y| < δ =⇒ |f(x)− f(y)| = |
√
x−√y| < ε.

There are two cases
Case 1.

√
x+
√
y < ε. Then by the triangle inequality

|
√
x−√y| ≤

√
x+
√
y < ε.

Case 2.
√
x+
√
y ≥ ε. Use equation (1)

|
√
x−√y| = |x− y|√

x+
√
y

≤ |x− y|
ε

(The denominator is smaller)

<
ε2

ε
(as |x− y| < δ = ε2)

= ε.

This covers all cases and we are are done. �

And just to be complete here as an argument for the same result for the
n-th root function. It is not as nice an argument, and it would be interesting
to find a more intuitive proof.

Proposition 2. Let n be a positive integer. Then the function f : [0,∞)→
R given by

f(x) = x1/n

is uniformly continuous on [0,∞).

Proof. Again this will be based on an algebraic identity. Recall that

an − bn = (a− b)(an−1 + an−2b+ · · ·+ bn−1).

Let a = y1/n and b = x1/n. Then this becomes

y − x =
(
y1/n − x1/n

) (
y(n−1)/n + y(n−2)/nx1/n + · · ·+ x(n−1)/n

)
.

Divide this by
(
x(n−1)/n + x(n−2)/ny1/n + · · ·+ y(n−1)/n

)
to get

y1/n − x1/n =
y − x

y(n−1)/n + y(n−2)/nx1/n + · · ·+ x(n−1)/n
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In what follows we want to make use of the special case where y = x+ δ in
which case we get

(x+ δ)1/n =
x+ δ − x

(x+ δ)(n−1)/n + (x+ δ)(n−2)/nx1/n + · · ·+ x1/n

=
δ

(x+ δ)(n−1)/n + · · ·+ x1/n

Let ε > 0 and δ = εn. Let x, y ≥ 0 with |x − y| < δ. Without loss of
generality we can assume that x ≤ y. This implies that x ≤ y < x+ δ.

|x1/n − y1/n| = y1/n − x1/n (as y1/n ≥ x1/n)

< (x+ δ)1/n − x1/n (as y1/n < (x+ δ)1/n)

=
δ

(x+ δ)(n−1)/n + · · ·+ x1/n
(the identity above)

≤ δ

(0 + δ)(n−1)/n + · · ·+ 01/n
(x = 0 makes the denominator smaller)

=
δ

δ(n−1)/n

= δ1/n

= (εn)1/n (as δ = εn)
= ε.

Thus we have shown that if x, y ∈ [0,∞) and δ = εn that

|x− y| < δ =⇒ |x1/n − y1/n| < ε.

Thus f(x) = x1/n is uniformly continuous on [0,∞). �


