Math 780/7801 Test 1 Name: Answer Key.

1. (a) State the binomsial theorem.

Solution: For any real numbers x and y and integer n > 0

(z+y)" = i <Z> by *

k=1
where
ny n!
<k) Ckl(n— k)
(These numbers are the binomsial coefficients.) O
k(T n
(b) Prove » (-2) (k> = (-1)

k=0

Solution: In part (a) let x = —2 and y = 1 to get

n n

1 =z =Y () et = (). )

k=0 k=0
2. (a) State the Fundamental Theorem of Summation Theory.

Solution: Let f: Z — R be a function from the integers to the real
numbers, and let F' be an anti-difference of f, that is AF = f, where
AF(x) = F(x + 1) — F(z) is the difference operator. Then for any
integers a < b

> f(x)=F(b+1) - F(a).

(This is the discrete analogue of the Fundamental Theorem of Calculus,
fabf(:t) dx = F(b) — F(a) where F' is an anti-derivative of f, that is
F'=f) O

(b) Define the third following power 3.

Solution: This is
=2z —1)(z—2).
More generally for any positive integer p the corresponding falling pow-
ers is
=z(x—-1)---(r—p+1).

e U
p terms in the product

(c) Show that Az? = 3z2.




Solution: Using the definition of of the difference operator A,
Ard = Az +1)2 - Az
=(x+1zxz—-1)—xz(x—1)(z—2)

=((z+1) = (z—2))z(z —1) (Factor out z(x — 1).)
= 322,
U
(d) Compute Z k(k—1).

Solution: From part (b) we have that if f(z) = 22 and F(z) = 322

then AF = f. Thus from the Fundamental Theorem of Summation
Theory
42 42
D k(k—1)=>) K
k=1 k=1
43% 13
-3
432

-0
3

43 -42 - 41
= 3 .
If was fine to leave the answer like that. If you did want to multiply it
out the result is

42
434241
S (k- 1) = 3T — 24,682,
k=1 O

3. (a) Define p is a prime number.

Solution: The integer p is prime iff p > 1 and the only positive factors
of p are p and 1. O

(b) Prove there are infinitely many prime numbers.

Solution: Towards a contradiction, assume that there are only! finitely
many primes. Let py,po,...,p, a list of all the primes. Let

N =pipy---pp+1.

IMany of you said “assume there are finitely many primes”, when it should be
“there are only finitely many primes”. That there are finitely many primes, does
not rule out that there are infinitely many primes.



This will have at least one prime factor. Let p be a prime factor of V.
Then p # p; for any j as p divides evenly into NN, while each p; has a
remainder of 1 when divided into N. Thus p is a prime not in the list
D1, P2, - - -, Pn, contradicting that this was a list of all the primes. [

4. State the Fundamental Theorem of Arithmetic.

Solution: Each integer greater than one has a unique factorization into
primes. Explicitly for any integer a > 1 there are primes p1, po, ..., pm
(repeats are allowed) with

a=pip2 - Pm-

By uniqueness we mean that if ¢1q9, ..., g, are also primes with
a=4q1q2 " qm

then m = n and after reordering p; = ¢; for j =1,2,...,m. O

5. (a) Define a divides b. That is a | b.

Solution: This means that a # 0 and there is an integer k& such that
b= ak. O

(b) If a | b prove that 2a® divides 8b° + 6a>c for any integer c.

Solution: As a | b, there is an integer k such that b = ak. Then
8b° + 6a’c = 8(ak)® + 6a’c = 2a®(4a’k® + 3¢) = 24’k
where k' = (4a®k® + 3¢) is an integer. Therefore 2a® | (b° + 6a*c) O
(c) Show that if n is positive and odd, that 5" 4+ 3" is divisible by 8.

Solution: We use the identity
(+y)" = (@ +y) " =2y +a" Py =y
which holds for all odd n > 1. Letting x = 5 and y = 3 gives
5" +3"=(5+3) (5" —5"?3+ .- 4+3"") =8 x (An integer)
and so 8 | (5" + 3"). O

6. (a) Define what it means for I C Z to be an ideal.

Solution: I C 7Z is an ideal iff I # &,

(i) If z,y € I, then x 4+ y € I. (Closed under sums)
(ii) If z € I and a € Z then ax € I. (Closed under multiplication
by elements of Z.) O



(b) Let a € Z. Define the principal ideal I,.

Solution: I, is the set of all multiples of a. That is
I, ={ka:keZ}.

(c) State the division algorithm.

Solution: For any integers a and b with a # 0, there are unique integers
q and r such that

b=qa+r and 0<r<|al

Note: On this several you just wrote “b = ga + r with 0 <r < |a|”
without say that ¢ and r depend on a and b. But it is very important.
In application of the division algorithm we start with a # 0 and b, and
then find the quotient ¢ and remainder r. 0

(d) Let I # {0} be an ideal and let a be the smallest positive element
of I. Use the division algorithm to prove that I = I,,.

Solution: As a € I and any element of I, is a multiple of a, we see any
element of I, is an element of I as [ is closed under multiplication by
elements of Z. Therefore I, C I.

Let b € I. By the division algorithm there are integers ¢ and r with
b=gqga—+r and 0<r<a.

(We have r < a rather than r < |a| as a is positive.) Then r = b+(—q)a
and b € I (by assumption), (—q)a € I (as a € I and I is closed under
multiplication by elements of Z), and therefore r = b+ (—q)a (I is
closed under sums). If r # 0 then r would be a positive element of
I which is less than a, contradicting that a is the smallest positive
element of I. Therefore r = 0.

But r = 0 gives that b = ga and therefore b € I,. As b was an
arbitrary element of I this implies I C I,. Whence we have I C I, and
I, C I which implies I = I, as required. 0

7. (a) Define the greatest common divisor of a and b.

Solution: d is the greatest common divisor of a and b iff a and b
are not both zero, d | a, d | b, and if ¢ is any integer that divides both
a and b, then ¢ < d. We write d = ged(a, b). O

(b) State Bézout’s theorem.



Solution: Let a and b are integers, not both zero, then there are integers
x and y such that
ac + by = ged(a, b).

O
(c) Define what it means for a and b to be relatively prime.

Solution: a and b are relatively prime iff ged(a,b) = 1. O

(d) Use Bézout’s theorem to prove that if ged(a,b) = 1 and a | be
then a | c.

Solution: As a | be, there is an integer k such that

bc = ak.
Because ged(a,b) = 1, Bézout’s gives us integers x and y such that
ar + by = 1.
Multiply this by ¢
acr + bey = c.
Use bc = ak in this to get
acr + aky = c

which implies ¢ = a(cx + ky). As (cz + ky) is an integer this gives that
a|ec. O
8. Define a sequence of integers h,, by
hy =1, hy = 2, and for n > 3 hp = hp_1+ 2h,_o.
Compute hq, hs, h3, hy, hs, make a guess on the value of h,,, and prove
your result by induction.
Solution: To start:
hi=1
he =2
hy=hy+2hy =2+2-1=4=2
hy=hs+2hy=4+2-2=8=23
hs =hy+2hs =8+2-4=16=2"

Form this we conjecture h,, = 2" 1.
We now proves this holds by induction. A good base case is n = 1,
ashy =1=2"1or hy =2 =221



Now assume the result is true for n, that is h, = 27!, and also
hn_1 = 2" 2. This is our induction hypothesis. We now wish to show
the result holds for n + 1, that is that h,, = 2*+D-1,

Bnv1 = hyp + 2hy, 4 (From the recursion defining the sequence)
=21 +2.2"% (From the induction hypothesis.)
_gn—1 4 gn-1
—92.9n1
—9n
— 2(n+1)—1

which closes the induction and completes the proof. O



