NOTES ON ANALYSIS

RALPH HOWARD

1. METRIC SPACES.

Definition 1. A metric space is a nonempty set E with a function d: E X
E — [0, 00) such that for all p,q,r € E the following hold

(a) d(p,q) =

)
(b) d(p, )—Olfandonlylfp—q,
(c) d(p,q) = d(q,p), and
(d) d(p,r) < d(p,q) +d(g, 7). O
The function d is called the distance function on E. The condition
d(p,q) = d(q,p) is that the distance between points is symmetric. The
inequality d(p,r) < d(p, q) + d(g,r) is the triangle inequality.
The most basic example if a metric space is when E C R is a nonempty
subset of the real numbers, R, and the distance is defined by

d(p,q) = p —ql-
Problem 1. Show that this makes E into a metric space. O

We have seen that if p = (p1,...,pn) and ¢ = (q1,-..,¢n) are points in
R™ and we define the magnitude or norm of p to be

Ipll = \/pi+-- +p2

lp+4qll < llp+ 4l

then the inequality

holds.

Proposition 2. Let E be a nonempty subset of R™ and for p,q € E let
d(p,q) = llp —qll.

Then E with the distance function d is a metric space.
Problem 2. Prove this. O
Here are some inequalities that we will be using later.

Proposition 3. Let E be a metric space with distance function d and let
x,y,2 € E. Then

|d(z, y) — d(x, 2)| < d(y, 2).
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Problem 3. Prove this. Then draw a picture in the case of R? with its
standard distance function showing why this inequality is reasonable. O

Proposition 4. Let E be a metric space with distance function d and
T1,...,Tn € E. Then

d(.’IJl, xn) S d(xla .TQ) + d(x27 .’IJ3) + te + d(xn—lv xn)
Problem 4. Prove this. Then draw a picture in the plane showing why this
is reasonable. O

Definition 5. Let E be a metric space with distance function d. Let a € F,
and r > 0.

(a) The open ball of radius r centered at x is
B(a,r) :={z :d(a,z) <r}.

(b) The closed ball or radius r centered at a is

B(a,r) :={z:d(a,x) <r}. .

Definition 6. Let E be a metric space with distance function d. Then
S C FE is an open set if and only if for all x € S there is an 7 > 0 such that
B(z,r) C S. O

Somewhat informally this can be restated by saying that S is open if it
contains a ball about each of its points.

Proposition 7. In any metric space E, the sets E and @ are open. O

Problem 5. Let E be a metric space. Then for any a € F and r > 0 the
open ball B(z,r) is an open set.

Problem 6. Prove this. Hint: Let z € B(a,r). Then d(a,z) < r. So
p:=r—d(a,z) > 0. Show that B(z,p) C B(a,r) O

Proposition 8. In the real numbers, R, with their standard metric, the
open intervals (a,b) are open.

Problem 7. Prove this. O

Proposition 9. Let E be a metric space. Then for any a € E and r > 0
the compliment, C(B(a,r)), of the closed ball B(a,r) is open.

Proposition 10. Prove this. Hint: If x € C(B(a,r)), then d(x,a) > r. Let

p:=d(a,z) —r >0 and show B(a,p) C C(B(a,r)). O
Proposition 11. IfU and V are open subsets of E, then so are UUV and
unv.

Proof. Let t e UUV. Then z € U or x € V. By symmetry we can assume
that z € U. Then, as U is open, there is any r > 0 such B(z,r) C U. But
then B(z,r) CU C UUV. As z was any point of U UV this shows that
U UV is open.
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Let x e UNV. Thenz € U and x € V. As x € U there is an r; > 0 such
that B(x,r1) C U. Likewise there is an ro > 0 such that B(x,ry) C V. Let
r = min{r;,r2}. Then

B(z,r) C B(z,m1) CU and B(z,r) C B(z,r) CV

and therefore B(z,r) CUNV. As x was any point of U NV this shows that
U NYV is open. O

Proposition 12. Let E be a metric space.

(a) Let {U; : i € I} be a (possibly infinite) collection of open subsets of E.
Then the union J,c; U; is open.

(b) Let Uy,..., U, be a finite collection of open subsets of E. Then the
intersection Uy NUs N ---NU, is open.

Problem 8. Prove this. O

Problem 9. In R let U,, be the open set Uy, := (—1/n,1/n). Show that the
intersection ﬂzozl is not open.

Definition 13. Let E be a metric space. Then a subset S of F is closed
if and only if its compliment, C(S) is open. O

Because the compliment of the compliment is the original set this implies
that a set, S, is open if and only if its compliment C(S) is closed. Likewise
a set, S, is closed if and only if its compliment C(.S) is open.

Proposition 14. In any metric space E the sets @ and E are both closed.

Proof. We have seen the sets F and @ are open, thus their compliments
C(E) = @ and C(@) = E are closed. O

Proposition 15. If E is a metric space, a € E, and r > 0, then the closed
ball B(a,r) is closed. O

Problem 10. Show that in R with its usual metric the closed intervals are
closed. 0

Proposition 16. If E is a metric space, then every finite subset of E is
closed.

Problem 11. Prove this. O

Problem 12. In the real numbers show that the half open interval [0, 1) is
neither open or closed.

Problem 13. The integers, Z, are a metric space with the metric d(m,n) =
|m — n|. Note that for this metric space if m # n that d(m,n) is a nonzero
positive integer and thus d(m,n) > 1. Assuming these facts prove the
following

(a) Let r = 1/2, then for each n € Z the open ball B(n,r) is the one element
set B(n,r) = {n} and therefore {n} is open.



4 RALPH HOWARD

(b) Every subset of Z is open. Hint: Let S C Z, then S = J,,cg{n} and
use Proposition 12 to conclude that S is open.
(¢) Every subset of Z is closed. O

Proposition 17. Let E be a metric space.

(a) Let {F; :i € I} be a (possibly infinite) collection of closed subsets of E.
Then the intersection (\;c; Fi is closed.

(b) Let F,...,F, be a finite collection of closed subsets of E, then the union
Uyu---uU, is closed.

Problem 14. Prove this. Hint: The correct way to do this is to deduce it
directly from Proposition 12. For example to show that the union of two
closed sets is closed, let F} and F5 be closed. Then the compliments C(F})
and C(F}) are open and the intersection of two open sets is open. Therefore
C(F1)NC(F») is open and thus the compliment of this set is closed. That is

FLUFy, =C(C(F1) NC(F))

is closed. O
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