NOTES ON ANALYSIS

RALPH HOWARD

1. METRIC SPACES.

Definition 1. A metric space is a nonempty set E with a function d: E X
E — [0,00) such that for all p,q,r € E the following hold

(a) d(p,q) =
(b) d(p,
()

) d

)f01fandonly1fp—qa
(p, q)
,7)

= d(q,p), and
< d(p,q) + d(g,7)- O

The function d is called the distance function on E. The condition
d(p,q) = d(q,p) is that the distance between points is symmetric. The
inequality d(p,r) < d(p,q) + d(q,r) is the triangle inequality.

The most basic example if a metric space is when E C R is a nonempty
subset of the real numbers, R, and the distance is defined by

d(p,q) = lp — ql-
Problem 1. Show that this makes F into a metric space. [l

(d

Solution. We need to show the four axioms for being a metric space hold.

Let p,q,r € E

(a) d(p,q) = |p — q| > 0 because |z| > 0 for all real numbers z.

(b) If d(p,q) = |p — q| = 0, then p = ¢ because the only real number x with
|z] =0is z = 0.

(c) dp.q) =Ip—dal =1—-(¢—p)| = lg—pl = dlg,p) as | — x| = || for all
real numbers x.

(d) For the last axiom we use that for all real numbers, z, y, the inequality
|z 4+ y| < |z| + |y| holds along with the basic adding and subtracting
trick.

dip,r)=lp—rl=Ip—a) —(@=7)<Ip—ql+lg—r|=dp,q) +d(g,7).
Thus E with the distance function d is a metric space. ([

We have seen that if p = (p1,...,pn) and ¢ = (q1,-..,¢n) are points in
R™ and we define the magnitude or norm of p to be

Ipll =+/pT+---+ P2
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then the inequality
lp+qll < llp+ 4l
holds.

Proposition 2. Let E be a nonempty subset of R™ and for p,q € E let

d(p,q) = llp — all-
Then E with the distance function d is a metric space.

Problem 2. Prove this. O

Solution. This is almost exactly the same as the proof of the last problem.
Let p,q,r €¢ E CR"

(a) d(p,q) = |lp — q|| > 0 because ||z|| > 0 for all vectors x.

(b) If d(p,q) = |lp — ¢q|| = 0, then p = ¢ because the only vector = with
|z|| =01is z = 0.

(c) dlp,q) = llp—dall =l = (@ —p)ll = llg — pll = d(g. p) as || — z|| = ||z for
all vectors z.

(d) For the last axiom we use that for all vectors z, y, the inequality || +
y|l < |||l + ||y|| holds along with the basic adding and subtracting trick.

dp,r)=|p—rl=Ir-9)—(@—) <lp—al+llg—rl = dp.q)+dqr)
Thus E with the distance function d is a metric space. ([

Here are some inequalities that we will be using later.

Proposition 3. Let E be a metric space with distance function d and let
x,y,z € E. Then
‘d(xa y) - d($, Z)| < d(y,Z)

Problem 3. Prove this. Then draw a picture in the case of R? with its
standard distance function showing why this inequality is reasonable. O

Solution. From the triangle inequality

d(x,y) < d(z, 2) + d(z,y)
which can be rearranged as

d(x,y) —d(z, z) < d(y, 2)

Interchanging the roles of y and z gives d(zx, z) — d(z,y) < d(y, z) which can
be rewritten as
—d(z,y) < d(z,y) — d(z, 2).
Putting these inequalities together gives the required inequality: |d(z,y) —
d(z,2)| <d(y, z). See Figure 1.
O

Proposition 4. Let E be a metric space with distance function d and
T1,...,Tn € E. Then

d(z1,2n) < d(x1,22) + d(z2,23) + - - + d(Tp—1, Tp).
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FIGURE 1. Figure illustrating Problem 3. The radii of the two
circles are d(z,y) and d(z,z). The inequality tells us that the
difference between the lengths of these radii at most the distance,
d(y, z), between y and z.

Problem 4. Prove this. Then draw a picture in the plane showing why this
is reasonable. O

Solution. One way to do the proof is a straight forward induction. The
base case is n = 3, d(z1,x3) < d(z1,r2)+d(x2, x3), which is just the triangle
inequality. Assume that if is true for n, that is

d(x1, ) < d(x1,22) + d(22,23) + -+ + d(Tp—1, Tp2).

Then given n 4+ 1 points z1,3,...,Tn_1,Tn, Tnt+1 We apply the induction
hypothesis to the n points and use that d(zp,—1,2n+1) < d(Tp—1,2n) +
d(Tp, Tpt1) T1, T2, ..., Tn—1, Tnt+1 (that is we have just deleted z,, from our
list of n + 1 points to get a list of n points). Thus
d(z1,Tpg1) < d(zr,22) + - + d(Tn—2, n—1) + d(Tp—1, Tny1)
< d(l‘l, xQ) +F d(xnf2a l‘nfl) + d(xnfla Cvn) + d(55n7 anrl)-

This closes the induction and completes the proof. See 2 (]

FIGURE 2. Figure illustrating Problem 4, which is the general-
ization of the triangle inequality to the n-gon inequality for n > 3.
Here we have the 7-gon version, where the sum of the lengths of
the six black segments is more than the length of the red segment.

Definition 5. Let F be a metric space with distance function d. Let a € F,
and r > 0.
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(a) The open ball of radius r centered at x is
B(a,r) :={x:d(a,x) < r}.

(b) The closed ball or radius r centered at a is

B(a,r) :={z:d(a,x) <r}. .
Definition 6. Let E be a metric space with distance function d. Then

S C FE is an open set if and only if for all x € S there is an r > 0 such that
B(z,r) C S. O

Somewhat informally this can be restated by saying that S is open if it
contains a ball about each of its points.

Proposition 7. In any metric space E, the sets E and @ are open. [l

Proof. Let x € E. Then for any » > 0 we have B(z,r) C E holds and
thus E contains an open ball about any of its points and thus is open. Let
wise for any = € @ and r > 0 the inclusion B(z,r) C @ holds and thus @
contains a open ball about any of its points and thus is also open. (In the
case of the empty set there are no x € @ so it is ture of these (nonexistent)
points that they are the center of a ball contained in &. This is a case of a
vacuous implication.) O

Problem 5. Let E be a metric space. Then for any a € E and r > 0 the
open ball B(z,r) is an open set.

Problem 6. Prove this. Hint: Let x € B(a,r). Then d(a,z) < r. So
p:=71—d(a,z) > 0. Show that B(z,p) C B(a,r) O

Solution. Let p :=r —d(a,z), then p > 0 is as € B(0,r) which implies
d(a,z) <r. If y € B(x,p) then d(z,y) < p and so
d(y,a) <d(a,z)+d(z,y) < d(a,z) + p=d(a,z) +r—d(a,x) =T

This show B(z,p) C B(a,r). Thus B(a,r) contains a ball about z. As x
was any point of B(a,r) this shows B(a,r) is open. See Figure 3 O

FIGURE 3. If z € B(z,r) then B(a,r) contains the ball
B(z,p) where p =r — d(a, ).
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Proposition 8. In the real numbers, R, with their standard metric, the
open intervals (a,b) are open.

Problem 7. Prove this. O

Solution. Note for x € R and r > 0 the ball B(x,r) is just the interval
B(a,r) = (x—r,x+7). If (a,b) = (—00,00), then then for any = € (a,b) we
have B(a,r) C (a,b). Now assume that at least one of a or b is not infinite.
Let z € (a,b) and set
r:=min{x —a,b — z}.

Then if y € B(z,r) we have v —r <y < x + r. Thus

y<z+r<z+((b-—x)=0b
and

y>r—r>zrx—(x—a)=a
That is y € (a,b). This shows B(z,r) C (a,b) and thus (a,b) contains a ball
about any of its points, . Thus (a, b) is open.

Proposition 9. Let E be a metric space. Then for any a € E and r > 0
the compliment, C(B(a,r)), of the closed ball B(a,r) is open.

Proposition 10. Prove this. Hint: If z € C(B(a,r)), then d(z,a) > r. Let
p:=d(a,z) —r >0 and show B(a,p) C C(B(a,r)). O

Solution. Let = € C(B(a,r)). We need to show that C(B(a,r)) contains a

ball about x. That is we have to find p > 0 such that B(a,r)N B(z,p) = 2.
Let
p:=d(a,z)—r.
This is positive as ¢ B(a,r) and thus d(a,z) > r. Let y € B(x, p) then
d(z,y) < p. By the triangle inequality
d(a,z) < d(a,y) + d(y, ).
This can be rearranged to give
d(a,y) > d(a,z) — d(z,y) > d(a,z) — p =d(a,z) — (r —d(a,z)) = 7.

Therefore y € B(a,r), that is y € CB(a,r). Thus B(a, p) € CB(a,r) which
shows that CB(a,r) is open. See Figure 4. O

T

FIGURE 4. If x ¢ B(a,r) and p = d(a, ) —r then the ball B(a,r)
and B(z, p) are disjoint.
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Proposition 11. IfU and V are open subsets of E, then so are U UV and
unv.

Proof. Let t e UUV. Then z € U or x € V. By symmetry we can assume
that z € U. Then, as U is open, there is any r > 0 such B(z,r) C U. But
then B(z,r) CU CUUV. As z was any point of U UV this shows that
U UV is open.

Letz e UNV. Thenx e U and x € V. As x € U there is an r; > 0 such
that B(x,r;) C U. Likewise there is an ro > 0 such that B(x,r2) C V. Let
r = min{ry,r2}. Then

B(z,r) C B(z,m1) CU and B(z,r) C B(z,re) CV

and therefore B(x,r) CUNV. As x was any point of U NV this shows that
U NV is open. O

Proposition 12. Let E be a metric space.

(a) Let {U; : i € I} be a (possibly infinite) collection of open subsets of E.
Then the union J;c; U; is open.

(b) Let Uy,..., U, be a finite collection of open subsets of E. Then the
intersection Uy NUs N --- N U, is open.

Problem 8. Prove this. O

Solution. For (a) let € (J;c; U;. Then by the definition of the union that
is at least one iy € I with « € U;,. As U, is open there is an r > 0 such
that B(x,r) C U;,. But then

B(x,r) C U, € | Ui
el
Thus (J;c; Ui contains a ball about any of its points and thus is open.
For (b) let z € UyNUyN---NU, then by the definition of the intersection,

x € U; for each i € {1,...,n}. As U; is open there is a r; > 0 such that
B(z,r;) CU;. Let

r=min{ry,...,rp}.
As these the minimum of a finite set of positive numbers it is is positive.
For each i we gave r < r; and whence B(z,r) C B(x,r;). Thus holds for
i€ {l1,...,} and therefore

B(z,r)ycUinNnUyN---NU,.
Thus Uy NUs N ---N U, contains a ball about any of its points and thus is
open. O

Problem 9. In R let U,, be the open set U,, := (—1/n,1/n). Show that the

intersection (1,2, Uy is not open.

Solution. If z € (),2, Uy, then |z| < 1/n for all positive integers n. By
Archimedes’ Axiom this implies || = 0. Therefore (2, U, = {0}. But for
any r > 0 the ball B(0,r) = (—r,r) will contain nonzero points and thus
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is not contained in (o, U, = {0}. So the point 0 is not in an open ball
contained in ()2, Uy. Therefore (2, U, is not open. O

Definition 13. Let E be a metric space. Then a subset S of F is closed
if and only if its compliment, C(S) is open. O

Because the compliment of the compliment is the original set this implies
that a set, S, is open if and only if its compliment C(5) is closed. Likewise
a set, S, is closed if and only if its compliment C(.S) is open.

Proposition 14. In any metric space E the sets @ and E are both closed.

Proof. We have seen the sets FF and @ are open, thus their compliments
C(F) =@ and C(©) = FE are closed. O

Proposition 15. If E is a metric space, a € E, and r > 0, then the closed
ball B(a,r) is closed. O

Problem 10. Show that in R with its usual metric the closed intervals are
closed. O

Solution. The compliment of the closed interval [a,b] is (—o0,b) U (a, c0)
which is the union of two open intervals and thus open. Therefore [a,d] is
the compliment of an open set and thus it is closed. ([

Proposition 16. If E is a metric space, then every finite subset of E is
closed.

Problem 11. Prove this. O

Solution. Let F' = {xj,...,x,} be a finite set in the metric space F. Let
U be the compliment of F. We wish to show that U is open. Let x € U.
Then © ¢ F = {x1,...,2,} and therefore the number

r = min{d(z,x1),d(x,z2),..., 2z}

is positive. And if z; € F, then d(z,z;) > r. Therefore x ¢ B(x,r). That is
B(z,r) C U. Therefore U contains a ball about any of its points and thus
is open, showing that F' is closed. O

Problem 12. In the real numbers show that the half open interval [0, 1) is
neither open or closed. O

Solution. Let r > 0. Then ball of radius r about 0, that is B(0,r) = (—r,7),
contains negative numbers and thus contains points that are not in [0,1).
Thus the point 0 € [0, 1) is not contained in any open ball that is contained
in [0,1). Therefore [0, 1) is not open.

Let r > 0. The point 1 is in the compliment of [0,1). Therefore the The
ball B(1,r) = (1 —r,1 4 r) will contain points that are in [0,1) (that is
points  with 1 —r < & < 1). Therefore the compliment of [0, 1) does not
contain any open ball about 1. Therefore the compliment of [0,1) is not
open and therefore [0, 1) is not closed. O
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Problem 13. The integers, Z, are a metric space with the metric d(m,n) =
|m — n|. Note that for this metric space if m # n that d(m,n) is a nonzero
positive integer and thus d(m,n) > 1. Assuming these facts prove the
following

(a) Let r = 1/2, then for each n € Z the open ball B(n,r) is the one element
set B(n,r) = {n} and therefore {n} is open.

(b) Every subset of Z is open. Hint: Let S C Z, then S = J,,cg{n} and
use Proposition 12 to conclude that S is open.

(c¢) Every subset of Z is closed. O

Solution. (a) If z € B(n,1/2) then |x —n| < 1/2 and both x and n are
integers. Therefore © = n. Thus B(z,r) = {n}.

(b) Ignore the hint. Let S be a subset of Z. Let n € S. Then by Part (a)
B(n,1/2) = {n} C S. Thus S contains a ball of radius 1/2 about any
of its point and therefore is open.

(c) Let S be any subset of Z. Then by Part (b) its compliment is open.
Therefore S is closed. O

Proposition 17. Let E be a metric space.

(a) Let {F; :i € I} be a (possibly infinite) collection of closed subsets of E.
Then the intersection (\;c; Fi is closed.

(b) Let F,...,F, be a finite collection of closed subsets of E, then the union
Ui U---UU, s closed.

Problem 14. Prove this. Hint: The correct way to do this is to deduce it
directly from Proposition 12. For example to show that the union of two
closed sets is closed, let F} and F, be closed. Then the compliments C(F})
and C(F}) are open and the intersection of two open sets is open. Therefore
C(F1)NC(F») is open and thus the compliment of this set is closed. That is

FLUF, = C(C(Fl) M C(Fg))
is closed. O

Solution. (a) For each i € I set U; := F;. That is U; is the compliment of
F;. As F; is close, each U; is open. Therefore the union UZ-e 7 Ui is open.
Therefore the compliment of this set, is closed. That is

c(Um) =\ cw) = F
icl el i€l
is closed, as required.

(b) Again let U; be the compliment of F;. Then each Uj is open and therefore
the finite intersection Uy N Uy N --- N U, is open. Thus its compliment,

CUIN-NU) =C(U1) U+ UC(Un) = F1U---UF,

is open. [l
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Definition 18. Let E be a metric space and (py,)>2; be a sequence in E and
p € E. Then this sequence converges to p if for all € > 0 there is a positive
integer N such that for all n > N the inequality d(p,p,) < & holds. O
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