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1. DEFINITION OF LIMIT IN A METRIC SPACE AND SOME SPECIAL LIMITS
IN R.

The topic we have started since the last test is the convergence of se-
quences.

Definition 1. Let E be a metric space and (pp)pe; = (p1,p2,p3,...) a
sequence in E. Then

lim p, =p
n— o0
if and only if for all € > 0 there is a N > 0 such that
n>N = d(pn,p) <e.

In the case we say that the sequence (p, )52, converges to p. O

Problem 1. Let lim, o p, = p in the metric space E. Let a,, = pa2,. Show
that lim,, .- a, = p also holds. O

Problem 2. Write out the proof from the definition that if lim,, oo z, = x
in R, that lim,,_,oc —bx, = —5z. O

Problem 3. Write out the proof that if lim,, o £, = x and lim,, o Yp = ¥y
in R that

lim (10x,, — 12y,) = 10x — 12y.

n—00 O

We did a proof of the following in class.

Proposition 2. If (z,) be a convergent sequence in R. Then there is a
constant M such that |z,| < M for all M. O
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Theorem 3. Let

lim z, =2 and lim y,=vy
n—oo n—oo

i R. Then

lim x,y, = xy.
n—oo

Problem 4. Prove this. Hint: Start with
Scratch work that the no one else needs to see: Our
goal is to make |x,y, — zy| small. We compute
|Tnyn — 2y| = |TnYn — Yn + 2y — zy|  (Adding and subtracting trick.)

< |xnyn - xyn| + ‘xyn - my|
= |zn — 2llyn| + [[lyn -yl

The factors |z, — x| and |y, — y| are both good in that we

can make them small. The factor |z| is independent of n and

thus is not a problem. The sequence (y,)o°; is convergent

and thus bounded, so we bound the factor |y,|. We now
return to our regularly scheduled proof.

Let € > 0. The sequence (y,)2 ; is convergent thus it is bounded. There-
fore there is an M so that

lyn| < M for all n.

As lim,, o x, = x there There is a NV,, > 0 such that

n > Ny implies |z, — 2| < 2(M€+ D
and as limy,, o0 ¥, = y there is a Ny > 0 such that
> Ny implies | | < °
n implies — _

Now let N = max{Nj, No} and use the calculation from our scratch work
to show

n >N implies |zpyn —ay| <e
which completes the proof. [l

2. CAUCHY SEQUENCES, DEFINITION OF COMPLETENESS OF METRIC
SPACES, AND PROOF OF THE COMPLETENESS OF R.

Proposition 4. Let (p,)02, be a convergent sequence in the metric space
E. Let (pn, )32, be a subsequence of this sequence. Then (pn, )5, is also
convergent and has the same limit at the original sequence.

Problem 5. Prove this. Hint: For all k we have ny > k. O

Definition 5. Let (z,)2°; be a sequence of real numbers. Then this se-
quence is monotone increasing if and only if z, < z,11 for all n. It is
monotone decreasing if and ounly if n, > x,, for all n. It is monotone
if it is either monotone increasing or monotone decreasing. O



Theorem 6. A bounded monotone sequence in R is convergent.

Proof. Let (z,)72 ; be a bounded monotone sequence. We first assume that
it is monotone increasing. Let

S={x,:n=12,...}

be the set of values of the sequence. As the sequence is bounded, this set
is bounded. Therefore, by Least Upper bound Axiom, this set has a least
upper bound b = sup(.S). We now show that the sequence converges to b.

Let € > 0. Then b — ¢ < b and b is the least upper bound of S, therefore
b— ¢ is not an upper bound for S. Therefore there is positive integer N such
that b — e < x. Then for any n > N we have

b—e<uxn
<z, (xn <z, as the sequence is monotone increasing.)
<b (as b is an upper bound for S and z,, € S.)

Therefore we have b — e < z,, < b for all n > N. Therefore n > N implies
|z, — b| < e and thus lim,, e x, = b. O O

Problem 6. Modify the last proof so show that if (x,,)>°  is bounded and

n=
monotone decreasing that it converges to inf{z, : n=1,2,3,...}. O

The following is a very important idea.

Definition 7. Let (p,)?°; be a sequence in a metric space E. Then the
sequence is a Cauchy sequence if and only if for all ¢ > 0, thereisa N > 0
such that m,n > N implies d(pm, pn) < €. O

A brief version would be that (p,)5° ; is Cauchy if and only if
Ve>03N >0[{m,n>n = d(pm,pn) <e].
Proposition 8. Fvery convergent sequence is a Cauchy sequence.

Problem 7. Prove this. Hint: Let (p,)52; be a convergent sequence in the
metric space and let p be its limit. Let N be so that

n > N implies d(pn,p) < g
Then show that
m,n >n implies d(pm,pn) < €.

The converse is not true. There are Cauchy sequences that are not con-
vergent.

Problem 8. Let £ = (0,1) be the open unit interval with metric d(z,y) =
|z — y|. Then show that the sequence (1/n)2°; is a Cauchy sequence that
is not convergent to any point of F. O



You may feel that the example of the last problem is a bit of a cheat as
the sequence does converge in the larger space of all real numbers. And is
some sense this is true, given a metric space, F, there is a natural way to
expand it to a somewhat larger space that contains the limits of all Cauchy
sequences from F.

Proposition 9. Let (p,)2°, be a Cauchy sequence in the metric space E,
such that some subsequence of (pn, )5, converges. Then the original se-
quence (pp)s, converges.

Problem 9. Prove this. Hint: Let € > 0. As the sequence is Cauchy, there
is a IV such that

€
m,n > N implies d(pm,pn) < 3
Let n > N, then for any k we have by the triangle inequality that

d(pn,p) < d(pn;Pny,) + d(Pny., p)-

Now show that it is possible to choose k such that both d(py,pn,) and
d(pn,,p) are less than /2. O

Theorem 10. Every sequence of real numbers has a monotone subsequence.

Problem 10. Prove this. Hint: Let (x,)>2, be a sequence of real numbers.
Call z,, a peak point if x,, > x,, for all m > n. (That is x,, is greater than
or equal to all the values that follow it.)

Case 1: There are infinitely many peak points. In this case there is an
infinite subsequence of the sequence consisting of peak points. Show this
subsequence is monotone decreasing.

Case 2: There are only finitely many peak points. Let N be the largest n
such that x,, is a peak point. Thus if n > N the point x,, is not a peak point
and therefore there is m > n with z,, > z,. Let ny = N;. Then ny > N
and so there is a ng > n; with z,, > z,,. But then ny > N and thus there
is ng > ng with x,, > x,,. Continue in this manner to show that there is
an infinite increasing subsequence. ([

Proposition 11. Let E be a metric space. Then every Cauchy sequence in
E is bounded. (That is the sequence is contained in some ball.)

Problem 11. Prove this. Hint: Let (p,)s°; be a Cauchy sequence in E.
Let ¢ = 1 (or any other positive number that you like). Then there is N > 0
such that
m,n > N implies d(pm,pn) <c = 1.
Let a = N + 1 and set
r =1+ max{l,d(a,z1),d(a,z2),...,d(a,zN)}.
Then show that p, € B(a,r) for all n. O

Theorem 12. Fvery Cauchy sequence in R converges.
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Problem 12. Prove this. Hint: Let (x,)22; be a Cauchy sequence in R.
Then by Proposition 11 this sequence is bounded. By Theorem 10 this
sequence has a monotone subsequence. By Theorem 6 this monotone subse-
quence converges. Put these facts together with Proposition 9 to prove that
the sequence (x, )52, converges. O

This property of a metric space, that Cauchy implies convergent, is im-
portant enough to give a name.

Definition 13. The metric space E is complete if and only if every Cauchy
sequence in F converges. ([

So we can restate Theorem 12 as

Proposition 14. The real numbers, R, with their usual metric is a complete
metric space. O

3. COMPLETENESS OF R".

We can not get more examples by looking at closed subsets of complete
metric spaces.

Proposition 15. Let E be a metric space and F a closed subset of E. Let
(xn)o2 1 be a sequence of points of F that converges in E to some point p.
Then p € F. (A nice restatement of this is that a closed set contains all its
limit points.)

Problem 13. Prove this. Hint: Towards a contradiction assume that p ¢ F.
Then as F' is closed, the compliment C(F') is open. As p € CF by the
definition an open set, there is a r > 0 such that B(p,r) C C(F). But
limy,, 00 pn = p and therefore if we let ¢ = r there is a N > 0 such that
n > 0 implies d(pn,p) < € = r. This this leads to a contradiction. O

Proposition 16. Let E be a complete metric space and F a closed subset
of E. Then F, considered as a metric space in its own right, is complete.

Problem 14. Prove this. Hint: Let (p,)52, be a Cauchy sequence from F.
As FE is complete this sequence converges to some point, p, of F. To finish
the proof it is enough to show that p € F. O

Recall that we have made R” into metric spaces with the metric

d(p,q) = |lp — 4|
where

ol = 1 (p1.p2. - pa)l| = \f2F + 23+ + 2.
Theorem 17. With this metric R™ is complete.

Problem 15. Prove this in the case of n = 3. Hint: Here is the proof for
n = 2. Let (pn)%; = ((%n,yn)); be a Cauchy sequence in R?. Note we
have the inequality

|Tm — Tn| = \/(xn —x,)? < \/(wm = 2n)2 + (Ym — Yn)? = d(pm, Pn)
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with a similar calculation showing
[Ym — Yn| < (P, Pn).
As (pn)22 1 = ((Tn,yn))2 is Cauchy there is a N > 0 such that
m,n > N implies d(pm,pn) < €.
From the inequalities above this gives
m,n >N implies |Tm — Tnl, |[Ym — Yn| < |Pm —Dnll < €.

Therefore both of the sequences (x,)5° ; and (y,)>2; are Cauchy and as R
is complete this implies that they both converge. Thus there are z,y € R"”
such that

lim z, =2 and lim y, =y
n—oo n—oo

and thus there are N1 > 0 and Ny > 0 such that

n > Nj implies |z, —z| < -

V2

n > Ny implies

n>N implies |pn —pl = V/(Tn — )2 + (Yo — )2

&) (&)

=¢&.

which shows that the Cauchy sequence (p,)o° | = ((zn,Yn))22, has the limit
(x,7). As this was an arbitrary Cauchy in R?, this shows R? is complete.
Now you do the proof for R3. O

The next few definitions, propositions, and problems are practice in using
the definitions.

Definition 18. Let F be a metric space and S a subset of . Then p € E
is an adherent point of s if and only if every open ball about p contains
at least one points of S.

Problem 16. To get a feel for what this means, do the following

(a) Show that every point of S is an adherent point of S.

(b) What are the adherent points of the open interval (0,1)7

(¢) What are the adherent points of the rational numbers, Q, in the real
numbers R? O

Proposition 19. A set is closed if and only if it contains all its adherent
points.

Problem 17. Prove this. Hint: Let S be a subset of the metric space E.
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(a) First show that if S is closed that it contains all its adherent points.
So assume S is closed and p is an adherent point of S. Note for all
positive integers n that the open ball B(p,1/n) contains a point of S
as p is an adherent point of S. Let p, € B(p,1/n) N S. Then show
lim,, 00 P, = p and use Proposition 15.

(b) Now show that if S is not closed, then S has an adherent point, p, with
p ¢ S. For if C(5) is not open and therefore C(S) has a point p € C(5)
such that not open ball about p is is contained in C(S). Show that p is
an adherent point of S. (|

3.1. Showing sets are closed. In what follows we will often want to show
that some set is closed. The following gives method for going this that works
well in 87.3% of known proofs.

Theorem 20. Let S be a subset of the metric space E. Then the following
are equivalent.

(a) S is closed.
(b) S contains the limits of its sequences in the sense that if (pn)o>, is a
sequence of points from S that converges, say x = limy, 00, thenx € S.

Remark 21. In practice it is the implication (b) = (a) that is useful is
showing that sets are closed. ([

Lemma 22. Let S be a set in a metric space and p an adherent point of S.
Then there is a sequence of points (pp)5>, from S that converges to p.

Problem 18. Prove this. Hint: Let p be an adherent point of S. This
means that for every r > 0 the ball B(p,r) contains a point of S. For each
positive ingeter n let p, € S be point of S that is in the ball B(p,1/n). Now
show that lim, .o pn = p. O

The converse of the last lemma is also true.

Lemma 23. Let S be a set in a metric space and p a point that is a limit
of a sequence of points from S. Then p is an adherent point of S.

Problem 19. Prove this. Hint: Let S be a set in the metric space E and let
(pn)o° 1 be a sequence of points from S that converges to the point p € E.
You need to show that p is an adherent point of S, that is if » > 0 the ball
B(a,r) contains a point of S. As lim, oo p, = p We can use € = r in the
definition of limit to see there is a N > 0 such that n > N implies that
d(pn,p) <. O

Problem 20. Prove Theorem 20. Hint:

(a) = (b). Assume that S is closed and that (p,)S°, is a sequence
of points from S that converge to the point p. Use some of the lemmas
above to show that p is an adherent point of S and then use that closed sets
contain their adherent points. O

(b)) = (a). Assume that (b) holds. We wish to show that S is closed.
It is enough to show that S contains all its adherent points. Let p be an
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adherent point of S. Then use one or more of the lemmas above to show
that p is a limit of a sequence form S. O

Problem 21. This is an example of using Theorem 20 to to a set is closed.
We have seen that if a,b,c¢ € R are constants then the function f: R — R
given by
f(z) = az® 4 bz + ¢

satisfies

lim p, =p implies lim f(pn) = f(p).

n—oo n—oo
Let F be a closed subset of R. Show that

§i=fUF) = {: f(x) € F}

is a closed subset of R. Hint: Use Theorem 20. Let (p,,)5° ; be a sequence of
points from S with lim,,_,,, = p. All we need to to is show that p € S. By
the definition of S we have f(p,) € F. Also we have f(p) = limy,— o0 f(Pn)-
Now use some of the results above to show that f(p) as an adherent point
of F and as F is closed that this implies f(p) € F. O

4. SEQUENTIAL COMPACTNESS AND THE BOLZANO-WEIERSTRASS
THEOREM.

Definition 24. A subset S of a metric space is sequentially compact if
and only if every sequence (py,)o2 ; of points from S has a subsequence that
converges to a point of S. ]

Problem 22. Let S be a finite subset of a metric space. Then S is sequen-
tially compact. Hint: Let S = {s182,...,8n}. Foreach j € {1,2,...,m} let
N, ={n:p, = s;j}. As the union of the sets N1, Na,..., N, it the infinite
set N={1,2,3,...} at least one of them is infinite. Say that N is infinite,
N = {ni,n2,n3,...} and consider the subsequence (py, )32 ;. O

Theorem 25 (BolzanoWeierstrass Theorem). Every closed bounded subset
of R is sequentially compact.

Problem 23. Prove this. Hint: Let S be a closed bounded subset of R and
let (x,)5°; be a sequence of points from S. Then the sequence is bounded
(because S is bounded). Also (Theorem 10) this sequence has a monotone
subsequence. At some point in finishing the proof you will need to use
Proposition 15. O

Corollary 26 (BolzanoWeierstrass Theorem for sequences). Fvery bounded
sequence in R has a convergent subsequence.

Proof. Let (zn);2, be bounded sequence in R. As the sequence is bounded
there is a closed ball B(a,r) = [a —r,a + r] that contains (z,);2;. The set

B(a,r) is a closed bounded subset of R and so by the Bolzano-Weierstrass
the (xn)02 1 (zn)02, has a convergent subsequence. O
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Theorem 27 (General BolzanoWeierstrass Theorem). Every closed bounded
subset of R™ is sequentially compact.

Lemma 28. Let (p,)2%; = ((Tn,yn)); be a sequence in R?. Then this
sequence converges if and only if both the sequences

(Tn)pzy  and  (yn)nii
converge.
Proof. Let p = (z, y) € R2. Then, as we saw in Problem 15 the inequalities
|zn — 2, |<\/$_-73n (yn — y)? = d(pn, p)

Therefore if <pn)n:1 converges, as lim,_,., p, = p then for any £ > 0 there
is a N > 0 such that n > N implies d(py,p) < e. Therefore for this N we
have

n> N implies |z, — x|, |yn —y| < d(pn,p) <€

and therefore we have lim,_,. x, = = and lim,_,o yn = ¥.

Conversely assume that both the limits lim,,_, o x,, and lim,_, y, exist,
say lim, o0 T, = x and lim,_,oo Yy = y. Therefore there are N; and No
such that

n > N; implies |z—x,| < \% and n > Ny implies |y—y,| < % and
Thus is N = max{Ny, N2} we have, just as in Problem 15,

n > N implies d(pn,p) <e
which shows that (p,,)72; converges. Now show the limit is in S. O

Lemma 29. Let (p,)%; = ((Tn, Yn, 2n)); be a sequence in R3. Then this
sequence converges if and only if all three of they sequences

lim z,, lim y,, and lim z,

n—oo n—oo n—oo

COMVETgE.

Problem 24. Prove Theorem 27 for n = 3. Hint: Here is the proof for
n = 2. Let S be a closed bouneded subset of R™ and (p,,)5% 1 = (@, Yn )0

a sequence in S. As S is bounded the sequence (p,,)2°, is bounded. But

|Znl, yn| < v |xn‘2 + |yn‘2 d( 0 ;Pn)

and therefore both of the sequences (x,)0%; and (y,)5° ; are bounded. As
the sequence (x,)52 is bounded by Corollary 26 it has a convergent sub-
sequence (xn, )72 . The sequence (y,, )72, is a subsequence of the bounded
sequence (y,)o>; and therefore (yy,, )52, is also bounded. Therefore we can
use Corollary 26 again to get a subsequence <yn,C >§i1 of the subsequence

(Uni) 22y (Ung ooy such that (ynk )32, converges. Now note that the sub-

sequence (T, )72, is a convergent subsequence of the convergent sequence
J

]:
(T, )72, But a subsequence of a convergent subsequence is convergent
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(Proposition 4) and therefore lawnkj>;?‘;1 is convergent. But then both of
the sequences

(on )30 and (yn, )35

converge and therefore by Lemma 28 this implies the sequence

<pnkj >§il = <($nkj ) ynkj ))]oil

converges. Let p = lim, o Py, - Then, as S is closed, Proposition 15

implies p € S. As (pn)22, was any sequence from the closed bounded set,
S, this shows that every sequence from a closed bounded subset of R? has
a subsequence that converges to a point of S. Therefore closed bounded
subsets of R™ are sequentially compact. [l

Corollary 30 (General Bolzano-Weierstrass for sequences). Fvery bounded
sequence in R™ has a convergent subsequence.

Problem 25. Prove this. Hint: See the proof of Corollary 26. O

Proposition 31. Every sequentially compact subset of a metric space is
closed and bounded.

Problem 26. Prove this. Hint: Let S be sequentially compact in E. First
show that S is bounded. Towards a contradiction assume that it is not
bounded. Let ¢ be any point of S. Because S is not bounded there for each
positive integer n there is a point p, € S with d(q,p,) > n. The set S is
sequentially compact and therefore the sequence (p,)°°; has a convergent
subsequence (pp, )7 ,. Let p = limy_oopp,. Then using ¢ = 1 in the
definition of limit we have that there is a K > 0 such that £ > K implies
that d(p, pn,) < 1. Whence for all k > K we have by the triangle inequality

n < d(q,pn,,) < d(q,p) +d(p,pn,) < d(g,p) +1

which gives a contradiction (why?)

Now use sequential compactness to show S is closed. One way is to
show that sequential compactness implies that S contains all its adherent
points. U

Remark 32. We have seen, Theorem 27, that every closed bounded of R™
is sequentially compact. And the last proposition shows that a sequentially
compact subset is closed and bounded. But it is important to realize that not
all closed bounded subsets of all subsets of all metric spaces are sequentially
compact. The next problem give an example. [l

Problem 27. Let £ = (0,00) and let S = (0,1]. Here we are using the
metric d(z,y) = |r — y|. Show that S is a closed bounded subset of E, but
that S is not sequentially compact. O
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5. OPEN COVERS AND THE LEBESGUE COVERING LEMMA.

We recall a bit of set theory. Let E a set and U a collection of subsets of
E. (At bit more formally if U € U then U C E.) The union of U is

UM:{:c:azeUfor at least one U € U}.

We will sometimes use the notation
Uu
Uveud

or some trivial variants of this notation. For example

[e.e]

U (—n,n) = (—o0,00)
n=1

or

U @-1,2+1)=(-1,2).

z€[0,1]
Of course there is the intersection of U which it

mU:{x:erforallUEL{}.

U

veu

which can also be written as

with such variants as
o<
m(a_ 1/nab+ 1/”) = [aab]
n=1

which gives anther example of an infinite intersection of open sets not bein
g p p g
open), and

()(0,1/n) = 2.
n=1

Definition 33. Let E be a metric space and S C E. Then U/ is an open
cover of S if and only if the following hold

(a) Each element, U, of U is an open subset of E.
(by SCyu. O

Anther way to say S C UU is that for all x € S there is an U € U with
x € U. This is nothing more than a restatement of the definition of the
union, but in practice is how we often work with open covers.

Theorem 34 (Lebesgue Covering Theorem). Let S be a sequentially com-
pact subset of the metric space EE and let U be an open over of S. Then
there is a v > 0 (often called a Lebesgue number of the cover) such that
for all x € S there are is a U € U with B(x,r) CU.
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A restatement is that given an open cover U of a sequentially compact
set S there is a r > 0 (which depends on both S and U) such that every
point of S is contained in a ball of radius r that is contained in some open
set U € U. In practice this means that in working with open covers, we can
sometimes replace them with a cover by balls all with the same radius.

Problem 28. Prove Theorem 34. Hint: Towards a contradiction assume
that there is an open cover U of a sequentially compact set S where the
Lebesgue Covering Theorem does not hold. This means that for all » > 0
there is a point x € S such that the ball B(z,r) is not contained in any
Uecl.

For each positive integer n let z,, € S be a point where the ball B(z,,1/n)
is not contained in any of the sets U € U. As S is sequentially com-
pact, the sequence (x,)52; has a convergent subsequence, (xy, )3, with
limg o0 n, = « where z € S. As € S and U is an open cover of §
there is some U € U with © € U. As U is open there is a r > 0 such that
B(z,r) C U. Because limy_,o n, = « there is a N > 0 such that

k> N implies d(zy,,x) < %

Now show that if we choose k such that both & > N and 1/n; < r/2 hold
then
B(zp,,1/ng) € B(z,r) CU

and explain why this leads to a contradiction. U

6. OPEN COVERS AND COMPACTNESS.

Definition 35. Let S be a subset of the metric space E. Then S is compact
if and only if every open cover of S has a finite subcover. Explicitly the means
that if U is an open cover of S then there is a finite set {U1,Us, ..., Uy} CU
with

SCU1UuUyUJ---UU, 0

Theorem 36. FEvery sequentially compact set in a metric space is compact.

Problem 29. Prove this. Hint: Towards a contradiction assume that S
is a sequentially compact subset of some the metric space F that is not
compact. That is there is some open cover of U of S that as no finite
subcover. Let r be a Lebesgue number for this open cover. That is for every
p € S there is some U € U such that B(p,r) C U. We know that such an
r exists by the Lebesgue Covering Theorem 34. Define a sequence of points
P1,P2,D3, ... €5 and a sequence Uy, Us,Us, ... € U follows. Let p; be any
element of S. Then there is a U; € U such that B(p1,r) C U;. Now assume
that p1,29,...,p, € S and Uy, Us, ..., U, € U have been defined such that

Dj ¢U1UU2U~-'UU]'_1 and B(.Z‘j,?") ng
for j=1,2,...,n. Now
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(a) Explain why there is an p,4+1 € S such that p,41 ¢ Uy UUL U - --U,.
(b) There is a Up4+1 € U such that B(pp+1,7) C Upg1-

Finish the proof by showing that if m # n, say m < n, then p,, ¢ U,, and
B(pm,r) C Uy, implies that d(pym, p,) > r and thus the sequence (p,,)° ; has
no convergent subsequence (if (py,, )32, is a subsequence has d(py,,pz,) > 7
for k # £. Use this to show the subsequence is not Cauchy) which contradicts
that S is sequentially compact. O

The converse of the last Theorem is also true.
Theorem 37. Every compact set in a metric space is sequentially compact.

Lemma 38. Let S be a compact set in a metric space and let (p,)°°; be a
sequence in S. Then there is a point p € S such that for all r > 0 the set

{n:pn € B(p,r)}
is infinite.

Problem 30. Prove this. Hint: This is a very typical use of compactness
in a proof. Towards a contradiction assume that there is a compact set S
where this does not hold. Then for each = € S there is a r, > 0 such that
{n:p, € B(x,r,)} is finite. Set

U=A{B(z,r;):z €S}
Show that I/ is an open cover of S. By compactness there is a finite subcover,
say that
S C B(x1,74,) UB(x2,72,) U+ UB(Tym,Ts,,)-

Now for each natural number n € N we have that p, € B(xj,rs;) for at
least one j € {1,2,...,m}. Thus, by the pigeon hole principle, there is at
least one j where the set {n : p, € B(x;,ry,)} is infinite. Explain why this
is a contradiction. (]

Problem 31. Prove this. Hint: Let S be a compact set in a metric space E.
We wish to show that every sequence (p,)° | has a subsequence converging
to a point of S. Towards this end let (p,)72; be a sequence in S. By
Lemma 38 there is a point p € S such that for all » > 0 the set of n € N
with p, € B(xz,r) is infinite. Show this implies (p,)° ; has a subsequence
converging to p. ([l



