Mathematics 546 Homework.

Let us review what we should all know about polynomials. Let F' be a
field, which for the time being we can assume is one of the following:

Q = The rational numbers,
R = The real numbers,
C = The complex numbers, or

Z,, = for p a prime number.

You can find a formal definition of a field in Definition 4.1.1 on Page 191 of
the text, but for the time being the above examples are plenty. Let F[x] be
the polynomials with coefficients from F. That is (See Definition 4.1.4 on
Page 194 of the text) polynomials are expressions of the form

f(z) = ama™ + am_12™ - a1z + ag

where the coefficients ag, a1, ..., a, are elements of the field F'. In sum-
mation notation this is

m
fla) =Y aal
j=0
with the understanding that z° = 1. If a,, # 0, then

deg(f(x)) = m.

For example

deg(4a® — 92* + 17z — 42) = 3
deg(z" —z) =n When n is an integer > 2.
deg(5) = 0.

In general if ap # 0 is a nonzero constant, then the constant polynomial
f(z) = ap = apz? has deg(f(z)) = 0. The zero polynomial f(x) = 0 is not
given a degree (or some people give it the degree deg(0) = —o0).

The basic rule for exponents

gk — itk
and the distributive law tells us how to multiply polynomials. For example
using the distributive law on the product (asz? + a1z + ag)(b3x® + box? +
bz + by) leads to 3 x 4 = 12 terms which can then be grouped by powers



of x:
(ag:r2 + a1z + ao)(ng?’ + box® + iz + bo)
:a2x2(b3m3 + box® + bix + bo)
+ alx(b3m3 + box? + bz + bo)
+ ag(b3z> + byx? + bz + by)
—aghsx® + ashox® + ash13 + GQb%
+ a1b3:c4 + alng?’ + a2 + arbpx
+ agbsz® + agbaz® + apbix + agbo
=asasx’ + (agbe + albg)x4 + (agby + a1be + agbg)a:3
+ (agbo + a1by + agbz)z® + (arby + agby)z + agbo.
In general if
f(z) = amz™ + am_12™ a1z + ag
g(x) = bpz™ 4 by_12™ 1+ -+ ajz + bo
then the product

f(:c)g(ﬂs) = Cm-&-nxm—HL + Cn-i-m—lt/Em—i_n_1 + Cm+n—2xmn_2 +-t+ar+c

m—+n

> et
k=0

where
Cm4n = ambn
Cm+4n—1 = Ambm—1 + am—1b,

Cntm—2 = anbn—Q + am—lbn—l + an—an

Cr — Z aibj

it+j=k
0<i<m
0<j<n

co = agbg + a1by + apbe
c1 = arby + apb:
Cco = aobo.

The formula for ¢ can be simplified if we set a; = 0 for ¢« > m and b; = 0
for j > n. Then

k k
C — Z ajbj == z; aibk_i = X;)Ctk_jbj.
1= Jj=

i+j=k



Proposition 1. If f(z),g(z) € F[x] are not the zero polynomial, then

deg(f(z)g(z)) = deg(f(x)) + deg(g()).
Proof. Let deg(f(x)) = m and deg(g(z)) = n then
f(z) = ama™ + apm_12™ 1 + -+ a1z + ag
g(z) = bpa" + b1z N+ 4 agz + b
where a,, # 0 and b, # 0. Then

f(a:)g(:c) = cm+nxm+n + C’m—"—n—I«TMJrni1 + - +cazr+ .

where Cpin = amby, # 0. Thus deg(f(x)g(x)) = m +n = deg(f(z)) +
deg(g(x)) as required. O

Problem 1. This problem is just a bit of practice (or review) in basic
operations with polynomials. Let

f(z)=32% 4z +1
g(z) = 2% + 2% — 2 + 5.
Compute the following

(a) f(z)+ g(z) (or just write “Oh come on, you know we can all add poly-
nomials”.)

(b) f(x)?

(c) f(z)g(x). u

Problem 2. Let a € F' and compute the following

(z — a)(z* + ax3 + a®2? + a®x + a?)

) (

) (z —a) (23 + az? + a’x + a3)

) (

(e) At this point you should have seen a pattern. What is it? O

We will also want to do long division with polynomials. For example if
we divide f(x) = 2* + 423 + 322 + 22 — 1 by g(z) = 2% + 20 — 3:

22 4+ 2z + 2

2?4+ 22 — 3)zt + 423 + 322 + 22 — 1
z* 4 223 — 322

223 + 622 +2x — 1

223 4 422 — 6z
222 + 8z — 1
202 4+ 42— 6

4+ 5

we get a quotient of ¢(z) = 2% + 2r — 3 and a remainder of r(x) = 4z + 5.
This means

f(@) = q(x)g(x) + r(z).
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Problem 3. Find the quotient and remainder when g(x) is divided into

f(x) in the following cases.

(a) g(z) =2 —5 and f(x) = 422 — 32 + 7.

(b) g(x) = 2% + 2z + 3 and f(v) = 32* — 223 + 2% — 50 + 1.

(c) g(z) =z —s and f(z) = az?® + bz + ¢ where s,a,b, ¢ are constants (that
is elements of the field F.)

The next result just says that we can always do long division. If you look
closely at a long division problem at the same time you are doing the proof,
you will see that the induction step is just the same as one of the usual steps
in doing the division.

Theorem 2 (The division algorithm). Let f(z), g(x) € F[z] be polynomials
over the field F' with g(x) not the zero polynomial. Then there are unique
polynomials q(x) (the quotient) and r(x) (the remainder) such that

f(@) = q(x)g(x) +r(z)  withr(z) =0 or deg(r(z)) < deg(g(z)).

Problem 4. Prove this. Hint: Fist show the existence of ¢(x) and r(x).
First note if deg(g(z)) = 0, then g(x) = ¢ is a constant in which case

)= (1)) gte) +0

and so the result holds with ¢(z) = 1 f(z) and r(z) = 0. So we assume that

deg(g(z)) > 1. Let deg(g(x)) = m, then g(x) is of the form
9(x) = bpa™ + g1(x) where b, # 0 and deg(g1(z)) < m.
and prove the result by induction on deg(f(z)).

Here are the details you should supply:

(a) Base case: If f(x) = 0 or deg(f(z)) < deg(g(x)), then show the result
holds with quotient ¢(x) = 0 and remainder r(z) = f(x).

(b) Induction step: Here we have deg(f(z)) > m = deg(g(z)). Our induc-
tion hypothesis is that the result holds for any polynomial with degree
< n. Let deg(f(z)) =n+ 1. Then f(x) is of the form

f(z) = an+1x”+1 + fi(z) where a;,m41 # 0 and deg(fi(x)) <n
Now show that

flx) = b—er g(z) = fi(z) - bix g (x)

and that this has degree < n. Therefore by the induction hypothesis
there are polynomials ¢;(x) and r(z) with r(z) = 0 or deg(r(z)) <
deg(g(z)) and

an n—m

o) = L (0) = g1 (@)g(a) +r(2),
m

Show this can be rewritten as

fa) = (b;"ﬁ fa <x>) g(z) + ()
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and explain why this completes the proof of existence of the quotient
and remainder.
(¢) Prove uniqueness. That is show that if

f(x) = q(@)g(x) + ri(z) = @2(x)g(x) + 71(2)

where each of 71 (z) and ra(x) is either 0 of ha degree < deg(g(x)) then

show r1(z) = r2(z) and ¢i(x) = ¢a(x). Hint: Rewrite gi(x)g(z) +

ri(z) = q2(x)g(z) + ri(x) as

(@1(z) = q2(2))g(x) = ro(z) — r1()

and compare degrees of both sides to get a contradiction if r(z) #

ro(x). O
Definition 3. A nonempty subset I C F'[z] is an ideal in F[z] if and only
if
(a) I is closed under addition. That is if f(z), g(z) € I then f(x)+g(z) € I.

(b) I is closed under multiplication by elements of F[z]. That is if f(x) € I
and h(z) € F[z] then h(z)f(x) € I. O

Proposition 4. Let I be an ideal in Flx|. Then I is closed under linear
combinations with coefficients form F[z]. That is if f(z),g9(x) € I and

A(z), B(z) € Flz], then A(z)f(z) + B(z)g(x) €
Problem 5. Prove this. ]

Definition 5. If g(x) € F[z], then the principle ideal generated by g(x)

is

(9(x)) = {h(2)g(z) : h(z) € Flz]}.
That is (g(x)) is the set of all multiples of g(z) where the multipliers are
polynomials in F[z]. O

Proposition 6. For any g(x) € F[z] the set (g(x)) is an ideal in F[zx].
Problem 6. Prove this. g

The following is one of the most important facts about the ring F[z]| of
polynomials.

Theorem 7 (Polynomial rings are principal ideal domains). Let I be an
ideal in Fx]. Then I = (g(z)) for some g(x) € F[z].

Problem 7. Prove this. Hint: If I is just the one element set I = {0} then
the result is true with g(z) = 0. So assume that I # {0}. Let g(x) be a
nonzero element of I of smallest degree and show that I = (g(z)). As a
start on this let f(x) € I and divide g(x) into f(z)

f(x) = q(x)g(x) +r(x) where r(z) = 0 or deg(r(z)) < deg(g(x)).
and show that ¢g(z) having smallest degree forces r(z) = 0. O



