Mathematics 554 Homework.

Here are what I consider the high lights of the course. I will take at least
half of the final off of these questions. You should know a proof of any result
that where the proof is given here. You do no have to give the same proof
I as the one here, but you should know how to do at least one proof.

To start here is a list of things you should certainly know.

) The sum of a geometric series and how to factor =™ — y".
) The definition of a metric space.

) The e~N definition of the limit of a sequence.

)

)

)

(
(
(d) The -9 definition of a limit for functions between metric spaces.
(e) The e-d proof of a function being continuous at a point.

(f) The definition of a function being Lipschitz.

g

) You will have to do at least one of either a e~IN or e~ proof.

(a
b
c
d
e
f
(
Problem 1. (a) Define what it means for b to be the supremum (that is
least upper bound) of S C R.

(b) State the least upper bound axiom.

(c) Define what it means for p to be an adherent point of the set S.

(d) Prove that a closed set contains all its adherent points.

(e) If S C R is bounded above prove that sup(S) is an adherent point of
S.

(f) If S C R define what it means for b to be the mazimum of S.

(g) Prove that a closed bounded subset of R has a maximum.

(h) Give an example of a bounded subset of R that does not have a maxi-
mum.

Solution. (a) b is an upper bound for S (that is s < b for all s € S) and if

¢ is any upper bound for S, then b < c. O
(b) Any nonempty subset of R which is bounded above, has a supremum.
O

(c) If S is a subset of a metric space E, then p is an adherent point of S
if and only if for each r > 0 we have B(p,r) NS # @. (Here B(p,r) =
{z € E:d(p,x) < r} is the open ball of radius r about p.) O
(d) Let S be a closed subset of the metric space E. Towards a contradiction
assume that there is an adherent point, p, of S which is not in S. Then
p is in the compliment, C(S), of S and as S is closed the compliment
is open. By definition of open set this means there is an r > 0 so that
B(p,r) € C(S). But then B(p,r) NS = &, contradicting that p is an
adherent point of S. O
(e) Let S C R be bounded above and let b = sup(S). Let r > 0. Then
B(b,r) = (b—r,b+r). Choose any = € (b —r,b). Then z < b and b is
the least upper bound of S and therefore = is not an upper bound for
S. Thus there is s € S with z < s < b. Then s € B(b,7) NS and so
B(p,r) NS # &. This works for all 7 > 0 and so b is an adherent point
of S. O



(f) b the maximum of S if and only if b € S and s < b for all b € S. O
(g) Let S be a closed bounded subset of R. As S is bounded b = sup(S)
exists. We have just seen that b is an adherent point of S. As S is
closed we have also just seen that this implies b € S. Then for s € §
we have s # b as b is an upper bound for S (in fact the least upper

bound). Thus b is the maximum of S. O
(h) A natural example is the open interval S := (0,1). Then sup(S) = 1,
but 1 ¢ S so S has not maximum. 0

Problem 2. (a) Let E be a metric space and K C E. Define U is an open
cover of K.
(b) Show that for any r > 0 that

U:={B(p,r):pe K}

is an open cover of K. (On the final I would let you by with just saying

this is the true, but make sure that you understand why. If you are

having trouble with this, you will have trouble with other questions.)
(¢) Show that for any point py € E that

U :={B(po,r) : 7 >0}

is an open cover of F (and thus also of any subset of F). (This is anther
fact you could use on the final without proof, but again make sure you
know how to prove it.)

(d) Let f: E — R be a continuous function. Show that

U:={f[(-rmr:reR}
is an open cover of F and thus any subset of F.

Solution. (a) U is an open cover of K if and only if each U € U is an open
subset of E and for all p € K there is a U € U with p € U. (Or what

is the same thing, each element of U is open and K C |JU.) g
(b) Each element, B(p,r), is an open ball and therefore an open set. And
if pe K, then p € B(p,r) € U. Thus U is an open cover. O
(c) Each element, B(pg,), is an open ball and thus open. Let p € E and
let choose r > d(p,po). Then p € B(po,r) and B(pg,r) € U. O

(d) As f is continuous and (—r,r) is open in R the set set f~1[(—r,r)] is
open as the preimages of open sets by continuous functions is open.
Thus each element of U/ is open. Let p € E. The choose r € R with

r>|f(p)|,say r = |f(p)| +1. Then p € f~1[(—r,r)] and f~[(—r,r)] €
U. Thus U is an open cover of E. 0

Problem 3. This is not a problem, just a list of a few things we have proven
that you can use in proofs without having to reprove.

(a) Let ri79,..., 7, be positive real numbers, set

Tmax = max{ry,ra,...,m}, Tmin = min{ry,re, ..., 7}



E a metric space and p € E. Then

=

U B(p,’l"j) = B(p, Tmax)y B(p,’l"j) = B(Z% Tmin)-

1

J
and if f: E — R is a function, then

U F (=00 )] = f_l[(—oo,rmax)]

ﬂ —00,75)] = fH(—00, Tmin)]

(b) That taking preimages does the right thing to set theoretic operations.

That is
“[ya]-yr

acA a€cA
(e
a€A a€cA

e =i

This includes things like if ANB = @, then f~A]N f~1B] = f~1AN
B] = f o] = 2.

(c) A sum of squares is positive. The is 2 +zy+y? = (z +y/2)% + (3/4)y>
is positive.

Let us now put the information above to good use.

Proposition 1. If K is a compact subset of a metric space E, then K is
closed in E. (Recall a subset of a metric space is bounded if and only if it
is contained in some ball.)

Proof. We can choose any point pg of F to be the center of our ball. Then
U ={B(py,r) :r >0}

is an open cover of all of F, and therefore a open cover of K. It therefore
has a finite subcover

UO = {B(p()a Tl)? B(pO,T'Q, v 7B(pn7rn)}
that covers K. That is

n
U pOa rj (pOa Tmax)

where ryax = max{ry,ra,...,r,}. Thus K is bounded. O

Proposition 2. If K is a compact subset of the metric space E, then K is
closed in E.
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Proof. Towards a contraction assume that K is not closed. Then K has an
adherent point p that is not in K. For each r > 0 let
U.={q€ E:d(p,q) >r}=C(B(p,7))

That is U, is the set of points at a distance > r from p, which is just the
compliment of the closed ball B(p,r) and thus is an open set. Let

U:={U,:r>0}
then each U, in U is open, and of ¢ € K, then q # p (as p ¢ K). Choose

r < d(p,q), then ¢ € U,. Thus U, is a open over of K. It therefore has a
finite subcover

Z/{O = {U'rla Ut27 R UT'n}'
As r < s implies U, D U, (larger r gives smaller sets U,.) and therefore

n
K C U Urj = YUrmin

j=1
where 7y, = min{ry,re,...,r,}. But then form the definition of U, . as
the compliment of the closed ball B(p, min) we have K C U, _. implies
B(p,rmin) N K = @ contradicting that p is an adherent point of K. O

Problem 4. Given an example of a metric space E and a closed bounded
subset K of E that is not compact.

Solution. Let E = Q, the rational numbers. Then K = {z € Q: 0 <z <
2} =QnN0,2] closed an bounded in E. To see this is not compact for r > 0
let

U ={zeQ:|x—v2|>r}
then U, is open in Q and if z € Q, then z # v/2 as v/2 is irrational. So there
is r with 0 < r < |z — v/2| and therefore 2 € U,.. Thus

U={U,:r>0}
is an open over of all of Q and therefore of K. If
uO = {UT17 U’f’Q? ceey UTn}
a finite subset of U then

n
U Urj = Urmin'
Jj=1

But there is a rational number in [0, 2] between V2 and V24 rmin, there fore
this finite subset of & does not cover K. Therefore K is not compact. [J

But we do have some spaces where the class of closed bounded subsets is
the same as the compact subsets. One of the class’ most important results
is

Theorem 3 (Heine-Borel Theorem). A subset of R™ is compact if and only
if it is closed and bounded. O
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Definition 4. A metric space, F, is sequentially compact if and only if
every (pn)or, in E has a subsequence (py, )72, that converges to point in
E.

Anther important result is

Theorem 5. A matrix space is compact if and only if it is sequentially
compact. O

The proof of this was not as elementary as many of our results. Showing
that sequentially compact metric space used the Lebesgue Covering Lemma
and may be about the trickiest proof we did. On the other hand showing
that compact implies sequentially compact is anther good application of
using a good open cover to use to get an even better finite subcover.

Proposition 6. If the metric space E is compact, then it is sequentially
compact.

Proof. Let (p,)o°; be a sequence in the metric space in the compact space
E.
Claim. There is a point pg € F so that the set

N(po,r) ={n € N:p, € B(po,7)}

is infinite for any r > 0. (A little more informally N (p,r) is just the set of
n so that the points p,, are a distance less that r from p. Thus the claim
is that there is point py so that for any r > 0 the ball B(pg,r) contains
infinitely many points of the sequence.)

Towards a contraction, assume that this is false. Then for each p € F
there an 7, > 0 so that N(p,r}) is finite. Then the more or less “obvious”
open cover to use is

U={B(p,rp) :p € E}.
Fach element of I/ is an open ball and thus open and if p € E, then p €
B(p,rp) € U. So U is an open cover. Then there is a finite subset

U() = {B(pl) Tl)y B(plv T2)7 B B(pn7 Tm)}
(where 7; = r,;) that covers E. Then, by how the balls were chosen, each
N(pj,rj) is finite for j =1,2,...,m. But for all n € N p,, € B(p;,r;) for at
least one j (this is because Uy covers E). Thus

N = N(p1,r1) UN(p2,72) U---UN(pn,rn).

We have therefore have the infinite set N as a finite union of finite sets which
is a contradiction.

The rest of the proof is easy. Let py be as in the claim. Then for any
r > 0 there are infinitely many p,, with d(po,pn) < . So choose ni, with
d(pn,,po) < 1. Then choose ny > n; with d(pp,,po) < 1/2 and continuing
in this manner we choose n; > ng_; and with d(py,,po) < 1/k. Then if
e>0and N > 1/¢ then k > N implies 1/k < ¢ and therefore

k>N implies d(pn,.,po) < €.
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Thus limy_,o0 pn, = po. Thus we have started with an arbitrary sequence in
FE an shown it has a convergent subsequence. So F is sequentially compact.
O

Definition 7. A metric space, F, is complete if and only if every Cauchy
sequence in E converges.

Make sure you know the definition of a Cauchy sequence and a standard
question is to show that a convergent sequence is Cauchy.

Problem 5. (a) Using the least upper bound axiom to show that a bounded
monotone sequence in R is convergent.

(b) We have shown that every sequence in R has a monotone subsequence.
Use this to show that closed bounded subset of R is sequentially com-
pact. (That is prove the n = 1 special case of the Heine-Borel Theo-
rem.)

(c) We have shown that a Cauchy sequence is bounded and that if it has
a convergent subsequence it is convergent. (It would not hard to know
how to prove this.) Use this to that R is complete.

Solution. (a) Let (x,)2°; be a bounded monotone sequence in R. We as-
sume that the sequence is monotone increasing. (Otherwise replace the
sequence by (—x,)22 ;). As the sequence is bounded the least upper
bound

b =sup{z, : n € N}
exists. Let ¢ > 0. Then b — ¢ is less than the least upper bound of
{zn, : n € N} and therefore is not an upper bound for the set. Thus
there isa N € Nso that b —e < xy <b. If n > N then the sequence
being monotone increasing implies b — ¢ < py < p, < b which implies
|pn—b| < e. Thus n > N implies |p, —b| < ¢ and so lim,, oo x, = b. O

(b) If (zy,)72, is a bounded sequence in R, then it has a monotone sub-
sequence, (Tn,)5>,. We have just seen that such a sequence has is
convergent, so we are done. O

(c) Let (x,)°; be a Cauchy sequence in R. We wish to show it converges.
As it is Cauchy it is bounded. But we have seen that a bounded se-
quence has a convergent subsequence. But a Cauchy sequence with a
convergent subsequence is convergent. 0

One of our main theorems about continuous functions is:

Theorem 8. Let f: E — E' be a function. Then the following are equiva-
lent:
(a) f is continuous. (By which we mean that f is continuous at every point
of E.)
(b) f does the right thing to convergent sequences in E. (That is if lim, o0 pp =

p in E, then lim, o f(pn) = f(p) in E'.
(¢) f does the right thing to limits. (That is limy,_,, f(p) = f(po).)
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(d) The preimages of open sets by f are open. (That is if V. C E’ is open,
then so is the set f1[V]={p € E: f(p) € V}).
(e) The preimages of closed sets by f are closed. (That is if F C E' is

closed, then so is the set f~1[F]={p€ E: f(p) € F}.) O
Problem 6. (a) Show the set U = {(x,y) : 22% — 3y* > 0} is an open set
in R2.

(b) Show the set C = {(x,y,2) : 2+ y* + 2* = 1 is compact.

Solution. (a) The function f(x,y) = 222 — 3y? is continuous as it is a
polynomial. Then U = f~1[(0,00)] and (0,00) is open in R. Use U is
the preimage of an open set by a continuous function and therefore U
is open. [l

(b) The function f(z,y,2) = z* + y* + 2* is a polynomial and therefore
continuous. Then C' = f~1[{1}] is the preimage of the closed set {0}
and is therefore closed. Note that on C z% =1 —y* — 2* < 1. And
r* < 1 implies |z| < 1. Likewise |y| < 1 and |z| < 1. Therefore C is
bounded. Thus C' is closed and bound and therefore compact by the
Heine-Borel Theorem. O

O

Theorem 9. If E is compact and f: E — E' is continuous, then the image
fIE] is compact.

Solution. Let V be an open over of f[E] and let

U={f1V]:vVeV}
Then each f~1[V] is the preimage of an open set by a continuous function
and therefore the elements of U are open. If p € E, then f(p) € f[E] and V
covers f[E] so f(p) € V for some V € V. Then p € f~1[V] € Y. Thus U is
an open cover of E. Thus, as E is compact, there is a finite subset

Uy = {f_l[‘/l]a f_l[VYQ]’ v af_l[vn]}
of U covers . We now show that
Vo={V1,Va,..., Vi}

is cover of f[E]. Let ¢ € f[E]. Then ¢ = f(p) for some p € E. Because
Uy covers E there is a j so that p € f~1[V;]. Then ¢ = f(p) € Vy. Thus
shows Vy covers f[E]. We started with an arbitrary open cover V of f[E]
and showed it has a finite subset Vy which covers f[E]. Therefore f[E] is
compact. O

Definition 10. Let E be a metric space. The E is connected if and only
if E is not the disjoint union of two nonempty open set. O

Definition 11. Let E be a metric space. Then a disconnection of E is a
pair of sets A, B C E so that

e A and B are open,
e A4 and B # g,



e AUB=EF, and
e ANB=a. O

Thus a restatement of E being connected is that it does not have a dis-
connection.

Theorem 12. If EE is a connected metric space, and f: E — E' is con-
tinuous, then the image f[E] is connected.

Proof. By replacing E’ with the image f[FE’] we can assume that f is sur-
jective. Towards a contradiction assume that f[E] has a disconnection
flE] = AU B where A and B are disjoint nonempty open subsets of FE’.
Then, as taking perimages preserves set theoretic operations,

E=f"'E]=fMAUB] =AU f (B
and

FHAIN Bl = fANB] = fle] = 2.
Each of f~![A] and f~![B] are open sets as they are preimages of open
sets by a continuous function. Finally A # & so that is an a € A. As
f is surjective there is a p € E with f(p) = a. Then p € f~![A] and
so f71[A] # @. Likewise f~![B] # @. Thus E = f~[AJU f71[B] is a
disconnection of F, contradicting that F is connected. ([

We were able to find all the connected subsets of R.
Theorem 13. A subset of R is connected if and only if it is an interval. [
After just a little be of work proving this was reduced to proving;:

Lemma 14. Let [a,b] be a closed interval in R. Then is no disconnection
[a,b] = AU B of [a,b] witha € A and b € B.

Proof. Towards a contradiction assume there is such a disconnection. First
note that A is open in [a,b] by the definition of disconnection. Also A is
closed in [a, b] as it is the compliment of the open set B. As A is bounded
above (by b) it has a least upper bound. Let

¢ =sup(A).

Then, as A is closed, we have that ¢ € A. But A is also open so there is a ball
B(e,r) = (¢—r,c+71) C A Then the points in the subinterval (¢,c+7r) C A.
But a point x € (¢,c+r) has x € A and = > ¢ contradicting that c¢ is the
least upper bound for A. This contradiction completes the proof. O

Finally, let us give a general form of the intermediate value theorem.

Theorem 15. Let E be a connected metric space and f: E — R a contin-
uous function. Let po,p1 € E be points with with f(po) < f(p1). Then for
any ¢ € R with f(po) < ¢ < f(p1) there is a p € E with f(p) = c.



9

Proof. As f is continuous the image f[E] is a connected subset of R. But
we have seen the connected subsets of R are the intervals. A basic property
of intervals is if two points are in the interval, then so are all the points
between them. This implies that f[FE] contains all the points between f(pg)
and f(p1) and thus the point c¢. But if ¢ is in the image there is a point
p € E with f(p) = c. O

A second proof. Towards a contradiction assume there is no p € E with

f(p) =c. Let
A= (—0,0), B = (¢,00)
These are disjoint open subsets of R and AU B = R\ {c}. As f dose not
take on the value ¢ we have f[E] C AU B. The sets f~![A] and f~![B] are
open as they are the preimages of open sets by a continuous function. Also
po € f71[A] and p; € f~![B]. Thus both f~1[A] and f~![B] are nonempty.
Finally f[E] C AU B implies
E =AU f7YB].

Therefore E = f~1[A]U f~1[B] is a disconnection of E, contradicting that
E is connected. U



