Mathematics 300 Homework, November 5, 2024.

We have just started talking about recursion. For use this will mean
defining a sequence ag, a1, as, ... be defining a,41 in terms of ag, a1, ..., an.
Generally our recursions will be of the form

ant1 = f(an)
or

an41 = f(ana anfl)-
As an example of a recursively defined function let a,, be defined by

ant1 = (n+ 1)ay, ag = 1.
Then we get

a1 =lag =1

as =2a1 =2-1

a3 =3a3=3-2-1

ag =4a3=4-3-2-1

as =5a4=5-4-3-2-1

ag =6a5=6-5-4-3-2-1

Therefore this is just one way to define the factorial function
nl=nn-1)(n-2)---(2)(1).
Proposition 1. Use induction to show the solution to
an+1 = —2a, + 3 ap =95
18
anp =4(-2)" +1
Here is a two step recursion
Jnt1 = fn+ fn-1, fi=rfo=1
You can then compute
famsfhtfi=1+1=2
fai=fs+fo=2+1=3
fs=fatf3=3+2=5
foe=fs+f1=5+3=8
fi=fc+fs=84+5=13
fs=fr+fe=13+8=21
fo=fs+fr=21+13=34
Jio=fo+ fs =34+21 =55



2

These are the famous Fibonacci numbers. You should read pages 203-204
of the text about these. It is also worthwhile to watch the TED talk by Art
Benjamin about some properties of the Fibonacci numbers:

https://www.youtube.com/watch?v=5]jSHVDfXHQ4

Problem 1. Use induction to show prove the following formula for the sum
of the first n Fibonacci numbers:

f+fotfon=fopa—1
Problem 2. Use induction to show that the solution to
Gn+1 = Dap — 6an_1, apg =05, a3 =12
is
a, =2-3"+3-2".
Here is a useful fact about linear two step recursions.

Problem 3. Let o and § be the solutions to the quadratic equation
r?=Ar+ B
where A and B are constants. Show that for any constants C7 and Cs that
xn = Cra” 4+ O™

is a solution to
Tpt+1 = Aflfn + Bwn—l-
Hint: This proof is just a “plug and chug” problem, no induction needed.

Problem 4. Define a,, by

1 2
an42 = B <Gn+1 + > ar =1, a9 =1.
an,

(a) Compute as, a4, as.
(b) Use induction to prove 1 < a,, < 2 for all n > 1.


https://www.youtube.com/watch?v=SjSHVDfXHQ4

