Mathematics 554 Test #1 Name:  Answer Key.
1. State the following:
(a) The definition of lim a, = A.

n—oo

Solution: For all € > 0 there is a N such that
n>N = |a,—A|l<e.

(b) The definition of (ay)32, being a Cauchy sequence.

Solution: For all € > 0 there is a N such that
mn>N = J|a,—a,| <e.

(¢) The definition of lim sup a,,.

n—od
Solution:

limsup a, = lim sup{a,, a,11, Gnio, ...}
n—00 n—0o

n b
(d) If ¢ = Z a;x1, is a step function, define the integral / o(x) dx of ¢.

j=1
b n

/ o(a)de =Y " aj|Ij]
a =1

Where |1;] is the length of the interval I;.
) If fis a bounded function on the interval [a,b] define the upper integral

/f )dx.

Solution:

Solution:

/ f(x)dx = inf {/ o(x)dx : ¢ is a step function and f < ¢ on [a, b]}

(f) State both forms of the Fundamental Theorem of Calculus.
Solution: First form: If f is integrable on [a,b] and F is defined on [a, b] by

S RCL



when at any points x € (a,b) where f is continuous the function F' is differentable
at x and

Second form: If f is continuous on the closed bounded interval [a,b] and F' is
a function such that F is continuous on [a, b] and F'(x) = f(z) on (a,b) then

b
/ f(x)dx = F(b) — F(a).

2. Define a function F' on R by

Find F'(x).
Solution: Let G(x) = / cos(t’)dt. Then by the Fundamental Theorem of
-1
Calculus G'(z) = cos(z?). But F(x) = G(2?) and so by the chain rule

F'(z) = G'(2%) (2% = cos((2?)?)(2x) = 2 cos(z°).

3. Explain briefly (just a few sentences that quote the appropriate theorem) why
the function f(z) = sin(2?) is integrable on the interval [—1,2].

Solution: We know that every continuous function on a closed bounded interval
is integrable on that interval. The function f(z) = sin(z?®) is continuous on the

closed bounded interval [—1, 2] and therefore f_21 cos(z?) dr exists.



4. Find the following limits. You do not have to prove your answers.

(a) lim n?3 <\/ﬁ \/_>

n—oo

Solution:
h_)m n?/? (\/n +4 \/_)
= Tim n** (f(n +4) - f(n)) (Where f(z) = 2'/?)
= lim n*f'(n + €)((n +4) — 4) (With 0 < € < 4 by MVT.)
= Tim n?*(n +€)2P(4) (As f'(a) = (1/3)27")
4 | n 2/3
1 1 2/
T3k (1 n <§/n>>
A 1 2/3
:§(m> (As 0 < &/n < 4/n)
4
e
1 2n )
0) Jim 537
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Solution: Write

Then this is a Riemann sum for the function f(x) = 2? on the interval [0, 2] when
it is divided into 2n pieces (so that Az = (2 —0)/(2n) = 1/n). Thus

1 2n 2 )

1 —_— .2: 2 = —

gl—{gon?’zlj /Oa:dx 3
j:

5. (a) State the Bolzano- Weierstrass Theorem.
Solution: A bounded sequence of real numbers has a convergent subsequence.
(b) If f is a continuous function on [a, b] prove that f achieves its maximum on

a, b].



Solution: We know that continuous functions on closed bounded intervals are
bounded. Therefore

M =sup{f(z): x € [a,b]}

is finite. We wish to show that there is a Ty.x € [a,b] with f(2pm.) = M. From
the definition of M as a least upper bound, for each positive integer n there is an
a, € la,b] such that

M=t < fa) < M
n

As [a, b] is bounded the sequence (a,)52 ; is bounded and therefore by the Bolzano-
Weierstrass Theorem it has convergent subsequence (a,, )" . Let

Timax = klim Q. -
— 00

Then Ty, € [a,b] as [a, b] is closed. Also, as f is continuous,

f(xmaX) lim f(ank)-

o k—o0
But we also have

1
M —— < f(ap,) <M
ng

and so by the squeeze lemma

f(@max) = lim f(a,,)=M

k—oo

as required.
6. Let f continuous on [0, 2]. Define

Flz) = /0 "yt

Prove directly that F'(1) = f(1).
Solution: We wish to show

P = lim F(1+ h})Z - F(1)

= f(1).
Let € > 0. As f is continuous at 1 there is a 6 > 0 such that

t—1<d = |f(t)—f()]<e.



If |h| <6

|F(1 + h})L “FO) | - |% - m)'
1
1 1+h 1 1+h

-3/ f@ﬁ—ﬁl fmﬁ‘
1+h

i [ uw-sapa
1+h

<li [ so-rwa

< %/Hhsdt| (as |t — 1] < 6 because |h| < 4.)
1

=€

Thus we have shown

—f(H)| <e.

h| <0 =

‘FO+M—FQ)

That 1s / P4 h) - F()
F/(1) = lim . — £(1).

7. Let f be continuous on all of R and let (a,)°° ; be a sequence with lim,,_, a,, = 0.
Prove directly that lim, . f(a,) = f(0).
Solution: Let € > 0. As f is continuous at x = 0 there is 6 > 0 such that

[z —=0[<é = |f(z)-f0) <e
As lim,,_,o, a, = 0 there is a N such that
n>N = la,—0]<§é.
Thus it n > N we have |a, — 0] < § and so also |f(a,) — f(0)] < e. That is
n>N = |f(a,) — f(0)| <e
which is exactly the definition of lim,, . f(a,) = f(0).




