Riemann Integration.

Recall that we are using the notation Sla,b] the vector space of all step
functions on [a,b] and Rla,b] for the vector space of Riemann integrable
functions on the [a, b].

Proposition 1. If f is a bounded function on the closed bounded interval
[a,b] then f is integrable if and only if all € > O there are step functions
@, € Sla, b such that

p<f<9
and
b
/ (Y —@)dr < e.
a
Problem 1. Prove this. Hint: We outlined the proof in class. ([l

To use this we need to be able to construct some step functions that
approximate a given bounded function well. Here we need a little bit more
notation.

Definition 2. Let [a, b] be a closed bounded interval. Then a partition of
[a,b] is a list of points a = z¢p < 1 < 2 < --+ < x, = b. We denote it by
P ={xo,x1,...,2,}. We also use the notation

Axj =z —xj_1.
(See Figure 1.) O
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FIGURE 1. A partition of the interval [a, b] into n = 6 pieces.

The j-th interval [x;_1,z;] has length Az; = z; — x;_1.

If f is a monotone increasing function on [a,b] and P = {zg, x1,...,Zn}
is a partition of [a, b] define two step functions by ¢¢p(b) = f(b),

erp(@) = f(rj—1)  for  x€[zj_1,25)
and ¥y p(b) = f(b)
vrp = flz;)  for  w€frj, )
See Figure 2

Proposition 3. If f is monotone increasing on [a, b then for any partition,
P, of la,b], with the notation above,

orp < f<pp
on la,b].

Problem 2. Prove this. O



FIGURE 2. A monotone increasing function on [a,b] and a
partition, P, with n = 3 showing the lower step function
@¢p (in green) and the upper step function 7 p (in red).

Definition 4. Given a positive integer n and a closed bounded interval
[a,b] the uniform partition of [a,b] into n sub-intervals is the partition

P = {xo,xl,...,xn} with
()
T :a‘l-j
n

for 5 =0,1,...,n. Note in this case all the lengths, Az; of the sub-intervals
[€j_1, ;] have the same value Ax = Az; = (b—a)/n. O

Now let us consider the monotone increasing function f on the interval
[a, b] with the uniform partition, P, of [a,b] with n = 4. Then Az = Az; =
(b—a)/4and pyp < f <9Yypp. Also

[ erp@rde = (o) + 1) + o) + fla3) A
and '
/abwf,p@) do = (f(21) + f(z2) + f(23) + f(24)) A
Thus
[ G1pte) o) d = (100 — o) Az = (F0) — fla) A
Therz is nothing special about n = 4 in this:

Problem 3. Show that if f is monotone increasing on [a, b], n is a positive
integer and P = {xo,x1,...,zn} is the uniform partition of [a,b] into n



sub-intervals, then, with the notation above,

b o
/ (Y1p(@) — prp(a)) do = (F(B) - f(a) Az = L f; o—o)

Theorem 5. If f is a monotone function on the closed bounded interval
[a,b], then f is integrable on [a,b].

Problem 4. Prove this. Hint: With out loss of generality assume f is
monotone increasing (if f is monotone decreasing replace f by —f). Let
€ > 0 and let n be a positive integer such that

(f(b) = f(a))(b—a)

n

<e
and use Proposition 1 and the last problem. O

Theorem 6. Let f be a continuous function on [a,b]. Then f is integrable
on [a,b).

Proof. Let ¢ > 0. As f is continuous on the closed bounded set [a,b] it
is uniformly continuous on [a,b]. Thus there is an 6 > 0 such that for
x,y € [a,b].

€
oyl <d = @) - W) <
Let n be a positive integer such that
h—
C—Az<s
n
and let P = {xg,x1,...,2n} be the uniform partition of [a,b] into n sub-

intervals. Set

mj =inf{f(z) : x € [xj_1, 5]} = min{f(z) : @ € [x;_1, 7]},

Mj = sup{f(z) : @ € [zj-1, 5]} = max{f(z) : @ € [xj-1, 5]}
where the infimum is achieved as a minimum and the supremum is achieved

as a maximum because continuous functions on closed bounded sets achieve
their maximums and minimums. Define step functions ¢ and ¢ on [a, b

p(b) = ¢(b) = f(b) and
p(x) =m; for z;1 <z <z
Y(x)=M; for zj1 <z <uzj.

Then
p<f<9
and , .
[ (ot = ey e = S0ty - ) (1)),
a j=1

As f is continuous on the closed bounded interval [z;_1,z;], f achieves its
maximum and minimum on this interval. Thus there are o, 8 € [z;—1, z;]
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with f(a;) = m; and f(8;) = M;. But then |a; — 3| < Az < ¢ and
therefore

€
M; —mj = [f(8)) — fley)| < h—a
Thus
b - b—a € b—a
(ple) — (@) dw = S (M — my) <3 =
a , n : a n
7j=1 7j=1

and the result now follows from Proposition 1. O

Let us record a few more basic facts about integrable functions.
Proposition 7. If f € R[a,b] then so is g = max{f,0}.

Proof. Let € > 0 Let ¢ and ¢ be step functions on [a, b] such that ¢ < f <
and ff(d) —¢)dx < e. Then

Yo = maX{O, (p}a 1/)0 = ma‘X{Ov 1/}}
are step functions, po < max{f,0} <1y and 0 <y — 9 < ¥ — . Thus

/:<wo—soo>da:s/ab<w—so>dx<e

and so max{ f,0} is integrable by Proposition 1. O
This implies a good deal more because of the following elementary result.
Lemma 8. For real numbers a,b the following hold
min{a,0} = —max{—a,0},
la| = max{a,0} + max{—a,0},
max{a,b} = a + max{0,b — a},
min{a, b} = a + min{0,b — a}.

Proof. Left to reader (and you don’t have to turn these in). We did enough
of this type of thing last term that I believe you can do it. O

Proposition 9. If f and g are integrable on [a,b] then so are |f|, min{f, g}
and max{f, g}.

Proof. This follows easily from Proposition 7 and Lemma 8. ([
Lemma 10. If f is integrable on [a,b] then so is f2.

Problem 5. Prove this. Hint: As f? = |f|> and |f| is also integrable by
replacing f by |f| we can assume f > 0. As f is integrable it is bounded,
say 0 < f < B on [a,b]. Also as f is integrable on [a,b] for € > 0 there is
are step functions ¢, 1) such that

p< f<9



and

b 13
[ =<

By replacing ¢ by max{0, ¢} and ¢ by min{«, B} we can assume 0 < ¢ and
1) < B. Then ¢? and 12 are step functions and

? < f2 <
and

0<p* —@? =W+ @) —9) < (W@+9) (Y — ) < (B+B)( — ).

You should now be able to show

b
/<¢2—¢2>dw<e

so that Proposition 1 applies. O

Proposition 11. If f and g are integrable on [a,b] then so is the product
fyg.

Problem 6. Prove this. Hint: Show

(f+9)?%—(f—9)?
4

fg=
and use Lemma 10. O

Proposition 12. Ifa < b < c and f is integrable on [a,c]| then the restric-
tions f‘[a i and f}[b [ are integrable on [a,b] and [b, c] respectively and

/acf(x)da:: /abf(q:)der/bcf(m)d:c.

Proof. We have shown for any bounded function on [a, c] that

/:f@:))dx - /Zf(w) dfc+/:f(:c) dr,

c b c
Lf(x))dac—/af(m)dar—i—/bf(w)dx.



6

As f is integrable on [a, c]

/ fayde = [ fa)de

= [ f(z)dx
b c
= / fl)dz+ | f(x)dx
a b
b c
< | flz)dz+ bf(ac) dx
= [ f(z)dx
= Cf(gc) dx

a

Thus equality must hold at all the intermediate inequalities. Therefore

/:f(m)dm:/if(a:)da: and /:f(x)dx:/:f(x)dx

which implies the restrictions f ‘[a 0] and f{[b [ are integrable. The rest fol-

lows from
b —b c ¢
/ f(a:)dx:/ f(x)dx and / f(ac)d:c:/f(m)dac
a a b b
and that equality holds in the displayed inequality. ([

Proposition 13. Let f be integrable on [a,b] and let [a, B] C [a,b]. The f
is integrable on |o, [].

Problem 7. Prove this. Hint: [«, 5] = [a, f]N ], b] and Proposition 12. O
It is useful to define ff f(x)dx even in the cases where a = b and b < a.

Definition 14. For any function f define

/f

If b < a and f is integrable on [b, a] define

/af(x)dxz—/b (@) da. -

Proposition 15. If f is integrable on the interval [x1,x2] and a,b,c €
[x1,x2] then, with the definitions above,

/acf(x)da::/abf(x)d:c—i—/bcf(x)dx
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Proof. This is just checking case by case (i.e. a <b<¢, a <c<betc) and
is left to the reader. And please do not hand it in. O

Proposition 16. Let f(x) be integrable on [a,b] and let F': [a,b] — R be
defined by

T
Flz) = / (1) dt
a
then there is a constant M such that
|F(x2) — F(z1)] < Mlzy — z1]
and therefore F is continuous on [a,b).

Problem 8. Prove this. Hint: As f is integrable on [a, b], it is bounded on
[a,b], say |f(x)] < M on [a,b]. Without loss of generality we can assume

that x1 < x9. Then
o 2
[ swa < [“isa
1 T

/am £(t) dt—/:l (1) dt‘ -

and it should be easy from here. O

|F(22) = F(21)] =

Theorem 17 (Fundamental Theorem of Calculus Form 1). Let f be inte-
grable on [a,b]. Define new function F: [a,b] — R by

Flz) = / " r)a.

If f is continuous at the point x € (a,b), then the derivative of F exists at
x and

F'(@) = f(a).
Problem 9. Prove this. Hint: First note

1 x+h
1=— 1dt.
i)

Multiply by f(z) to get

Also note

z+h T x+h
F(m—i—h)—F(x):/ f(t)dt—/ f(t)dt:/ £(t) dt.

Combining some of these formulas we get

. P z+h zth
F(+2 ﬂ)_ﬂ@_ié f@ﬁ—;é f(z)dt

z+h
—i [ uw - sanan

Let € > 0. As f is continuous at x there is a § > 0 such that
t—z|<d = |f(t)— f(z)|]<e.
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Put this all together to show

F - F
h| <6 = (“h]z (x)ff(x) <e
and explain why this shows F'(z) = f(x). O

Theorem 18 (Fundamental Theorem of Calculus Forn 2). Let f be contin-
uous on |a,b] and let F' be continuous on [a,b] and differentiable (a,b) with

F' = f on (a,b). Then

b
/ F(t)dt = F(b) — F(a) = F
Problem 10. Prove this. Hint: Let
G = [ fdt - Fla)
and show G'(z) =0 for z € (a,b). O

b

a

Corollary 19. If f is continuous on [a,b] and F is any anti-derivative of
f onla,b] (that is F'(x) = f(x) for x € [a,b]), then

b
/ f(z)dx = F(b) — F(a).
Problem 11. Prove this. O

Definition 20. Let f be integrable on [a,b]. Then the average value of
f on [a,b] is

b
bfa/a /(@) da. 0

Theorem 21 (The First Mean Value Theorem for Integrals). If f is contin-
uous on |a,b], then it achieves its average value. That is there is a § € (a,b)
with

b
e L

Problem 12. Prove this. Hint: As f is continuous on the closed bounded
set [a, b, it achieves its maximum and minimum on this interval. Let m =
min{f(z) : € [a,b]} and M = max{f(z) : € [a,b]} and let o, 5 € [a, ]
such that f(a) =m and f(8) = M. Now

I I
f(a):m:b_a/amdang_a/af(x)d:c

and

b b
f(ﬁ):Mzb_la/a dezbia/a F(z) dz

and recall the intermediate value theorem. O



