Mathematics 555 Test #2 Name:
Show your work! Answers that do not have a justification will receive no credit.

1. Fund the radius of convergence of the following two power series.
> (—1)k$3k+1

(a) kZ:O %(k+1)
Solution: We use the ratio test:

(_ 1>k+1$3(k+1)+1

ratio = lim 2k +2) = lim |x|3(k +1) _ |$|3
2F(k+1)

Thus the series converges if |z|?/2 < 1 and diverges if |z|?/2 > 1. Therefore

. 3
Radius convergence = v/2.

. OJ
(b) > k4*(x - 3)~.
k=0
Solution: This time we use the root test.
1
root = lim |k4*(z — 3)F|* = lim k*d|z — 3| = 4]z — 3|.
k—00 k—o0
Whence the series converges if 4|x — 3| < 1 and diverges if 4|z — 3| > 1. Therefore
1
Radius convergence = —.
4 0
o0
2. (a) Define what it means for the series Z ay to be absolutely convergent.
k=1
Solution: This means that the series Z |ag| of absolute values converges. UJ
k=1
(b) Define what it means for the series Z ar to be conditionally convergent. 0
k=1
Solution: This means that the original series Zak converges, but the series of absolute values
k=1
Z |ag| diverges.
k=1
(c) State the alternating series test.
Solution: Let aq,as,as,... be a series of numbers with
a; >as > a3 >ag>--- and  lim ap =0

k—o00



(that is the sequence decreases to 0). Then the alternating series

Z(—l)kJrlCLk = a1 —a2+x3—a4+a5—a6+~~
k=1
converges.
And while this part we not required to get the problem correct, we even know a bit more. If
A, =30 (—=1)*ay is the n-th partial sum and A =7 (—1)"a; is the sum of the series, then
|A - An‘ S An41-
That is by stopping at the n-th partial sum, we only make an error of at most the size (n + 1)-st
term. 0

(d) Give an example of a conditionally convergent series.

Solution: The standard example is the alternating harmonic series

i(—m’fﬂ 1 1 1 1 1

2o Tl Tets TG
This converges by the alternating series test, but the series of absolute values Y -, % is a divergent
series. ([l
oo
3. Let Z aj be a series of positive terms. State and prove the root test for this series.
k=1

Solution: If the limit )
p = lim (ay)*
k—o00
exits, then p < 1 implies the series converges and p > 1 implies the series diverges.

Proof: If p < 1 then choose any r with p < 7 < 1. Then as limy_o(ay)* = p < r there is a N such
that
n>N — (ak)% <7
But then k£ > N implies
ap < 1"
and so Y -, ax converges by comparison with the convergent geometric series > oo, 7*.
If p > 0 then there is a NV such that

k>N = (qp)F > 1.
This implies that a; > 1 for £ > N and thus that
70
This implies the series diverges. 0

4. (a) Give a reasonably exact statement of the theorem on integrating power series term by term.

Solution: If the power series

@)=t
k=0



has radius of convergence r > 0, the for all x with |z| < r the integral

/0 iy

exsits and it given by the termwise integration of the power series, that is

o0

’ — k+1 k-1 k
) dt = =) 2t
/Of() kz:%kﬂx ; E

O
(b) The function e=** has the power series
e & (_1)kx2k
e =y —
k=0
Find the power series for the function
f(z) :/ e~ dt.
0
Solution: Just intergate termwise to get
T e 0 (_1)kx2k+1
x) = e dt = -—
1o = [ =3 G ;

5. Complete the following:

Theorem. Let f: [a,b] — R be a real valued function on [a,b]. Then f is Riemann integrable on
[a, b] if and only if for all € > 0 there are step functions ¢ and v such that ...
the inqualities

¢(r) < fz) < P(x)
hold on [a, b] and

/ab(w—¢)dx<5.

6. Define a function f on the real numbers by

fla) = Z COS(ZZIL€ x)
k=1

(a) Explain briefly (you mostly have to quote the correct theorem(s)) why f is continuous (you
may assume that cos(x) is continuous).

Solution: The series converges uniformly (by comparison with the series of constants » .-, Qik)
Thus f is the uniform limit of the partial sums and the partial sums are continuous. As the uniform
limit of continuous functions is continuous, we see that f is continuous. 0

™

(b) Explain why we know that / f(x) dx exits. (Do not make this hard, it is just a sentence or
0
two using part (a)).



Solution: By part (a) the function f(x) is continuous. And we know that continuous functions are
Riemannian integrable. 0

(c) Show /07r f(z)dx =0.

Solution: Formally we have

[rwa=[ (gj%ﬁkﬂ) dng/ow%@dx:gozo_

This works as we can pass the integral inside the sum as the series is uniformly convergent. 0



