Differential Topology
Notes for Mathematics 738, Spring 2016.

Ralph Howard
Department of Mathematics
University of South Carolina
Columbia, S.C. 29208, USA

howard@math.sc.edu

CONTENTS
1. A Review of Some Linear Algebra. 1
2. The Inverse and Implict Function Theorems. 4
2.1. The Banach Fixed Point Theorem. 4
2.2. Banach Spaces. 6
2.3. Bounded linear maps between Banach spaces. 8
2.4. The derivative of maps between Banach spaces 12
2.5. Preliminary version of the inverse function theorem. 20
2.6. Inverse Function Theorem 23
2.7.  Implicit functions in two and three dimensions 25
2.8. The General Finite Dimensional Implicit Function Theorem. 37
2.9. Higher Derivatives for Inverse and Implicit Functions. 39
2.10. Implicit Function Theorem in Banach Spaces. 46
2.11. Miscellaneous facts and problems. 48
3. Differentiable Manifolds and Their Tangent Bundles. 49
3.1. The definition and basic properties of a topological manifold. 49
3.2.  Definition of Differentiable Manifolds 52

1. A REVIEW OF SOME LINEAR ALGEBRA.

Here we recall facts from linear algebra that will motivate some of what
we do with nonlinear maps. I assume you know the definition of a vector
space, a subspace of a vector space, the dimension of a vector space, and
the span of a subset of a vector space. If U and W are subspaces of a vector
space then the set

U+W={u+w:uelUweW}

is a subspace and is the smallest subspace containing both U and W. The
intersection is also a subspace.

Proposition 1.1. Let V be a finite dimensional real vector space and U
and W subspaces of V.. Then

dim(U + W) + dim(U N W) = dim(U) + dim(W).
1



2 Linear algebra

Problem 1.1. Prove this. Hint: Let p = dimU, ¢ = dimW, and k =
dimU NW. Let vy,...,v; be a basis for U N W. Expend this set to a basis
U1y ey Uy Ukt1,- - -, Up of U and a basis vy, ..., Uk, Wiy1, ..., wy. Then show
Ulyenoy Uy Ukt 1y« - - Up, Wit 1, - - -, Wy 1S & basis for U + W. U

If V is a vector space over R, and a,b € V are distinct, then the line
through a and b is the set

{(1—ta+tb:teR}.

An affine subspace of V is a subset A, that contains the line through any
two of its points. More explicitly A is an affine subspace of V if and only
if for all ag,a; € A and t € R we have (1 —t)ag + ta; € A. As we are not
assuming here that ag and a; are distinct this implies that a one element
subset of V' is is an affine subspace.

If ag, a1, ..., ar are in the real vector space V than an affine combina-
tion of these vectors is a sum of the form

k k
Z tjaj where Z tj =1.
j=0 Jj=0

Note that an affine combination of two points ag and a4 is of the form tgag+
tia; where tg+t; = 1. Letting ¢ = ¢t; we have tgag +t1a1 = (1 — t)ag + ta;.
Thus the set of all affine combinations of two distinct points is just the line
through the points.

Proposition 1.2. A subset of the real vector space V is an affine subspace of
V if and only if it is closed under taking affine combinations of its elements.

Problem 1.2. Prove this. Hint: One direction is more or less clear. If
a subset is closed under affine combinations, then it is an affine subspace.
Conversely if A is an affine subspace of V, then it is closed under taking the
affine combination of any two of its elements. Use this as the base case for
an induction showing that A is closed under general affine combinations. [J

Proposition 1.3. Let V be a real vector space.

(a) A linear subspace of V is also an affine subspace of V.
(b) An affine subspace of V' that contains the origin is a linear subspace of

V.

Problem 1.3. Prove this. Hint: For part (b) note that if A is an affine
subspace of V with 0 € A, then for any ai,as € A and o, € R we have
aa; + Pag = (1 — a — )0 + aa; + Bag and thus aa; + Bag is an affine
combination of 0, a1, and as. O

Proposition 1.4. Let U be a linear subspace of V and a € V then the
translate
a+U:={a+u:uelU}

is an affine subspace of V.
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Problem 1.4. Prove this. O

Proposition 1.5. Let A be an affine subspace of the real vector space V.
Then there is a unique linear subspace U of V' such that for any vector
ap € A

A=aqag+U.

(That is the affine subspaces of V are just the translations of the linear
subspaces.)

Problem 1.5. Prove this. Hint: To start let ag € A, set U = {a—ap : a € A}
and show U is a linear subspace of V. One way to do this is to show U is
an affine subspace that contains the origin. O

If A is an affine subspace of the real vector space V and A = a9+ U where
U is a linear subspace of V' then define the dimension of A to be

dim(A4) = dim(U).

The following is a very special case of one of the main theorems we will
prove this term.

Proposition 1.6. Let A and B be affine subspaces of the real vector space
V and assume dim(A) + dim(B) < dim(V'). Then for every € > 0 there is a
vector v € V with ||v|| < e and AN (v+ B) = 2.

Problem 1.6. Prove this. Hint: If AN B = @ when we can use v = 0. If
ANB # &, let a € AN B. Then there are unique linear subspaces U and
W such that A=a+ U and B=a+ W. As dim(U) + dim(W) < dim(V)
the subspace U + W is not all of V. Let x € V be a vector that is not in
U+ W and let 0 # ¢t € R. Show that AN (tx + B) = @ for all ¢ # 0. O

This shows that in some cases it is easy to move one affine subspace away
from another. In some cases this is not true.

Proposition 1.7. Let U and W be linear subspaces of the real vector space
V with U +W =V. Then for all a,b € V we have (a +U) N (b+ W) # @.

Problem 1.7. Prove this. [l
The following is a basic factor about linear maps.

Proposition 1.8 (Rank plus Nullity Theorem.). Let L: V. — W be a linear
map between finite dimensional vector spaces. Then

dim(ker(L)) + dim(Image(L)) = dim(V').
Problem 1.8. Prove this. Hint: Let k = dim(ker(L)) and choose a basis

v1,...,v, of ker(K). Extend this to a basis vi,..., V%, Ugs1,...,0, of V
(where n = dim(V')). Then show Lvgy1, ..., Lv, is a basis of V. O
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One of the main ideas in differential topology is to relate the geometry
of a map f: M — N between nice spaces so the geometry of preimages
fy] == {x € M : f(z) = y} for y € N. One of the main geometric
invariants of a space is its dimension. The following is anther special case
of a much more general result we will prove later.

Proposition 1.9. Let L: V — W be a surjective linear map between finite
dimensional real vector spaces. Then

(a) dim(W) < dim(V)
(b) all y € W the preimage f~'[y] is an affine subspace of V of dimension
dim(V) — dim(W).

Problem 1.9. Prove this. O

Recall that if f: X — Y is a map between sets, then g: Y — X is a left
inverse to f if and only if the composition go f: X — X is the identity
map on X. This implies f is injective and g is surjective. Likewise ¢ is a
right inverse if and only if the composition f o g: Y — Y is the identity
map on Y. In this case f is surjective and g is injective.

Proposition 1.10. Let L: V — W be a linear map between finite dimen-
stonal real vector spaces.

(a) If L is surjective, then there is a linear map S: W — V' that is a right
inverse to L. (Note fory € W that x = Sy gives a solution to Lz =y.)

(b) If L is injective, there is a linear map T: W — V that is a left inverse
to L.

Problem 1.10. Prove this. O

2. THE INVERSE AND IMPLICT FUNCTION THEOREMS.

2.1. The Banach Fixed Point Theorem. We now give what is one of
the more important existence theorems for general nonlinear equations. Let
(X,d) be a metric space (say that (X,d) is the plane R? with its usual
metric), and let F': X — X be a continuous map. Then given y € X we
would like a method for solving the equation F'(x) = y for x. Experience
has shown that it is often better to rewrite this equation as f(z) = x for a
new function f. (In the case X = R then for any constant ¢ # 0 let f(z) =
¢(F(x)—y)+z, then the equation f(x) = x has the same solutions as F'(z) =
y.) It turns out that many useful theorems about solving equations are
stated as fixed point theorems. I don’t have any real insight into why fixed
point theorems turn out to easier to handle than other types of theorems on
solutions, but this seems to be the case. (In topology there is the Brouwer
fixed point theorem which is a very general result about solving n equations
in n unknowns.)
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We first recall a bit of elementary analysis. Let a,r be real numbers, with
r # 1. To find the sum

n
Sza—i—ar#—‘--—i—ar”:Zark.
k=0

To do this multiple S by (1 — r) to get
(1-7r)S=85-rS
=(a4ar+ - +a™) — (ar +ar® + -+ ar™)
=a—ar"tl.

Thus the sum of this finite geometric series is

a— arn—i—l
S=—
1—r
Thus when |r| < 1, so that lim,, o, 7" = 0, we get the convergent infinite
sum a
Zark:a+ar+ar2+ar3+...:1 .
—7r

k=0
We will use these facts several without comment in what follows.

Let (X,d) be a metric space. Then a map f: X — X is a contraction
if and only there is a constant p < 1 so that d(f(z), f(y)) < pd(x,y).
The number p is called the contraction factor. It is easy to see that any
contraction is continuous.

Let Y be any set and ¢g: Y — Y. Then the point yy € Y is a fixed point
of g if and only if g(yo) = o.

Problem 2.1. Let (X,d) be a metric space and f: X — X a contrac-
tion with contraction factor p. Then show that f has at most one fixed
point. Hint: Assume that a,b € X are fixed points of f. Then d(a,b) =

d(f(a), f(b)) < pd(a;b). O

Theorem 2.1 (Banach Fixed Point Theorem). Let (X,d) be a complete
metric space and f: X — X be a contraction with contraction factor p < 1.
Then show that f has a unique fized point x,. in X. This fixed point can
be found by starting with any xo € X and defining a sequence {x}3>, by
TeCUrsion

I = f(wo)a T2 = f(w1)7 T3 = f(x2)7 s Tyl = f(wk)’
Then x4 = limy_ o . There is also an estimate on the error of using T,
as an approximation to x,. This is
d(zo, 21)p"
1—p
Remark 2.2. This result was in Banach’s thesis which appeared in published

form in 1922. In his thesis and this paper he also introduced “complete
normed linear space” which have since been renamed as Banach spaces.

(1) d(zp, ) <
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The idea of looking at the sequence xg, ©1 = f(x¢), zo = f(x1)... is an
abstraction of an idea of Picard. O

Problem 2.2. Prove the theorem by doing the following;:

(a) For the sequence defined above show that d(zy, xx+1) < d(xg,x1)p".
(b) Let m < n then by repeated use of the triangle inequality show

n—1
d(xmvxn) < Z d(xkvxk+1)~
k=m

(c¢) Use Part (a) and sum a geometric series to show

d(wo, 21)p™ — d(xo, 21)p" _ d(wo, 21)p™
1—p - 1-p
(d) Show the sequence xg, z1, 2, ... is Cauchy sequence and therefore con-
verges to some point z, of X. Use Part (c) to show (1) holds.
(e) Show z, is a fixed point of f. Hint: Take the limit as k& — oo of the
equation xgi1 = f(zg).
(f) Show x, is the only fixed point of f. O

d($m7 xn) <

2.2. Banach Spaces. Let X be a (not necessarily finite dimensional) vector
space over the real numbers. Then a norm, |- |x, on X is a function from
X to the real numbers such that

(a) (nonnegative) for all x € X the inequality |z|x > 0 holds and with
|z|x = 0 if and only if z = 0.
(b) (triangle inequality) for all z,y € X
[z +ylx < lzlx + lylx
(¢) (homogeneity) If x € X and A € R then
[Azlx = [Allz]x-

As examples let R™ is the usual vector space of length n column vectors of
real numbers. That is, because it is more compatible with matrix operations,
we view elements x € R" as column vectors

(The reason for using superscripts rather subscripts will become clear later.)
To save space will will sometimes write elements of R® as x = (z!,2%,...,2").

For each p > 1 the function

1
(', 2% ™) e = (2P + 22 + -+ [2™P) P

is a norm on R™. In this case the triangle inequality is a special case of the
Minkowski inequality and is not a trivial inequality. If X = C[0, 1] is the
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vector space of all continuous functions f: [0,1] — R and we define

|[flzee = max |f(z)]

z€[0,1]
then | - |z~ makes C[0,1] into a normed space.

Problem 2.3. Prove that |- |f~ does make C0,1] into a normed vector
space. Show this is not finite dimensional by showing that the functions p,
defined by p,(t) =t™ for n = 0,1,2,... are linearly independent. O

Anther example is to let X = L![0,1], that is the Lebesgue integrable
functions f: [0,1] — R and use for the norm

o= [ 1l
where m is Lebesgue measure. (Here I am not being altogether honest,
L1[0,1] is really the vector space of equivalence class of integrable functions
were we consider to functions equal if they are equal except on a set of
measure zero, that is if they are equal almost everywhere.)

Proposition 2.3. If X is a normed linear space with norm, | -|x, then X
is a metric space with distance function

d(z,y) :== |z — ylx.
Problem 2.4. Prove this. O

We can now define a Banach space. It is a normed vector space (X, |-|x)
that is complete as a metric space. That is all Cauchy sequences in X
converge. (Recall that a sequence (x,,)2% ) is Cauchy if and only if for all
e > 0 there is a positive integer N such that m,n > N implies |z,, — z,|x <
£.)

In finite dimensions all normed spaces are complete and thus all finite
dimensional normed spaces are Banach spaces. For an example of a normed
space that is not a Banach space consider C|0, 1] with the norm

] = dm.
£l /Mm m

Since the continuous continuous functions are dense in L]0, 1], for any dis-
continuous function f in L'[0,1] we choose a sequences (f,)% ; of continu-

ous functions with lim,_,. | f — fn| dm = 0. Then (f,)>2; will be Cauchy in
C'[0, 1] but not convergent in C[0, 1] as the limit function is not in C]0, 1].

Proposition 2.4. Let X be a finite dimensional normed space with ey, . .., ey
a basis of X. For any x € X write x = Z?Zl xle; with 7 € R and use this
basis to define a |- | by

n .
[l =) |2
j=1
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Then there are constants C1,Cy > 0 such that
Cilz]p < |zx < Colz|p.
Thus on a finite dimensional space all norms define the same topology.

Problem 2.5. Prove this. Hint: Let M = maxi<j<n |ej|x. Then show

n
[olx < MY |z = Mlz|p,
j=1
so Cy = M works. The inequality just given yields for x,y € X that
[z —ylx < Mz —ylo.

Therefore | - |x is continuous with respect to the topology defined by | - |1.
The topology defined by | - |, is the usual topology on a finite dimensional
vector space and in this topology all the closed bounded sets are compact.
(To be a little more explicit the basis e, ..., e, gives a linear isomorphism
of X with R™ and we use this isomorphism to move the topology of R"
to X.) Use this fact to show |- |x achieves it minimum, m, on the set
S:={z:|z|p =1}. Then m > 0 and

m < |z|x whenever |x|pn = 1.
Now use the homogeneity of the two norms to show
mlz|p < |zlx
for all x € X. Set C1 = m to complete the proof. O

2.3. Bounded linear maps between Banach spaces. Let X and Y be
Banach spaces with norms |- |x and |- |y. Then a linear map A: X — Y is
bounded if and only if there is a constant C' so that

|Az|y < C|z|x forall zeX.

The best constant C' in this inequality is the operator norm (which we
will usually just call the morm) of A and denoted by ||A|. Thus [|A]| is
given by

|Azx|y
JA = sup 1A2Y
0#£zeX |SU|X

Problem 2.6. Show that a linear map L: X — Y is continuous if and
only if it is bounded. Hint: If L is bounded, then for all zg,z; € X,
|Lz1— Laoly = |L(z1—x0)|y < ||L|||z1 — 20| x and this can be used to show
L is continuous. Conversely if L is continuous at 0 then for ¢ = 1 there is a
0 > 0 such that

|z —0|lx < ¢ implies |Lr — LO|y <e=1.
Let x # 0 then 52—z satisfies

2|x|x
1) )
% a =2<3s
’2‘$‘X ‘x 2
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= (ze)
2|z[x Y

which can be used to show that L is bounded. O
Denote by B(X,Y) the set of all bounded linear maps A: X — Y.

and therefore
<1

Proposition 2.5. Let X and Y be Banach spaces with X finite dimensional.
Then every linear map A: X — Y is bounded.

Problem 2.7. Prove this. Hint: Let n = dim(X) and ey, ..., e, a basis of
X. If v € X write z = 37 a’¢; with 27 € R. Let M = maxi<j<n |Aej|y.
Then, using the notation of Proposition 2.4, show

n ‘ M
|Az|x < M; 27| < a\fle,
which shows that A is bounded. O

Problem 2.8. (a) Show that the norm || - || makes B(X,Y) into a normed
linear space. That is show if A,B € B(X,Y) and ¢; and ¢y are real
numbers then ¢;A + coB € B(X,Y) and

ler A+ 2B < fer| [ All + ezl | B

(b) Show that the norm || - || is complete on B(X,Y) and so B(X,Y) is a
Banach space. Hint: This can be done as follows. Let {A;}3°, be a
Cauchy sequence in X. Then M := sup,, || Ax|| < co. Show

(i) For any = € X the sequence {A,x}7°, is a Cauchy sequence and
as Y is a Banach space this implies limy_,,, Arz exists.
(ii) Define a map A: X — Y by Az := limg_,o, Agz. Then show A is
linear and |Az|y < M|z|x for all x € X. Thus A is bounded.
(iii) Let € > 0 and let N; be so that k,¢ > N, implies ||Ar — Ay|| < ¢
(N: exists as {Ar}32, is Cauchy). Then for any € X and k > N,
and all £ > N. we have

’A[B — Aka}‘y < ‘A:L' — Agl“y + |(Ag — Ak)x]Y
< |Az — Apzly +elzlx

ey elz|x = elz|x.

This implies ||A — Ag|| < e for k > N, and thus limg_,, A = A.
This shows any Cauchy sequence in B(X,Y) converges.
(c) If Z is a third Banach space A € B(X,Y) and B € B(Y,Z)) then
BA € B(X,Z) and ||BA|| < ||B||||A]]. In particular if A € B(X,X) then
by induction || A¥|| < ||A|*. O

Remark 2.6. Some inequalities involving norms of bounded linear maps will
be used repeatedly in what follows without comment. The inequalities in
question are

[Azly < [|Alllzlx, [AB| < [IAIIIB], 1A% < A"
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Of course the various forms of the triangle inequality will also be used. This
includes the form |u —v| > |u| — |v]. O
The linear map A € B(X,Y) is tnvertible if and only if there is a B €

B(Y,X) so that AB = Iy and BA = Ix (where Ix is the identity map on
X). The map B is called the inverse of A and is denoted by B = A~}

Proposition 2.7. Let X be a Banach space and A € B(X,X) with || Ix —
Al < 1. Then the A in invertible and the inverse is given by
AT =N (Ix - Af =Ix + (Ix - A) + (Ix — A)* + (Ix — A)* +
k=0
and satisfies the bound

1
A< —
A= Ty
Moreover if 0 < p < 1 then
o _ _ 1
IA = Ix|, |B = Ix|| < p implies |[A~" = B~!|| < EE p)QHA_ B

Proof. Let B := Y 32 (Ix — A)F then |(Ix — A)F|| < || Ix — A||* and as
|[Ix — Al| < 1 the geometric series Y oo [|Ix — A||* converges. Therefore by
comparison the series defining B converges and

0o
1
Bl < Ix —Aff = —— .

Now compute

= i A(Ix — A)*
k=0

o0

k=

=) (Ux—A)F =) (Ix — A
k=0 k=0

= (Ix — A)°

= Ix.

A similar calculation shows that BA = Ix (or just note A and B commute
as all the terms in the sum defining B are polynomials in A). Thus B = A~!.

(The formula for B = A~! was motivated by the power series (1 — z)~! =

PORELD
If |A - Ix|, || B — Ix]|| < p then by what we have just done

1
AL IBTH < —
1—p
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Therefore
IA™ =BT = AT (B - B~ < |[ATHIB7H 1B — Al
1
<—||A-B|.
e L
This completes the proof. O

The next proposition is a somewhat more general version of the last result.
The main point is that the set of invertible operators is an open set and the
map A+ A~! is continuous on this set.

Proposition 2.8. Let X and Y be Banach spaces and let A, B € B(X,Y).
Assume that A is invertible. Then if B satisfies
1

|A—B|| < ——=
A=

then B is also invertible and
A7) [AT*1B — Al '
L—[[A=Y[|A =B’ 1—[|AH[[|A - B|

Therefore the set of invertible maps from X to Y is open in B(X,Y) and
the map A — A~ is continuous on this set.

1B~ < IB™! - A7 <

Proof. This is more or less a corollary to the last result. Write B = A —
(A-B)=A(Ix - A”Y(A-B)). But |[A"'(A-B)| < |[A7[|[|[A-B|| < 1
by assumption. Thus the last proposition gives that Ix — A7'(A — B) is
invertible and that

1 < 1
— A (A=B)| 1= A7 (A= B)II
Whence B = A(Ix — A7}(A — B)) is the product of invertible maps and
whence invertible with B! = (Ix — A7'(A — B))"'A~1. Thus
1H < HA_IH

— L= ATHI(A - B)|l

I(7x = A7H(A=B) | < 5

IB7H| < ll(Ix = A™H(A - B)) | A

which gives the required bound on ||B~1|.
Now A=' — B~! = A=Y(B — A)B~!. Therefore

AT PIB - Al
1—[|A=1[[[A = B]

This completes the proof. O

A= = BT < JATY| 1A = B|| 1B7Y| <

Remark 2.9. When X is finite dimensional a linear operator A: X — X is
invertible if and only if det(A) # 0. As det is a continuous function the
set {A : det(A) # 0} is open. Thus in this case that the set of invertible
operators is open has an easier proof.
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2.4. The derivative of maps between Banach spaces. Let X and Y
be Banach spaces, U C X be an open set and f: U — Y a function. Then f
is differentiable at a € U if and only if there is a linear map A € B(X,Y)
so that

f(x) = fa) = A(z — a) + o[z — alx).
More explicitly this means these is a function z — e(x;a) from a neighbor-
hood of a in U so that

f(z) = f(a) = A(x — a) + |z — a|xe(z;a) where lim |e(z,a)|ly = 0.

r—ra

When f is differentiable at a the linear map A is unique and called the
derivative of f at a. It will be denoted by A = f/(a). Thus for us the
derivative is a bounded linear map f’(a) € B(X,Y) rather than a number.

Problem 2.9. Verify the claim above that the A in the definition of the
derivative is unique. Hint: If A and B are bounded linear maps such that

f(@) = fla) = Az — a) + & — a[xe1(, a)
f(x) = f(a) = B(z — a) + [z — a|xe2(, a)
where lim,_,, €1(z, a) = limy_4 e2(2,a) = 0, then
(B—A)(x —a)=|z—alx(e2(x,a) — e1(x,a)).

Let v be any vector in X and let x = a + tv where ¢ > 0. Use the last
equation to show

t(B — A)v = tjv|x(e2(a + tv,a) — e1(a + tv, a))

divide by ¢ and take the limit at ¢ \, 0 to show (B — A)v = 0. O
Problem 2.10. Show that f is differential at a with f/(a) = A if and only
if

@)~ T - A —aly

T—a ‘.’L‘ — a‘x O
Problem 2.11. If f is differentiable at a then f is continuous at a. O

To get a feel for what this linear map measures let v € X, assume that
f: U =Y is differentiable at a and let ¢(¢) := f(a + tv). Then for t # 0

Het) = c0) = (ot t0) = f(a)) = (' (@)t + [tvlxe(a + t0;a))

t
= f'(a)v + |v|xe(a + tv;a).

But lim;_,ge(a + tv;a) = 0 so this implies that ¢ has a tangent vector at
t = 0 and that it is given by ¢/(0) = f’(a)v. That is f'(a)v is the “directional
derivative” at a of f in the direction v.

Problem 2.12. Let X and Y be Banach spaces and U C X open. Let
c¢: (a,b) — U be a continuously differentiable map and let f: U — Y be a
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map that is differentiable at c(tg). Then ~(t) := f(c(t)) is differentiable at
to and

SH)| =/ (t0) = F(elto) (o)
t=to (]

To make this more concrete let us look at some finite dimensional cases.

Problem 2.13. Let f: R® — R be a scalar valued function on R™. Let

1 0 0
0 1 0

€1 = y €2 = 1.1, y€n = )
0 0 1

be the standard basis of R™ and write x € R™ as

.CL‘l
n _ .%'2

— Jo . —
xXr = E X ej = :
i=1 '
"

Assume that f is differentiable at the point a. Then the derivative f’(a) is
a linear map form R"™ to R. (Linear maps from a vector space to the field of
scalars are called linear functionals.) Show that the matrix of this linear
functional is the row vector

A df - df

dxl’ dx?’ " dxn
where all the components are evaluated at a. Hint: Here is one way to
see what is going in when n = 2. Let f: R?> — R and assume that f is
differentiable at (a,b). Every linear functional A\: R?2 — R is of the form

Mz, y) = c1z+ cay for some c1, co € R and therefore we have f’(a,b)(z,y) =
c1x + coy. As f is differentiable at (a,b)

f(xvy) = f(a,b) —i—f’(a,b)(m —a,y— b) —|—E(m,y,a,b)\(x -4,y = b)‘ﬁ
= f(a,b) + ci(x —a) + cay — ) + e(2,y,0,b)[(x — a,y — b) 2

where

lim e(x,y,a,b) =0.
(z,y)—((a,b) @y )

Let y = b and rearrange:

f(z,0) — f(a,b) — o + 5(m,y,a,b)|(w—a,0)\ez
(x —a) ! r—a

=c te(z,y,a,b)
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as |(x — a,0)|p2/(x — a) = £1. Taking a limit

8f T f(l‘, b) B f(a7 b)
%(a, b) = il—rlez (x —a)
= 11_I>Il (Cl + 6(.27, Yy, a, Z)%xa_ a, O)’ﬁ)

A similar calculation shows ¢y = g—i(a, b). Therefore

o 171 O s 2 o [2F (0 0 ] [
f'(a,b) [y} = ax(a,b)x—i- By (a,b)y = [8x (a,b), Dy (a,b) y
and thus f’(a,b) is the row vector [%, %ﬂ where the components are eval-

uated at (a,b). O

Problem 2.14. Let X = R™" and Y = R and let f: R® — R" be a function
given in components as

e

f(x)
fay= "

S (x)

of : o : ; :

Let E be the partial derivative of f with respect to «*. That is
o

5 (L)

9 0f?
@) = | 5@

ofm
5t &)

Assume that f is differentiable at © = a. Then show that the matrix A

of f'(a) in the standard basis of R™ and R™ is the matrix with columns

of of of

%,w,...,%.Thatls
foft oft o oft ]
ozl  0z2 ozxn
o of of 1 _|of2 orr o of
T ozl o2 opm | | Ol Ox? ozn
ofm ofm - ofr
L Ozl Ox2 ox™ |
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where these are all evaluated at x = a. Hint: As in the last problem let us
look at the case where n = 2 and assume that f is differentiable at (a,b).
Then we have

fH,y)

fP(@,y)
fley)=1" .
(@, y)
Rather than use the method of the last problem we use Problem 2.12.

d
flla,bler = =1 f((a,b) +ter)
tli=o

d
= — t,b

G|,y

flla+tb)
d fHa+1,b)
dt|—o :

fm(a.—i- t,b)

Likewise

8 2
flab)es = | @b

af™

T tw)
L Oy i
The rest is just remembering that the matrix of a linear map between Eu-
clidean spaces has as its columns the images of the standard basis. U

The following gives trivial examples of differentiable maps.

Proposition 2.10. Let A: X — Y be a bounded linear map between Banach
spaces and yo € Y. Set f(x) = Az +yo then f is differentiable at all points
a€X and f'(a) = A for all a.

Proof. f(z) — f(a) = A(x — a) so the definition of differentiable is verified
with e(z,a) = 0. O
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The following gives a less trivial example.

Proposition 2.11. Let X and Y be Banach spaces and let U C B(X,Y) be
the set of invertible elements (this is an open set by Proposition 2.8). Define
amap f: U — B(Y,X) by

f(X)=x"1

Then f is differentiable and for A € U the derivative f'(A): B(X,Y) —
B(Y,X) is the linear map whose value on 'V € B(X,Y) is

fl(AV =-A"lval,

Proof. Let L: B(X,Y) — B(Y,X) be the linear map LV := —A~1VA~!
Then for X € U

FX)=—fA)—L(X—A)=X""1-AT1+4(x-4)4""
=X'A-X)At+ AN (X - A)A!
= (- X'4+A4Hx-4)A!
=X X-AA X -A)A,

so that

IF(X) = F(A) = L(X = A < [XTHIATPIX - A

The map X ~ X! is continuous (Proposition 2.8) so limx ,4 X1 = A~L.
Thus

X)) = fA) - L(X =A)] Sy A= 2
< -_— p— .
Jim, X — A] < lim [IXTHATT]X — Al =0

The result now follows from Problem 2.10. O

Next we consider the chain rule.

Proposition 2.12. Let X, Y and Z be Banach spaces U C X, V CY open
sets f:U =Y and g: V — Z. Let a € U so that f(a) € V and assume
that f is differentiable at a and g is differentiable at f(a). Then go f is
differentiable at a and

(go f)(a) =g (f(a)f'(a)

Proof. From the definitions f(z) — f(a) = f'(a)(z —a)+ |z —a|xe1(z;a) and
9(y) —9(f(a)) = g'(f(a)) + |y — f(a)lyea(z; f(a)) where limy 4 €1(25a) = 0
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and lim,_, r(,) £2(y; f(a)) = 0. Then

9(f () — g(f(a)) = ¢'(f(a))(f(z) = f(a)) + |f(z) — fla)lyea(f(x), f(a))
=g (f(@)f(a)(z - a) + g'(f(a))|z — alxe1(z, a)
+1f(a)(z — a) + |z — alxe1(z, a) [ xe2(f (2), f(a))

ZdUW»fWNV%U+W—aR<dUW»&@ﬂ)

r—a

+ @ e al@i)
|z — alx X

=g (f(a)f'(a)(x — a) + | — a|xes(x; a),
where this defines e3(z, a). Then
les(@, a)lx < lg'(f(a))lller(@, a)ly + (1f (@) + lex(z; a)ly)lea(f (2), f(a))]z.

This (and the continuity of f at a) implies lim,_,4€3(x,a) = 0 which com-
pletes the proof. O

Let X and Y be Banach spaces, U C X open and f: U — Y. Then f
is continuously differentiable on U if and only if f is differentiable at
each point € U and the map = — f/(x) is a continuous map from U to
B(X,Y). Or what is the same thing, f’(z) exists for all z € U and for a € U
we have limg_, || f'(z) — f'(a)]| = 0.

If ¢: [a,b] — U is a continuously differentiable curve and f: U — Y is
a continuously differentiable map, then v(¢) := f(c(t)) is a continuously
differential curve 7: [a,b] — Y and by the chain rule (or Problem (2.12))

V(1) = f'(e(t)d ().

Using the fundamental theorem of calculus this gives

b b
w@=w@=/¢wﬁ=/f%mwwﬁ

Y )y = [ (c®)d )y < I (@)l (t)]x-
These can be combined to give

b
@ b @iy =| [ e \ /nf DI Ol dt.

Recall that a U is convex if and only if when xg,z1 € U and 0 <t < 1,
then (1 —t)xg +tzq € U.

But

Proposition 2.13 (Mean Value inequality). Let X and Y be Banach spaces
and let U C X be open and convex. Assume that f: U — Y is continuously
differentiable and that || f'(x)|| < C for allx € U. Then

|f(z1) — f(zo)|ly < Ol — xolx

for all x1,20 € U
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Proof. Let c: [0,1] — U be given by ¢(t) = (1 —t)xo+tx1 = zo+t((x1 — 0)
(this curves lies in U as xg, 21 € U and U is convex). Then ¢/(t) = (21 —xp).

Let v(t) := f(c(t)). Then ~'(t) = f'(c(t))d(t) = f'(c(t))(x1 — xo). Putting
this into (2) implies

[f(z1) = fwo)ly = [v(1) =7(0)lv </ 1" (@)1 — wo|x dt

S/ C]:):l—xo\xdt:C]:rl—xo\x.
0
This completes the proof. O

Here is a standard Proposition from advanced calculus which gives a easily
checked criterion for a function to be continuously differentiable.

Proposition 2.14. Let W C R™ — R" and let f: W — R" be a function
such that all the partial derivatives g f] are continuous. Then f is continu-
ously differentiable.

Problem 2.15. Prove this. Hint: Here is the outline of proof When m =3,

which you can use for a basis of the general proof. Let a = (a',a?,a®) € W

and let 7 > 0 be small enough that the ball with radius r centered at (a,b,c)
is contained in W. Then for z = (x!, 2%, 23) in this ball we have

f(@) = f(a) = f(a!,2*,2%) = f(a', 2, 27)
+ f(a*, 2%, 2%) — f(a', a?, 23)
+ f(a*,d?, 23) — f(al,d?, a®).
Because % we can use the Fundamentalist Theorem of Calculus along seg-
ments parallel to the z!-axis.

1
flalaa®) = flal o) = [ (= 0l b
= gjl((l—t)w +tal, 2?, 23) (2! — o) dt
0
= ;)I]‘cl((l—t)x +ta', 2% 23) dt (2! — al)
0

of

= @) — o)

+/0 (aafl“l—ﬂ +talaw27w3>—§gﬁ<a>> dt (' — a')

of
= Ozl

(a',a?,a®)(z' — a') + &1(a,z)(z! — ab).

where

51(x,a):/0 <§9{1((1—t)x +tal, 22 x?’)—gg{l(a)) dt.



Derivatives of maps between Banach spaces

Because the function % f we have

: o of 12 3y 9f
;ﬂsl(x,a)—ig% ; <8x (1 —t)a! +ta, 22 23) — == (a) | dt

9t
:/0 (gfl((l—t) +ta1,a2,a3)—§£1(a)> dt
- | (G-
0

@)~ (@) a
= 0.

where one way to just justify taking the limit inside the integral is Lebesgue’s
bounded convergent theorem

Now do similar calculations to show

fla %, 0%) — flata?,0%) = DL (@)(a? — %) + x(o,0) (0 — )
fa',a? x3) — f(a',a?, a®) = ggfg( )(2? — a®) + e3(x, a)(z® — a®)
where

Eg(x,a):/o (552( (L= 1)2® + ta®,2%) — a*f( )) dt
e?,(x,a)—/o (G

of
oo 0%, (1= 12’ +ta*) — =55 (a )> dt

lim eg(x,a) = lim e3(x,a) =0
Tr—a r—a
Let A: R? — R" be the linear map

and

xl
x2

_ 1 9f 2 Of 397
3;3] =z @(a)—l—x @(a)—i- P 3 (a).

Az 2%, 2%) = A

Then we can combine the calculations above to give

f(x) = f(a) — Az — a)

3

=¢e1(z,a)(z! — a') + ea(z, a)(2® — a®) + e3(x, a) (z® — a®)

=e(z,a)|lx — alp
where

2l
g(z,a) =e1(z, a)( )

(z
m + 62(1‘, a)

19
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(o — o)

<1
|z — alpe

for 7 =1,2,3 and thus
e(z,a)| < ler(z, a)| + [e2(x, a)| + |es(z, a)l.

It follows that

ilgb e(z,a) =0

which completes the proof that f is differentiable at a. O

2.5. Preliminary version of the inverse function theorem. In a Ba-
nach space X we let

B(a,r):={z: |z —a|lx <71}, B(z,r) :={z: |z —alx <1}
be the open and closed balls of radius r centered at a. In the following

theorem and its proof we will always be referring to the same Banach space
X, and therefore we simplify notation by shorting |z|x to |z|.

Theorem 2.15. Let X be a Banach space and W an open subset of X that
contains 0. Let f: W — X be a continuously differentiable function with

f(0) =0, and foy=r1

where I s the identity map. Then 0 has an open neighborhood U C W such
that the image V := f[U] is open and there is a continuously differentiable
map g: V — U inverse to f’U and the derivative of g is given by

g) = f(a(y) "
Problem 2.16. Prove this along the following lines. As motivation note
that on some level finding the inverse of f is equivalent to solving f(z) =y
for z. We will reduce this to finding = as the fixed point of a contraction.
For y € X set
py(z) =z — f(z) +y.
(a) Show
flx)=y if and only if py(x) = .
Also show that
Yy =®o+ty
and therefore all the ¢,’s have the same derivative:

py(x) =1 - f'(x)
where I is the identity map on X.

(b) We would like ¢, to be a contraction. This will not necessarily be true
on the entire domain of f. So we need to restrict to a smaller set. The
map x — f'(z) is continuous by assumption. Use this to show that
x> ||I — f'(z)|| is continuous and therefore there is a 7 > 0 such that

o 1
x €B(0,r) implies I = f'(z)]] < 7
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(For the continuity of = — ||[I — f’(z)|| note this is the composition of
x+— I — f'(x) on W and the map A — ||A]| on B(X,X) and these maps
are continuous.) By part (a) this is equivalent to

x €B(0,71) implies ooy, ()] <

| =

for any y € X. For future use also note that [|[I — f'(z)|| < 1/2 implies
(by Proposition 2.7) that for z € B(0,r) the linear map f’(z) has an
inverse, f’(z)~! and

17 ()| < 2.
Now use the Mean Value Inequality (Proposition 2.13) to show that for
all zg,z1 € B(0,7) and for any y € X

1
‘SDy(xl) - goy(aro)] < i‘xl — xg.

The last part of the problem does not quite show that ¢, is a contraction
on B(0,r) as ¢, need not map B(0, r) into itself. (For example if |y| > r
the ¢, (0) ¢ B(0,r).) This is not hard to fix. Note

[y ()| = lpo(z) + yl < [wo(@)] + [yl-

Now show if 2 € B(0,r), then

[po(@)] = [eo(x) = o (0)] < Slz] <

|3

1
2
Thus

x €B(0,r), y €B(0,7/2) implies oy(z) €B(0,7).

As B (0,7) is a closed subset of a complete metric space, it is itself a
complete metric space. Use what has been done so far to show that
for all y € B(0,7/2) that ¢,: B(0,r) — B(0,r) is a contraction and
therefore by the Banach Fixed Point Theorem (Theorem 2.1) ¢, has
a unique fixed point in B(0,7) and therefore for all y € B(0,r/2) the
equation f(x) =y has a unique solution with z € B(0,r).

We now deal with an annoying minor point. We are looking an inverse
of f on a open neighborhood of 0, but so far we are working with the
closed sets B(0,r) and B(0,7/2). So show that if y € B(0,7/2) that
f(z) = y has a unique solution with x € B(0,r). Hint: If y € B(0,r),
then |y| < r/2. If f(x) =y with f(z), then x = ¢, (z) and therefore

|z = ly(2)] = [o(2) +y[ < |po()] + ||

now proceed as in Part (d).

We have shown the image of B(0,7) under f contains B(0,7/2). To
get an inverse we also need that f is injective. To do this use that
f(x) = z—po(x) and therefore use the triangle inequality and the reverse
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triangle inequality (i.e. |a+b| > |a| — |b]) to show for all xg,z1 € B(0,7)
that

|21 — 20| = |¢o(71) — po(wo| < [f(21) — f(z0)| < 21— 20|+ [0 (1) — 0 (T0)]

and therefore
1 3
glz1 = ol < |f(21) = flao)l < Flaer — zol.

This shows that f is injective on B(0,7). (The upper bound on |f(z1) —
f(xo)| will be used in showing the inverse of f is continuous.)

—1
Let U = (f‘B(o T)> [B(0,7/2)] be the preimage of B(0,7/2) by the

restriction of f to B(0,7). Show that U is open and that f‘U: U —
B(0,r/2) is a bijection. We set V' = B(0,7/2) Therefore there is an
inverse g: V — U to f‘U.

Now show that ¢ is continuous by showing for yo,y1 € B(0,r/2) =V
that

2
g\yl — ol < lg(y1) — 9(wo)| < 2|y1 — vol-

Hint: Let xo = ¢g(yo) and x1 = ¢(y1) and use these values in the in-
equalities of Part (g).

Show that g is differentiable and its derivative is ¢'(y) = f'(g(y))~*.
Hint: Let y,yo € V = B(0,r/2) and let = ¢g(y) and xo = g(

is differentiable

f(x) = f(xo) = f'(x — o) (x — 20) + £z, m0) |z — 20|

with

rlgImlo e(z, o) = 0.

Using f(z) =y, f(x0) = yo show

9() — 9wo) = F(9w0) " (= wo) — F (9(w0))e(g(¥). 9(w0))|9(y) — g9(wo)]

= "(9(y0)) ™ (y — v0) + p(y, o)
Where this defines p(y,yo). Rewrite p(y,yo) as

p(,10) = — 1 (gw0))e(9(y), 90y LLL =W,
ly — ol

=e1(y,y0)|y — ol
where
lg(y) — g(yo)l
|y - y0|

To show g is differentiable at 1 it is enough to show

1y, 90) = = (9(w0))e(9(v), 9(vo))

lim &1(y,y0) = 0.
Y—Y0
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By Parts (b) and (i) we have

(glyo)) " lo(w) = 9(wo)|
17°(g(y0)) ™Il < 2, v S

Use these to show

le1(y, vo)| < 4le(9(y), 9(vo))]

and use the continuity of g to show
lim £(g(y), 9(yo)) = 0.
Y—Yo

Put these pieces together to conclude limy_,,, €1(y, yo) = 0.

Now that g is differentiable, all that remains is to show it is continuously
differentiable. Prove this. Hint: From the last part of the problem we
have that

J) = f(a(y) "
This is the composition of three maps. The first is y — g(y) form
V = B(0,r/2) to U, the second is z — f’(x) from U to B(X,X), and
the third is the inverse map A — A~! on the set of invertible elements

of B(X,X). All of these maps are continuous (for the continuity of
A+ A1 see Proposition 2.8). O

2.6. Inverse Function Theorem.

Theorem 2.16. Let W be an open subset of the Banach space X, and
f: W =Y a continuously differentiable map from W to the Banach space

Y.

If a € W and f'(a): X — Y is an invertible linear map, then a has

an open neighborhood U and f(a) has an open neighborhood V' and there
is a continuously differentiable map g: V. — U that is the inverse of the
restriction f‘U. To be very explicit

flaw) =y and  g(f(x)) ==

forallzx e U andy e V.

Problem 2.17. Prove this. Hint: This can be reduced to Theorem 2.15.
Let Wy =W —a :={w—a:w e W}. This is a neighborhood of 0 in X.
Define fy: Wy — X by

(a)

(b)

folz) = /(@) (f(z +a) = f(a)).
Show that fp(0) =0, f}(0) = I, and
f(@) = f'(a)folz — a) + f(a).

Now use Theorem 2.15 to show that 0 has open neighborhoods Uy and
Vo = f[Up] and a continuously differentiable map go: Vo — Up such that
go is the inverse of the restriction f ‘Uo'
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(¢) Let U =Up+aand W =Wy + f(a) and

9(y) = a+go (') (y — f(a))).
Show
flaty)) =y and  g(f(z)) ==
forallx € U and y € V. Thus g is the required inverse to the restriction
of ftoU. As gy is continuous differentiable we see that g is the composi-
tion of continuous differentiable functions and therefore g is continuous
differentiable.
(d) To get the formula for ¢'(y) note that

fogly)=Fflg(w) =y =1y
By the chain rule

(fog)(w) = f'(9w)d (y)

and the derivative of I is I. Thus f'(g(y))¢'(y) = I. Now solve this for
¢'(y) to finish the proof. O

A map f between metric spaces is an open map if and only if f maps
open sets to open sets. That is if V' is an open subset of the domain of f,
then the image f[V] is open.

Proposition 2.17. Let X and Y be Banach spaces and U an open subset
of X. If f: U — Y is a continuous differentiable map such that f'(x) is
invertible for oll x € U, then f is an open map.

Problem 2.18. Prove this. O

A map f: M — N between metric spaces is a proper map if and only
if for all compact subsets K C M the preimage f~![K] is compact.

Problem 2.19. This problem is to give a feel for what it means for a map
to be proper. Show that a map f: R™ — R is if and only if

lim |f(z)| = oc.
|x\é2ﬁoo

More generally if f: R™ — R™ then f is proper if and only if
lim |f(x)]pe = oc.
|x\42—>oo

Thus a map between FEuclidean spaces is proper exactly when it maps large
points to large points. O

Proposition 2.18. If f: R™ — R" is a proper map, then the image f[R™]
18 closed in R™.

Problem 2.20. Prove this. Hint: Let yy be a point in the closure of f[R™].
We need to show that yp is in f[R™]. As yo is in the closure of f[R™]
there is a sequence yi1,y2,... € fIR™] with limg oo yx = yo. Then K :=
{vo} U{yr : £ = 1,2,...} is a compact subset of R". Let z; € R™ with
yr = f(xy) then {x : k=1,2,...} C f7'[K]. Now use that f is proper to
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show that x1,z2,... is a bounded sequence and therefore has a convergent
subsequence. O

Recall that a metric space, M, is connected if and only if the only subsets
C of M that are both open and closed are @ and M.
We can now give our first global result.

Proposition 2.19. Let f: R™ — R™ be a continuously differentiable proper
map and assume that f'(x) is invertible for all x € R™. Then f is surjective
and therefore for all y € R™ the equation f(x) =y has a solution.

Problem 2.21. Prove this. O

Remark 2.20. In the last proposition more can be said. In fact f will be
bijective. Showing that f is injective uses that R™ is simply connected and
some results about covering spaces from algebraic topology. ([

2.7. Implicit functions in two and three dimensions. After this more
or less abstract abstract version of the inverse function theorem, let us look
at two and three dimensional applications.

2.7.1. Implict in two dimensions. The set set of this this. Given an equation
such as

v 4oy +a® =0
we would like to be able to understand when we can solve for y in terms of
x and get a smooth function. We will only be able to do this locally near
a point that satisfies the equation. More explicitly given an equation of the
form
g(z,y) =c

and a point (xg,yo) with g(zo,yo) = ¢, we want to find a function y = f(x)
defined on a neighborhood of xy with f(xg) = yo and g(x, f(z)) = c. As a
motivation for one of the hypothesis of the next theorem assume that g(z, y)
is linear, that is we wish to solve

g(z,y) =ax+by =c

for y. We can only do this if b # 0. In the general case we have the
approximation to g(x,y) given by the derivative

0 0
9(e,9) = 9o o) + 5 (70,40) (& = 20) + (0. 0)(y — o) = ¢

and we can only solve this approximating equation for y when % (zo,y0) # 0.

Theorem 2.21. Let W be an open set in R? and g: W — R a C! function.
Let (xo,y0) € W and assume
Jg

gy(%,%) # 0.
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Then there are open neighborhoods U of xo and V' of yo and a C' function
f:U =V with

f(xo) =vo  and  g(x, f(z)) = g(x0, o)
forallxz € U.

Problem 2.22. Prove this along the following lines. We will view elements
of R? as column vectors.

(a) Define a function F': W — R? by

F(E) = el

and show that the derivative of F' is the matrix

P(o]) = lnes e

where we have used the abbreviations
_ 9y _9%
92 = B Jy = oy’

(b) Show that the matrix F”(x0, o) has an inverse.

and

(c) Use the Inverse Function Theorem to find a neighborhood, N, of zo
0

Zo
zo, yo)
G: M — N that is the inverse of the restriction F|M.
(d) Let G be given by

and a neighborhood, M, of F (Bﬂ) = [g( } and a C! map
0

Use that
FoG < [ZL} )
z

E(z,2) =2 and g(z,n(z,2)) = 2.

(e) Thus if f(x) = n(x, g(xo,yo)) we have g(z, f(x)) = g(xo,yo) for all x in
the domain of f. Now fiddle around with the details to finish the proof.
That is find the neighborhoods U and V etc. U

Il
—
ISR
)

to show

The following is the justification of the method of implicit differentiation
we all learned in our calculus classes.

Corollary 2.22. Let f(x) be as in the last theorem. Then
g

(z, f(z)) (z, f(2))
f/(x):_gx _ _ 92\, .
9 y(z, f(7))

g, @@ 7
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Problem 2.23. Prove this. O

We define a subset C' of R? to be a C' curwve if and only if for each point
(x0,v0) € C is locally either the graph of C'' function over the x axis or a
C' function over the y axis. That is there are open neighborhoods U of
and V of yo and either a C! function f: U — V with

CNUxV)={(z, f(x)): x € U}
or a C'! function h: V — U with
CNUxV)={(h(y) :y eV}

(3, y3)

FIGURE 1. A C' curve. At (x1,%1) the curve is locally a
graph over the z-axis. At (x2,y2) it is locally a graph over
the y-axis. At (x3,ys3) it is locally a graph over both the x
and y-axis.

What Theorem 2.21 shows is that if C is

C=A{(z,y) : g(x,y) = ¢}
where g is a C! function defined on an open subset of R? that near any
point (zg,y0) of C where g,(z0,y0) # 0 that C is locally a C! graph over
the z-axis. By interchanging the rolls of z and y we see that near any point
where g, # 0 that C is locally a graph over the y-axis. This yields the
following.

Theorem 2.23. Let g: W — R be a C! function on an open subset W of
R2. If for all (x,y) € C we have

Vo(e) # ||

then C1 is a Ct curve in R2. O

As an example we look at the unit circle C := {(z,y) : ¥*>+y* = 1}. Here
g(z,y) = 2% + y? and the gradient is

Vy(z,y) = Bﬂ
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and the only point where this vanishes is the origin. As the origin is not on
C we have that C is a C' curve, something you already knew. And it can
be seen by noting that at each point it is either a graph over the z-axis of
one of the functions z — ++/1 — 22 or a graph over the y-axis of one of the

functions y — ++/1 — y2.

Let us look at an example where we can not solve for x or y explicitly.

Problem 2.24. Show that the set defined by 23 + 43 — 2 —y = cis a C!
curve for all

c 7é 07 iccrit

where
4

Cerit = ——7=-
crit 3\/5

Here are graphs of {23 + 3% — 2 —y = ¢} for a few values of c.

O

c=1/5

2 2 2

For ¢ = 0 it is clear from the picture that it is not a C! curve. (Or note
in this case the equation becomes (z + y)(2? — xy + y?> — 1) = 0 which
shows the graph is the union of a line and an ellipse.) What happens when
¢ = +4/(3v/3)? Here are some pictures that may help with this question.
In the following c,i is as above and € = .05.

1.0

0.0

i
va

1.5-15 1.5-1.5

The surface {z = 23 + y3 — 2 — y}. The surface and {z = 0}.
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1.5-15 1.5 -1.5

The surface and {z = 1/5}. The surface and {z = 1}.

1.5 -1.5 1.5 -1.5
The surface and {z = cepit — €} The surface and {z = cerit + €}
What is the relation between the plane {z = cqit} and the surface {z =
w3+ —x—y)? a

Problem 2.25 (Lagrange Multipliers in the plane). Here is anther applica-
tion to making a subject of vector calculus rigorous, in this case Lagrange
multipliers. Let W be an open subset of R? and let C := {(x, ) : g(z,y) = ¢}
and assume that Vg(z,y) # 0 for all (z,y) € C. Then C is a C* curve in
R2. Let f: W — R be a C! function and that the restriction f | o has alocal
extrema (that is a local maximum or minimum) at (xo,yp). Show there
there is a scalar A\ such that

V f(x0,y0) = AVg(zo,yo)-

Hint: As Vg # 0 on C by we conclude by Theorem 2.23 that C is a C*
curve in R?. Thus near (xg,y9) C is either a C' graph over the z-axis or
a C! graph over the y-axis. Assume that it is a graph over the z-axis, the
proof in the case of being a graph over the y-axis being almost identical.
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By Theorem 2.21 there is a neighborhood U of xg and a neighborhood V'
of yp and a C! function ¢: U — V such that near (xq,o) the set C is just
{(z,o(x)) : € U}. As the restriction f}c has an extrema at (xg,yo), to be
concrete assume it has a local maximum, the function z — f(z, p(z)) has a
local maximum at x = xg. Thus its derivative is zero. That is

L@ e@)| = falw olw) + fylo, plz)e! (@)
= fz(20,90) + fy (w0, y0)# (o)
—0
By Corollary 2.22
/ _ _gx(xmy())
@ @0) = gy(o, Yo)

Using this in what we have just done and clearing of fractions gives

f2(@0,Y0)9y(0, y0) — fy(0,Y0)gz(20, y0) = 0.
Which shows the vector V f(zg, y9) is orthogonal to the vector
|: gy(JUanO) :| )
—9z(20,%0)

But Vg(zo,yo) is also orthogonal to this vector. Show that this implies that
V f(z0,y0) is a scalar multiple of Vg(zo, yo). O
2.7.2. Implicit functions in three dimensions. We first look at when an equa-
tion

g9(z,y,2) =c

where ¢ is a constant defines z as a function of z and y. As in two dimen-
sions this will only be possible locally. The following is a exact analogue of
Theorem 2.21.

Theorem 2.24. Let W be an open set in R? and g: W — R a C' function.
Let (x0,90,20) € W and assume

15)
a*i(l“o,yo,zo) # 0.

Then there are open neighborhoods U of (zo,v0) in R? and V of 2o and a
C! function f: U — V with

f(zo,90) = 20 and  g(z,y, f(z,y)) = g(z0, Yo, 20)
forallx € U.

Problem 2.26. Prove this along the following lines, which in turn follow
Problem 2.22. As in the proof Wwe view elements of R? as column vectors.
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(a) Define a function F': W — R? by

T T
Fllyl ] = Yy
z 9(x,y, 2)
and show that the derivative of F' is the matrix
x 1 0 0
F' ||y = 0 1 0
z gx(ac,y,z) gy(xaywz) gz(xvyaz)
(b) Show that the matrix F'(z,yo, 20) has an inverse.
o
(c¢) Use the Inverse Function Theorem to find a neighborhood, N, of |y
20
Zo Zo
and a neighborhood, M, of F' | |yo = Y0 and a C' map
20 9(0, Yo, 20)

G: M — N that is the inverse of the restriction F|M.
(d) Let G be given by

T £(z,y, 2)
G Yy - 77(33»% Z)
z C('/I:? y’ Z)
Use that
x x
FoG | |y|]|=|v
z z
to show

{(z,y,2) =2  and  n(z,y,2) = v, g(x,y,((x,y,2) = 2.

(e) Thus lff(l‘, y) = C('T’ Y, 9(930, Yo, ZO)) we have g(LL“, Y, f(xv y)) = g(x07 Yo, ZO)
for all z in the domain of f. Now mess around with the details to finish

the proof. That is find the neighborhoods U and V etc. (]

Corollary 2.25. Let f(x,y) be as in Theorem 2.2/. Then the partial deriva-
tives of f are given by

of 9o(2,y, f(2,y of 9y(@,y, f(z,y

OF () = — ( ( ))7 7(x,y):_y( (z,9))

O 9=(,y, f(z,y)) dy 9:(x.y, f(z.y))
Problem 2.27. Prove this. [l

Let S C R? be a subset of R? and let (29, y0,20) € S a point of S. The
S is locally a C' graph over the x-y plane at (xo,yo, 20) if and only if
there is a neighborhood U of (zg, o) in R? and a neighborhood V of zy in
R and a C' function f: U — V such that

SNUxV)=A{(z,y, f(z,y)) : (x,y) € U}.
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There are analogous definitions of locally a C' graph over the x-z plane
at (0,10, 20) and locally a C' graph over the y-z plane at (xq,0, 20).
A subset S C R3is a C' surface in R? if and only if at each of its points it
is locally a graph over at least one of the coordinate axises. Then Theorem
2.24 implies

Theorem 2.26. If W is an open subset of R3 and g: W — R is a C' and
c € R a constant such that for all (z,y,z) with g(z,y,2) =c¢

Gz 0
v.g (xaya Z) = gy 7é 0
9= 0
then S is a O surface of R3. ([

As a familiar example let

9(z,y,2) = 2% +y* = 2%

Then the gradient is
2x

Vg(z,y,2) = | 2y
—2z

and the only point where this vanishes is the origin (0,0,0). Therefore for
all ¢ # 0 the level set {g(z,y, z) = 0} is a C* surface in R3. Figure 2 shows
some of the level sets.

1.2

1.5 -1.5

FIGURE 2. The level sets {z? + y? — 22 = ¢} for the values
¢ = —1/2 (blue), ¢ = 0 (green), and ¢ = 1/2 (red). Note for
¢ = 0 this is a double cone and not a C'! surface.
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Problem 2.28 (Lagrange multipliers on surfaces). Let W be an open set
in R? and let g: W — R be a C! function. Let ¢ be a constant such
that Vg(x,y,z) # 0 at all points of S := {(z,y,2) : g(x,y,2) = ¢}. Let
f: W — R beaC! function such that the restriction f ‘ ¢ has a local extrema
at (xo,Y0,20) € S. Show there is a scalar A such that

V f(20, Y0, 20) = AVg(z0, Yo, 20)-
Hint: Proceed as in Problem 2.25 and assume that S is locally a graph over
the x-y plane near (xo, o, 20), say S is of the form z = ¢(z,y). Use that
(z,y) — f(z,y,¢(x,y)) has a local extrema at (zg,yo) to show
f:pgz_fzgaczo and fygz_fzgy:0

at the point (xo,y0,20). That is Vf(xo,yo,20) is orthogonal to the two
vectors

9z 0
0|, 9=
— 9z —Gy
evaluated at (xg,yo, z0). But V f(z0,yo, 20) is also orthogonal to these two
vectors. O

In three dimensions there is anther possible for defining a function im-
plicit. We can have two equations

g(l" Y, Z) =
h(l" Y, Z) =C2
and solve for two of the variables in terms of the remaining one. As motiva-

tion first consider the case that the functions are linear so that the system
of equations becomes

g(r,y,2) = a1z + agy + azz = c1
h(z,y,z) = bix + boy + b3z = c2
and we wish to solve for y and z in terms of x. Rewrite this as
asy +azz =c1 — a1x
boy 4 b3z = co — aox.
We solve this system when

a2 as

ooz ] 20

This is equivalent to the two vectors
a as
ba |’ b3
being linearly independent. In the general case get the

0=g(z,y,2) = g(*) + g2 (+)(x — x0) + gy (+)(y — yo) + g2(*)(z — 20)
0= h(z,y,2) = h(x) + ha(*)(z = 20) + hy(+)(y = yo) + h=(+)(z = 20)
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where x is the point (z9,yo, 20). This approximating system has a solution
when gy (%) hz (%) — gz (%) hy(x) # 0.

Theorem 2.27. Let W be an open set in R? and let g,h: W — R be two
C' functions. Let (xq,y0,20) € W such that the two vectors

9y(z0, Y0, 20) hy (0, Yo, 20)
9-(0, Y0, 20) h(zo, Yo, 20)

are linearly independent. (This is often stated as saying det By Zy] #0 at
z z

the point (o, Yo, 20).) are linearly independent. The there is a neighborhood,
U, of xo in R and a neighborhood, V, of (yo,20) in R? and a C function
f:U =V with f(xo) = (yo,20) and

g9(z, f(x)) = g(z0, Yo, 20)

h(z, f(x)) = h(zo, Yo, z0)

forallx € U.

Problem 2.29. Prove this along the following lines.
(a) Define a function F': W — R3 by

x T
F Yy = g(-ﬁ, Y, Z)
z h(zx,y,2)
and show the derivative is
T 1 0 0
F/ Yy = gx(xvyvz) gy(xaya Z) gz($>y>z)
z h:p(xay7 Z) hy(x797 Z) hz($>yaz)
To
(b) Show that F' | | o is invertible and therefore by the Inverse Func-
20

tion Theorem there are neighborhoods N of (¢, yo, z0) and M of F(xg, yo, 20)
and a C! function G: M — N that is the inverse of the restriction F| M
(c) Let G be given by

x £(x,y, 2)
G Yy = 77(%2!7 Z)
z C(z,y,2)

Use that

T
FoG | |yl ]| =|v
z
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to show

é(xaya Z) =T
9(%77(%3/» Z)?C('T7ya Z)) =
h(%??(%y» Z)»C(%Z/, Z)) =z

and therefore if

f(x) = (n(xvy()ag(xﬂvy(%ZO))?€($7y07h(x07y0720)))

we have

9(@, f(x)) = g(xo, y0, 20),
h(z, f(x)) = h(zo, yo, 20)-
(d) Now finish the proof. O

We now proceed with what should by now be a familiar pattern. Let
C C R? and (20,%0,20) € C. Then C is locally a graph over the z-
axis near (xg,Yo,z0) if and only if there is a neighborhood U of xy in R
and a neighborhood V of (yo, 20) in R? and a C! function f: U — V with

f(@o) = (yo, 20) and
CNUxV)={(z, f(x)):x€U}.

The definitions of C' locally a graph over the y-axis mear (o, Yo, 20)
and locally a graph over the z-axis near (xo,yo,20) are as expected.
The set C'is a C' curve in R? if and only if at each of its points it is locally
a graph over at least one of the coordinate axises.

Lemma 2.28. Let

V1 w1
V= [V w = W3
U3 w3

be linearly independent vectors in R3. Then at least one of the pairs of

vectors

U1 w1 U1 w1 V2 w2

(%) ’ w2 V3 ’ w3 V3 ’ w3
is linearly independent.
Problem 2.30. Prove this. U
Theorem 2.29. Let W be an open set in R® and g,h: W — R be C!
functions. Set

C:= {(:Bay7 Z) : g(l"ay? Z) = Cl7h($7y7 Z) = 62}

where ¢1 and co are constant. Assume that for all (z,y,z) € C that the
gradients Vg(x,y, z) and Vh(zx,y, z) are linearly independent. Then C is a
C' curve in R3,
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Problem 2.31. Prove this. Hint: By the last lemma at least one of the

pairs
92 [ha (g2] [he] [gy] M
5 or R or R
[gy] [hy] 192] 7 [ h=] gz |-

are linearly independent. To take one of these cases assume
0] ]

)

9z h.

are linearly independent and use Theorem 2.27 to conclude C' is locally a
graph over the x-axis. ([

Problem 2.32. Show that for all » > 0 that the intersection of the sphere
defined by 22 +y?+ 22 = r? and the double cone defined by 2> +y>—22 = 0 is
a C! curve. Is it connected? Draw a picture and give a geometric description
of the intersection. O

Proposition 2.30. With the set up of Theorem 2.27 let the function f: U —
V C be given by
1(@) = (1(@), fo(w).
Then N ) ) ,
/ Gxlly — gzNy / gyl — Gally
fi(z) :_7gyhz_gzhy7 folx) = _7gyhz_gzhy
where all the partial derivatives are evaluated at (z, fi(x), fa(z)).

Problem 2.33. Prove this. Hint: From Theorem 2.27
9(z, f1(x), f2(2)) = 9(x0, Yo, 20)
Mz, f1(), f2)) = h(zo, Yo, z0)
and taking the derivatives of these with respect to x gives
9z + 9y f1(x) + g: f(x) =0
ha + hy fi(z) + . f3(x) = 0
with the partial derivatives evaluated at (x, fi(x), fo(x)). O

Problem 2.34 (Lagrange multipliers yet again). Let W C R?® be an open
set and g, h: W — R C" functions. Let ¢, co € R and set
C= {(Jf,y, Z) : g(.’L’,y, Z) =, h($,y, Z) = 62}’

Assume that for all points of C' that Vg and Vh are linearly independent.
Let f: W — R be C! and assume that the restriction f ‘ o has alocal extrema
at (zo, Yo, 20) € C. Show there are scalars A\; and A9 such that

Vf=MVg+AVh

at the points (xg, %o, 20). Hint: By Theorem 2.29 C is C! curve in R? and
so at the point (xq, yo, 20) it is the graph over at least one of the coordinate
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axises. Assume it is a graph over the z-axis. Then with the notation of Prob-
lem 2.33 there are C'! functions 1 (z) and po(z) defined in a neighborhood
of x( such that

g(:n, (Pl(x)a ()02(«'5)) =C
h($, (Pl(x)a ()02(«'5)) = C2.

Talking the derivative with respect to x gives

9z + gy (z) + gz05(2) =0
hg + hy‘Pll(fE) + hapy(z) = 0
which shows that both Vg and Vh are orthogonal to the vector

1
v(z) = | ¢ (2)
p5(7)

As Vg and Vh are linearly independent they are a basis of v(x)*-. The
function = — f(x,p1(x), p2(x)) has a local extrema at xy and therefore

d
@ ei@),ea(@)| = fot fyeh(zo) + faen(z0) = 0
=X
with the partial derivatives evaluated at (xg, p1(z0), p2(z0)) = (0, Yo, 20)-
Thus V f(x0, Yo, 20) is orthogonal to v(x). O

2.8. The General Finite Dimensional Implicit Function Theorem.
Let m and n be positive integers. Then we write elements in the product
space R™ x R™ as (x,y) where x € R™ and y € R"™. We will be considering
functions g: R™ x R™ — R” and for a constant vector ¢ € R™ trying to solve

g(@,y) =c
for y as a function of x. To get motivate some of the hypothesis of the
theorem we write this in coordinates

g 17"'7mm’y17"'7yn)
7 C AR LU Ve N VL)

g (zt . ™yt YT
the vector equation g(x,y) = ¢ is the same as the system

gl(ajl,...,xm,yl,...,y") =c!

gQ(xl,...,xm,yl,...,y") =2
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of n equation in m + n unknowns. If these equations were linear, say
g = +ar’ + o a2 + byt + by’ + o+ by =
g = aiz! +aza’ + - +apa™ A0y byt 4 by =

" =alal +ajat 4+ Faha™ by 4 by e Dy = "

where the aé-’s and bf;’s are constants. Rewriting as

blyt #0392+ by =t —alat —ada? — - —al 2™
By + 632+ 402y = —adat —ada? — - —ala™
Viy™ by - Dy = " — afet —aja® — - — ala™
which is now a linear system of n equations in the n unknowns y',...,y".
This will have a unique solution when the matrix
al al - al
o al . al
A= )
al ay ay

is invertible. In this linear case note

) 8y1
and therefore in this linear case the condition for solubility is that this matrix
of partial derivatives is invertible.

Theorem 2.31. Let m and n positive integers and W C R™ x R™ be an
open set. Let g: W — R™ be a C' function and assume that at the point
(a,b) € W that the matrix

[ Og* gt Og" 1
@(av b) @(aa b) - 87y”(a’ b)
0g> 0g> 0g?
lem,b) a%(a,b) %( b)
89”. 89”. Gg”‘
|9y (a,b) 9,2 (a,b) Dy (a, b)_

is tnvertible. Then there is a neighborhood U of a in R™ and a neighborhood
V of b in R™ and a C' function f: U — V with f(a) = b and

9(z, f(x)) = g(a,b)
forallx e U.
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Problem 2.35. Prove this. Hint: Define a function F — W — R x R™ by

P =Ll

Show the derivative of this is

. 1 0

4 oxr Oy
where [ is the m x m identity matrix, 0 is the m X n zero matrix, % is the
n X m matrix

(99 99" 99" ]
ozl 0z2 ozxm
A 9g*
or | 0x! Ox2 ox™ |’
9" 9g" oo
Lozl Oz Oxm 4
and g—g is the n X n matrix
[9g' 99! 99']
oyt Oy? oy
ag _ |99° 9g° [
y |0yt oy? yn
Loyt Oy? oy |

and all these partial derivatives are evaluate at (x,y).
Show that the matrix F’(a, b) is invertible and now look at Problems 2.22,
2.26, and 2.29 for hints on how to finish. O

2.9. Higher Derivatives for Inverse and Implicit Functions. In the
inverse function theorem we assumed that the map we are trying to invert
was C'' and found a C'! inverse. Let W be an open set in R™ and f: W — R.
Then for any positive integer k the function f is a C* function if and only
if all the partial derivatives of f up to order k exist and are continuous. If
f is C* for all k we say that f is C°°. More generally if f: W — R, the f
is a C* function if and only if all the component functions of f are C*.

Proposition 2.32. The sums, products, quotients (where the denominator
does not vanish) and compositions of C* functions are C*.

Problem 2.36. Prove this. O
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Problem 2.37. Let f be a function such that all the first partial derivatives
of f are C*. Show that f is then C*t1, O

It is both natural and useful to ask if f is C* then can we expect the
inverse of f to also be C*. This is true and turns out to be relatively
straightforward to show because there is an explicit formula for the inverse
of a matrix. We first look at some low dimensional examples.

Problem 2.38. Let f: (a,b) — R be a C* for some k > 1 function assume
assume that f[(a,b)] = (o, ) and that g: (o, 8) — (a,b) is a C! inverse of
f. Show that g is also C*. Hint: We already know from the inverse function
theorem that ¢ is C'' and that the derivative of g is given by

1
3 g’ Y) = ——.
¥ W= Pl
Assume that f is C?. Then the function f’is C' and therefore
1
H —_—
T W)

is a composition of C! functions and therefore (3) shows that the derivative
¢ is a C! function, which implies that g is C?.

Assume that f is C2. Then f’ is a C? function and we have just seem that
g is a C? function. Therefore y — m is a composition of C? function

and therefore (3) shows that the derivative ¢’ is C? which shows that g is
C3.

Now it show be easy to see that there is an induction that proves the
general case. ([

Problem 2.39. Let U be an open subset of R and f: U — V C R? a C*
map such that there is a C' inverse g: V — U to f. Then show g is also
C*. Hint: Let f be given by

fla!,a?) = [fQ(xi,xQ)]

Then derivative of f is

ot oft

Pl a?) = ozl 0z2

af? of?

drl 022

The inverse of this is
, 1 9 1 1 fz22 _fwl2
f(xvx)_:12_12

z1d 22 22J 21 —le ;1

Write g as
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Then the derivative of g is

dgt  Og'

oyt oy?
gy =

9g> g

oyt Oy?

From the Inverse Function Theorem we know

Writing this in matrix form and equating the components gives the four
equations

1,1 2y _ 2\9
9y Wy7) = ) f@Uﬂ%@M%ﬁD
(1

2 /01 2y .
9" y) = — LGN ) el o)

1 1 2\ 1 )

9V ) = T ) el ) — (s, )15 G )
92 (yl yQ) _ ;1(g(y1,y2))

v (9(yh, v2) f2 (9wt v2) = fra(g(yt, v2)) f2 (9(yhs v2)

Assume that f is C2. Then all the first partial derivatives of f are C*
and by the Inverse function theorem g is C'. The formulas just given then
show that all the first partial derivatives of g are C'. Thus g is C2.

If fis C? all the first partial derivatives of f are C? and we have just
shown that g is C2. Therefore our formulas for the first partial derivatives
of g show that the first partials of g are compositions of C? functions and
thus these first partials are C2. Thus g is C3.

Now do an induction to complete the proof. [l

Based on this arguments we should be able to prove the result in R™ as
long as we have a formula for the inverse of a matrix analogous to the one
we have in two dimensions. There is such a formula (Cramer’s Rule) and
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for completeness we include a proof. Let

1 .1 1 1
ay ay as an

2 2 2 2

ary ap asg an

(1, J1 — 3 3 3 3
A=[a] = |ai a; ag an,
n n n n

ay Gy as an

be an n x n real matrix. (Here we with the convention that in a matrix A =
[a;'-] that the upper index is row and lower index is the column of the entry.)
Fori,j € {1,2,...,n} let A[i/j] be the (n—1) x (n — 1) matrix obtained by
crossing on the i-th row and the j-th column. This (n —1) x (n — 1) matrix
is called the ij-th minor of A. If

11 1
ay ay as

—_ |2 2 9
A= |aj a3 a3
3 .3 .3

ay ap ag

then, using the notation q‘f; for indicating that we are deleting the element
ai, we have:

dl 1 1
1 2 %3
)
as a
A[l/l] — 2 a2 CL2 _ |: 2 3:|
1 2 3 31>
3 ay; as
3 3 3
1 Q3 as
1 1 .3
aj 2 a4 11
2 o 3 “as
A[3/2] — (11 2 CL2 =
CL2 CL2
3 3 3 1 =3
1 2 %3

and if




Higher Derivatives for Inverse and Implicit Functions. 43

then
[ 1 o1 a1 1]
a; ay d3 ay
11 1
ay a3 a4
1A A3 d]
Al2/3] = = a‘I’ a% ai
3 a3 £
ay a 3 a4
4 4 4
4 4 a4 4 a4y AU
|41 @2 d3 ay |

If A= [a}] is n x n the classical adjoint is the n x n matrix adj(A) with
elements

adj(A)j = (~1)"* det(A[j/).

Note the interchange of order of ¢ and j so that this is the transpose of the
matrix [(—1)""7 det,,_1(A[i/j])]. In less compact notation if

a]% a% CEEEY a’}l
2 2 2
al a2 CEEEY an
A=
n n
al ay ap,

then

fdet(A[1/1]) —det(A[2/1]) +det(A[3/1]) — det(A[4/1]

(
—det(A[1/2] —det(A[3/2]) +det(A[4/2]
(

(

( ( )

+ det(A[2/2) ( )
( +det(A[3/3]) — det(A[4/3]
( ( )

( )
( )

adj(A) = |+ det(A[1/3]) — det(A[2/3]
( )

)
)
)
— det(A[1/4] )

)
)
)
+det(A[2/4]) —det(A[3/4]) +det(A[4/4])

The classical adjoint is related to finding the inverse of a matrix by the
following.

Theorem 2.33. Then for any n X n matric A we have
adj(A)A = Aadj(A) = det(A)I

where I is the identity matriz. Thus if det(A) # 0 the inverse of A is given
by

At adj(A).

= det(A)
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Proof. Letting A = [ajl-], the entries of Aadj(A) are
(Aadj(A))} = D a}adj(A)]
j=1

— Z(_1)j+ka§. det(A[k/4]).
j=1

If we let £ = ¢ in this and use then sum is just the expansion for det(A)
along the i-th row and therefore
(Aadj(A))i = 3 (~1)*1di det(Afi/j]) = det(A).

=1

If k # i then let B = [b;] have all its rows the same as the rows of A, except
that the k-th row is replaced by the i-the row of A (thus A and B only
differ along the k-the row). Then B has two rows the same and therefore
det(B) = 0. Now for all j that B[k/j] = A[k/j] as A and only differ in the
k-th row and A[k/j] and B[k/j] only involve elements of A and B not on
the k-row. Also from the definition of B we have b? = a;- (as the k-th row
of B is the same as the i-row of A). Therefore we can compute det, (B) by
expanding along the k row
n
0= det(B) =Y (~1)7"*b} det(B[k/j])
j=1

|

(=1)7**aj det(A[k/j])

7=1
= (Aadj(A));.-
These calculations can be summarized as

(Aadj(A))i = det(A)3,

6k = 3
0, i+#k.
But 4} are the elements of the identity matrix. Thus this implies A adj(A4) =
det, (A)I.

A similar computation (but working with columns rather than rows) im-
plies that adj(A)A = det,,(A)L,. O

Theorem 2.34. Let W be an open subset of R™ and f: W — R" be a
C* function where k > 1. Assume that for some xo € W that f'(xq) is
invertible. Let U, V, and g be as in the Inverse Function Theorem 2.16.
Then the local inverse, g, to f is also C*.

where 62 is given by
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Proof. Form Theorem 2.16 we have that for ¢ in the domain of g that
1

’ el -1 _ adi( ! )
9@ =10 = s memm o)) dj(f"(9(v)))
In terms of components this is
@) 0 adi(f (gw))]

oyl det f'(g(y))

As m adj(f’(g(y)))z- is a rational function of the elements of f'(g(y))
this function has a many continuous partial derivatives as the components
of f'(g(y)) have.

Now assume that f is C2. Then all the components of f’(z) are C*. Also

¢ is C'. The functions y — m adj(f’(g(y)))§ are compositions of C'*

functions and therefore themselves C* functions. Now (4) shows that all the
first partial derivatives of g* are C 1 But if all the first partials of g* are C?,
then ¢° is C2. This works for all the components g’ of g and therefore g is
Cc2.

Now assume that f is C3. Then we have just seen that g is C?. But then
(4) shows that all the first partial derivatives of ¢g* are C? and therefore g is
C3.

Continuing in this manner, or more formally using induction, we see that
if fis C*, then so is g. O

Theorem 2.35. With the set up the Implicit Function Theorem 2.31 if the
function g is C* for some k > 1, then the function f in the that theorem is
also C*.

Problem 2.40. Prove this. Hint: Just trace through the proof and show
this follows from the regularity result, 2.34, for inverse functions. O

Problem 2.41 (Curvature of level sets in the plane.). Recall that if C is a
C? curve in the plane then at points where is is locally a graph over the x
axis, say y = f(x), then the curvature of C' (up to a plus or minus sign) is

/(@)
T+ [ @P)P

with a similar at the points where C' is locally a graph over the y axis. One
way to give a C2 curve is as the level set of a C! function. Let W be an
open set in the plane, g: W — R a C? function and for some constant ¢ let
C = {(x,y) : g(x,y) = c} be a level set of g such that for all (z,y) € C
we have Vg(z,y) # (0,0). Then by the implicit function theorem at each of
its points C is locally a C? graph over either the x-axis or the y-axis. Show
that, up to a sign, that the curvature of C' is given by

o — gyy.g:% = 2924929y + gmgg
(92 + g2)%2
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Hint: Only worry about the points where C is locally a graph over the
x-axis, say it is locally the graph of y = f(x). Then

9(z, f(x)) = ¢

for all z in the domain of f. Take the derivative of this (as we did in
Corollary 2.22) to show that

5
B
—
&

flx) = = ==—2 =

Take the derivative of this to find that
” gyyga% - 2gxyg:r:gy + gxxg?/
f ($) = g3
]

where the terms are evaluated at (z, f(x)). O

2.10. Implicit Function Theorem in Banach Spaces. If X and Y are
Banach spaces then we define the product space X x Y as expected, that is
X XY ={(z,y) : z € X,y €}. But there are several ways to put a norm on
this product. Some of the most natural ways are

[(z,9)|o = |z|x + |yly
(@, ) |er = (2l + [yl%)? where 1 < p < 00
(@, y)les := max{|z|x, [y|v}

This all put the same topology on the product, and so from that point of
view are equivalent. We will not worry about which norm we use on a
product space, as long as it gives this topology.

Let W C X xY and g: X x Y = Z be a C! function. For each point
r € X such that W, := {y € Y : (z,y) € W} is not empty we have a C!
map g,: Y — Z given by g.(y) = g(z,y). We denote the derivative of this
map by

0
a—g(x, y) :== g (y) (a bounded linear map Y to Z).
Y
Likewise for y € Y such that WY := {z € X : (z,y) € W} we have a map
g¥: WY — Z and we denote its derivative as

gi(m,y) = (¢¥)(x) (a bounded linear map X to Z).

Theorem 2.36. With this notation assume there is (xo,y0) € W such that
g—i(o,yo): Y — Z has an inverse. Then there is an open neighborhood U
of xg in X and an open neighborhood V of yo in Y and a C! function
f:U =V with f(zo) = yo and

g($, f(l’)) = g(x()?y())
forallx e U.
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Proof. Define F': W — Z by

The derivative of this is

I 0
/ x .
# ()= o0 a
oxr Oy

where we are using the notation that

A B

C D
is a matrix of linear operators, A: X - X, B: Y — Z, C: X — Z and
D:Y — Z. Note that such a matrix of the form

I 0
C D
with D invertible has the inverse

I 0
-D'c D!

which can be checked by direct calculation. As g—g(xg,yo) is invertible this

implies that F’ is invertible at (xg, o). Therefore, by Theorem 2.16, there
is an neighborhood, M, of (z¢, y0), and a neighborhood, N, of g(x, yo) such
that there is a C! map G: N — M that is inverse to the restriction F|M.

Let G be given by
<([) - sl
z n(z, z).
Then F o G = I implies

ro6 (1) =7 ([503]) = e Srate o] = 2]

Thus &(x, z) = z and g(&(x, 2),n(x, z)) = z. Combining these gives

9($a77(~"3a Z)) =z

Let Up be an open neighborhood of g and V' and open neighborhood of yg
such that Uy x V' C M. As n(xo,20) = yo € V by continuity there is an
open neighborhood U of x in Uy such that n(z, z9) € V for all x € U. Then
f: U — V defined by

f(@) =n(z, z0).

is the required function. O
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The notation of higher derivatives for maps between Banach spaces can
not be reduced to just dealing with partial derivatives as in the finite dimen-
sional case. Let X and Y be Banach spaces f: W — Y where W is an open
subset of X. Assume this function is C'. Then for each z € W the deriva-
tive f/(x) is an element of B(X,Y) (the bounded linear maps from X to Y).
Thus the first derivative function z — f’(x) is a map from W to the Banach
space B(X,Y). It makes sense to talk about the derivative of this function,
which will be the second derivative of f and we will then have at the points
x € W where the second derivative exists that f”(z) € B(X,B(X,Y)). If
the second derivative exists on W, then similar reasoning shows that at a
point x € W where its derivative exists that f"'(x) € B(X, B(X,B(X,Y))).
In general for the n-th derivative of f at x

f™ (@) € BX,B(X,...,B(X,Y))---)

-~

X appears n times.

We can now define a function, f, between Banach spaces to be C* if and
only if its n-th derivative exists at all points of its domain and the map
z +— fM(z) is continuous. When X and Y are finite dimensional that this
definition can be shown to be equivalent to having all the partial derivatives
or order k exist and be continuous. (The proof of this is based on Proposition
2.14.)

We not state the following without proof

Proposition 2.37. Let X and Y be Banach spaces and let U be the open
subset of B(X,Y) of maps A: X — Y that have a bounded inverse. Then
the map F: U — B(Y,X) given by
F(A):=A"!
s C™°. (]
Using this and that if G is a C! inverse of the C! function F' that
G'(z) = F'(G(z))" L.

we can do an inductive proof along the lines of Problem 2.38 that if F' is C*
then so is G.

2.11. Miscellaneous facts and problems. If U and V' are open subsets
of R”, then a map C* f: U — V is a diffeomorphism if and only if it has
C* inverse g: V — U. By Theorem 2.34 if f is C* and has a C" inverse g,
then this inverse is C*. Two open sets are C* diffeomorphic if and only
there is a C* diffeomorphism between them. The following follows directly
form the definitions.

Proposition 2.38. Being diffeomorphic is an equivalence relation. (]

Problem 2.42. Show that the intervals (0,1), (0,00) and (—o0, 00) are all
C®° diffeomorphic. O
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Problem 2.43. Show that R™ and the unit ball B(0,1) := {x € R": |z|p2 <
1} are C* diffeomorphic. Hint: When n = 1, so that B(0,1) = (—1,1),
the function f: (—1,1) — R given by f(x) = tan(wz/2) has inverse g(y) =
2 arctan(y). O
Problem 2.44. Show that the following subsets of R? are all diffeomorphic.
(0,1) x (0,1), (0,1) x (0,00) and R2. a

Problem 2.45. Show that the open unit cube, (0,1)", in R" is diffeomorphic
to R™. Combine this with Problem 2.43 to show that the open unit ball and
the open unit cube in R" are C'°*° diffeomorphic. U

Problem 2.46. Let a, b, ¢ be positive real numbers. In R? show the sets
2., .2 .2 2 y? 2P
U:{(w,y,z):x +y +=z <1} and V:{(x7y’z)ﬁ+b72+672<1}

are C*° diffeomorphic. O
Problem 2.47. Here is a slightly more challenging problem. Show

U= {(z,y,2): 2* + 9> + 2%, 2 > 0}
and the open unit ball in R? are diffeomorphic. O

Problem 2.48. Show that the unit disk {(z,y) : 22 + y? < 1} is not diffeo-
morphic to the annulus {(z,y) : 1 < 22 + y? < 2}. Hint: 1 don’t know any
completely elementary proof of this, so feel free to use machinery you have
seen elsewhere (or find by do a literature search). |

3. DIFFERENTIABLE MANIFOLDS AND THEIR TANGENT BUNDLES.

3.1. The definition and basic properties of a topological manifold.
Recall that a topologically space M is second countable if and only if
there is a countable basis for its topology. That this there is a countable
collection, B, of open subsets of M such that every open subset of M is union
of elements of B. Most spaces you encounter in day to day mathematics are
second countable. The follows shows that most metric spaces you meet will
be second countable. Recall that a subset, D, of a topological space, M, is
dense if and only if every nonempty subset U of M contains an element of
D. A space is separable if and only if it has a countable dense subset.

Proposition 3.1. A metric space is second countable if and only if it is
seperable. In particular R™ is second countable.

Problem 3.1. Prove this. Hint: First assume that the metric space M has
a countable basis, B, for the topology. For each B € B let ap € B (that is
choose one element out of each of the sets in B). Show that D = {ap : B €
B} is a countable dense subset of M.

Conversely let M have a countable dense subset D. Let

B:={B(d,r):a€ D,r € Q,r >0}
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where Q is the set of rational numbers. Then show B is countable. Let U
be any open subset of M and = € U. Then by the definition of open set in a
metric space there is a p > 0 such that B(x,p) C U. As D is dense there is
an a € D such that a € B(x,p/3). Then there is a rational number r with
p/4 <r < 2p/2. Show that

x € B(a,r) C B(z,p) C U.

This shows that each point, x € U, is contained in an element B(a,r) of B
and therefore

U =|J{B(a,r): B(a,r) € B, B(a,r) C U}

as required. In the case of R™ let D be the set of n tuples with all the
coordinates rational numbers and show this is dense. O

Ezample 3.2. Here an example that is too unnatural of a space that is not
second countable. Consider L*°([0, 1]). For each t € (0,1) let f; := X0 be
the characteristic function of the interval [0,¢]. If s # ¢ it is not hard to see
that ||f; — fsllLe= = 1. Therefore the open balls B(f,1/2) and B(fs,1/2)
are disjoint for s # ¢. But if D is a dense subset of L>°([0, 1]) it has at least
one element in each of the open balls B(f;,1/2) with ¢ € (0,1) and therefore
D is uncountable. Thus L>°[0, 1] is not seperable. O

If M is a Hausdorff topological space, then a chart on M is a pair (U, @)
where U is an open subset of M and ¢: U — ¢[U] C R" is a homeomorphism
of U with an open subset of R™. (This is really be called an n-dimensional
chart, but n will be implicit in most of what follows.)

An n-dimensional topological manifold is second countable Hausdorff
space that is covered by n dimensional charts. We call a collection of charts
that cover M an atlas for M.

The most basic example is R” which is covered by the one element atlas
{(R™,Idgn. Also any open subset U C R™ has the atlas {U, Idy and therefore
U is an n-dimensional topological manifold.

When n = 0 with use the convention that R® = {0} is a single point.
From this it follows that a 0-dimensional manifold is a set, M, with the
discrete topology. As manifolds are second countable M will be a countable
set.

Recall that a topology space, M, is locally compact if and only if every
x € M is in the interior of some compact subset of M. Equivalently M is
locally compact if and only if every point has a compact neighborhood.

Proposition 3.3. Topological manifolds are locally compact.

Problem 3.2. Prove this. Hint: Let x € M and let (U, ¢) be a chart on M
with z € U. Then ¢[U] is an open subset of R™ and therefore there is an
r < 0 such that the closed ball B(¢(x),7) is a subset of p[U]. But B(p(z),)
is closed and bounded in R™ and just compact. Now show ¢! [B(p(z), )]
is a compact neighborhood of x in M. O
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Lemma 3.4. Any topological manifold has a countable base for its topology
consisting of open sets with compact closure.

Problem 3.3. Prove this. Hint: As M is second countable it has a countable
base, B, be a for its topology. Let B* be the subset of B of elements that
have compact closure in M. Let U an open set in M and « € U. Then
there is an element B € B with x € B C U. As M is locally compact there
is compact set K with x in the interior of K and K C B. As B is a base
for the topology there is a B; € B with x € B; C K. Use this to show that
the closure, B of By is closed in K and thus compact. Therefore By € B*.
Put these facts together to show that U is a union of elements of B* and
therefore B* is a base for the topology. O

If K is a subset of the topological space M we denote the interior of K
by K°. An exhaustion of M by compact sets is a sequence of compact
sets, K, from M such that

K; < ;+1
for all 57 and

o
M = U K;.
j=1

If M is compact, then M° = M is a and we can just use K; = M for all
j. This is of interest when M is not compact.

Proposition 3.5. Fvery topological manifold has an exhaustion by compact
sets.

Problem 3.4. Prove this. Hint: By Lemma 3.4 there is a countable base
B for the topology such that every member of B has compact closure. Enu-
merate B as

B ={B;,Bs,Bs,...}

Let K; = B be the closure of B;. As K, is compact it will be covered by
some finite subset /1 C B. We can assume that By € F; by just adding it
to JFp if it is not already there. Set

K2 = U E

BeF

Then K> is a finite union of compact sets and therefore compact. Also
By C Kj. Assume that we have defined K7, ..., K, and with K; C KJ‘?Jrl
for j =1,2,...,m—1and B; C K. If K;,, = M then just use K, = M
for all £ > j. Otherwise find a finite subset F,, C B that covers K,, and it
need be add B,, to this finite subset so that we have B,,, € F,,. Set

Km+1 = U E
BeFm

and show the sequence K1, Ko, K3, ... gives the desired exhaustion. O
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3.2. Definition of Differentiable Manifolds. Let M be a topological
manifold with an atlas A = {(Uy, pa) : @ € I} where [ is just any set used
index the atlas. For o, € I we define the transition function ¢,z as
the function ¢q g: ¢s[Ua NU|l = wa|Us N Ug| given by

Pap = Pa© (gpalUBﬁUB)_l

where (pg‘U U is the restriction of ¢z to the set U, NUg. As keeping track
of these restrictions is notationally messy we will just write

Pap = Pa © QOEI

and trust the reader to keep track of the domains.

¥B

Pap =Paopy’

R"™ R™

FIGURE 3. The standard figure, appearing in some form in almost
every book on differentiable manifolds, showing how the transition func-
tions are constricted from coordinate charts. Note that the transition
functions are diffeomorphisms between open subsets of R™.

Proposition 3.6. For any atlas A = {(Uq, ¢a) : a € I} the following hold.

(a) pap o ps = @a holds on the set Uy N Ug.

(b) Paa = Idipa[Ua]'

(C) PBa = ‘P;%-

(d) Yapopay = @a~y where the functions on the two sides of this equation
are maps from p[Uy NUg NU,] = @o[Ua NUgNU,J.

Problem 3.5. Prove this. O

Let k > 1. Then a C*-manifold, M, is a topological manifold that has
an atlas, A, where all the transition functions are C* functions.
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To give an easy example this clearly holds whenever the atlas only has
one element. Thus all open subset U of R” are C* manifolds with their
natural atlas (that is A = {(U,1dy)}).

To give a less trivial example, let

Smi={z c R |z| =1}

N1/2
where |z| = <Zn+1(aﬂ)2) is the ¢2 norm. Let

j=1
o o
0 0
p1i= | and p2i= | :
0 0
_1_ __1_

be the north and south poles of S™. Set
Uy =5"~{p} and Uy = S" ~ {p2}.

View R™ as the subset of R"*! of points with the last coordinate 2"+ = 0.
Define a map ¢;: Uy — R™ by

©1(p) = point where line through p and p; intersects R".
See Figure 4.

FIGURE 4. Stereographic projection from the unit sphere to R™. If
p € S™ is a point other than the north pole, pi, then the image, ¢1(p),
of p is the point of intersection of the line through p; and p with R™.

Problem 3.6. Find a formula for ¢;: U; — R"™ and its inverse <p1_1: R™ —
Uy C S™. Hint: Let p € Uy and write it as

-
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with z € R® and z € R. As p # p1 we have z # 1. The line through p; and
p is parameterized by

oft) = Ltz +t(:§ - t)} ‘

This line intersects R™ when ¢z 4+ (1 — ¢). Show this leads to t = 1/(1 — 2)

and
v1(p) = 1:7; m :

Or in slightly different notation

X

where (7,2) € R x R and |z|? + 22 = 1.
To gol_l. Let y € R™ which we write as

Yy

0
Show line through y and the north pole u; is parameterized by

t
’V(t) = [(1 ?—Jt)] :
This will be on the sphere S when
WO =ty?+(1-1)* =1

Show that the roots of this are

t=20 2
IRTEE
and that this implies
_ 1 2
1 _ Y
e (y) =
! Yl +1 g2 - 1] m

Problem 3.7. Define stereographic ¢s: Us — R™ from the south pole anal-
ogously to stereographic from the north pole, and compute the transition
function 9. Use this to to show S? is a C*° manifold. O

3.2.1. An aside on number theory. Stereographic projection has a nice ap-
plication to elementary number theory. The formulas of Problem 3.6 are

T L y - 1)
Tr,z) = and = ,
pr(@2) = 1 o1 W) <|y!2+1 ly|> +1

Call a point of any of the spaces R, R” R or S™ a rational point if and
only if all its components are rational numbers.

Problem 3.8. Use the formulas for stereographic projection and its inverse
to show that y € R™ is a rational point of R™ if and only it ¢1(y) is a rational
point of S™. (|
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In the lowest dimensional case, n = 1, this gives that the rational points
on the circle #2 4+ y2 = 1 are (0,1) and the points

1y = 26 t2—1
AW E\erreri)

where t is a rational number. Let ¢ = p/q where p and ¢ are integers we

have
_ o 2p/e /91N _ ([ 200 p-¢
Soll(p/Q)_<(p/q)2+1’(p/q)2+1>_<P2+q27p2+q2>

This point is on 22 + y? = 1 and therefore
2 2
() (B2) -
p2 + q2 p2 + q2
Clearing this of fractions gives
(2p9)* + (0 = ¢*)? = (0 + ¢*)*.

Thus as p and ¢ range over the integers

T = 2pq
y=p"—¢
z:p2—|-q2

gives integer solutions to the Diophantine 2 + y? = 2% and with a bit more
work we can show we get all integer solutions this way.

Problem 3.9. Now consider finding rational points on the sphere x2 + y? +
22 = 1. Other than the north pole the rational points on this are all of the

form
., 2s 2t s24+t2 -1
ng (S7t): 9 9
s24+12 4175241241 s24¢241

where s and ¢ range over the rational numbers. Let s and ¢ be rational

numbers and let » be the least common denominator of these two numbers.
Then

s = ZZ, t= a
r r
where p, ¢ are integers. Use this to show
_ _ 2pr 2pr P’ +q—r?
1 1
s,t) = r,q/r) = .
901 (7) ()01 (p/aq/) <p2+q2+7“2’p2+q2+7“2’p2—|—q2+7“2

Now use that this is on 22 + y2 +22=1and multiple by (p2 + q2 + T2)2 to
get that

T = 2pr
y = 2qr
z:p2+q2—r
w:p2+q2+r2

2
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are integer solutions to z2 + y% 4+ 22> = w? (which, once we have the for-
mula, can easily be checked directly). Does this give all integer solutions?
Generalize to rational points on S™. O
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