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1. A Review of Some Linear Algebra.

Here we recall facts from linear algebra that will motivate some of what
we do with nonlinear maps. I assume you know the definition of a vector
space, a subspace of a vector space, the dimension of a vector space, and
the span of a subset of a vector space. If U and W are subspaces of a vector
space then the set

U +W = {u+ w : u ∈ U,w ∈W}
is a subspace and is the smallest subspace containing both U and W . The
intersection is also a subspace.

Proposition 1.1. Let V be a finite dimensional real vector space and U
and W subspaces of V . Then

dim(U +W ) + dim(U ∩W ) = dim(U) + dim(W ).
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2 Linear algebra

Problem 1.1. Prove this. Hint: Let p = dimU , q = dimW , and k =
dimU ∩W . Let v1, . . . , vk be a basis for U ∩W . Expend this set to a basis
v1, . . . , vk, uk+1, . . . , up of U and a basis v1, . . . , vk, wk+1, . . . , wq. Then show
v1, . . . , vk, uk+1, . . . , up, wk+1, . . . , wq is a basis for U +W . �

If V is a vector space over R, and a, b ∈ V are distinct, then the line
through a and b is the set

{(1− t)a+ tb : t ∈ R}.
An affine subspace of V is a subset A, that contains the line through any
two of its points. More explicitly A is an affine subspace of V if and only
if for all a0, a1 ∈ A and t ∈ R we have (1 − t)a0 + ta1 ∈ A. As we are not
assuming here that a0 and a1 are distinct this implies that a one element
subset of V is is an affine subspace.

If a0, a1, . . . , ak are in the real vector space V than an affine combina-
tion of these vectors is a sum of the form

k∑
j=0

tjaj where

k∑
j=0

tj = 1.

Note that an affine combination of two points a0 and a1 is of the form t0a0 +
t1a1 where t0 + t1 = 1. Letting t = t1 we have t0a0 + t1a1 = (1− t)a0 + ta1.
Thus the set of all affine combinations of two distinct points is just the line
through the points.

Proposition 1.2. A subset of the real vector space V is an affine subspace of
V if and only if it is closed under taking affine combinations of its elements.

Problem 1.2. Prove this. Hint: One direction is more or less clear. If
a subset is closed under affine combinations, then it is an affine subspace.
Conversely if A is an affine subspace of V , then it is closed under taking the
affine combination of any two of its elements. Use this as the base case for
an induction showing that A is closed under general affine combinations. �

Proposition 1.3. Let V be a real vector space.

(a) A linear subspace of V is also an affine subspace of V .
(b) An affine subspace of V that contains the origin is a linear subspace of

V .

Problem 1.3. Prove this. Hint: For part (b) note that if A is an affine
subspace of V with 0 ∈ A, then for any a1, a2 ∈ A and α, β ∈ R we have
αa1 + βa0 = (1 − α − β)0 + αa1 + βa0 and thus αa1 + βa0 is an affine
combination of 0, a1, and a2. �

Proposition 1.4. Let U be a linear subspace of V and a ∈ V then the
translate

a+ U := {a+ u : u ∈ U}
is an affine subspace of V .
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Problem 1.4. Prove this. �

Proposition 1.5. Let A be an affine subspace of the real vector space V .
Then there is a unique linear subspace U of V such that for any vector
a0 ∈ A

A = a0 + U.

(That is the affine subspaces of V are just the translations of the linear
subspaces.)

Problem 1.5. Prove this. Hint: To start let a0 ∈ A, set U = {a−a0 : a ∈ A}
and show U is a linear subspace of V . One way to do this is to show U is
an affine subspace that contains the origin. �

If A is an affine subspace of the real vector space V and A = a0 +U where
U is a linear subspace of V then define the dimension of A to be

dim(A) = dim(U).

The following is a very special case of one of the main theorems we will
prove this term.

Proposition 1.6. Let A and B be affine subspaces of the real vector space
V and assume dim(A) + dim(B) < dim(V ). Then for every ε > 0 there is a
vector v ∈ V with ‖v‖ < ε and A ∩ (v +B) = ∅.

Problem 1.6. Prove this. Hint: If A ∩ B = ∅ when we can use v = 0. If
A ∩ B 6= ∅, let a ∈ A ∩ B. Then there are unique linear subspaces U and
W such that A = a + U and B = a + W . As dim(U) + dim(W ) < dim(V )
the subspace U + W is not all of V . Let x ∈ V be a vector that is not in
U +W and let 0 6= t ∈ R. Show that A ∩ (tx+B) = ∅ for all t 6= 0. �

This shows that in some cases it is easy to move one affine subspace away
from another. In some cases this is not true.

Proposition 1.7. Let U and W be linear subspaces of the real vector space
V with U +W = V . Then for all a, b ∈ V we have (a+ U) ∩ (b+W ) 6= ∅.

Problem 1.7. Prove this. �

The following is a basic factor about linear maps.

Proposition 1.8 (Rank plus Nullity Theorem.). Let L : V →W be a linear
map between finite dimensional vector spaces. Then

dim(ker(L)) + dim(Image(L)) = dim(V ).

Problem 1.8. Prove this. Hint: Let k = dim(ker(L)) and choose a basis
v1, . . . , vk of ker(K). Extend this to a basis v1, . . . , vk, vk+1, . . . , vn of V
(where n = dim(V )). Then show Lvk+1, . . . , Lvn is a basis of V . �



4 Linear algebra

One of the main ideas in differential topology is to relate the geometry
of a map f : M → N between nice spaces so the geometry of preimages
f−1[y] := {x ∈ M : f(x) = y} for y ∈ N . One of the main geometric
invariants of a space is its dimension. The following is anther special case
of a much more general result we will prove later.

Proposition 1.9. Let L : V →W be a surjective linear map between finite
dimensional real vector spaces. Then

(a) dim(W ) ≤ dim(V )
(b) all y ∈ W the preimage f−1[y] is an affine subspace of V of dimension

dim(V )− dim(W ).

Problem 1.9. Prove this. �

Recall that if f : X → Y is a map between sets, then g : Y → X is a left
inverse to f if and only if the composition g ◦ f : X → X is the identity
map on X. This implies f is injective and g is surjective. Likewise g is a
right inverse if and only if the composition f ◦ g : Y → Y is the identity
map on Y . In this case f is surjective and g is injective.

Proposition 1.10. Let L : V → W be a linear map between finite dimen-
sional real vector spaces.

(a) If L is surjective, then there is a linear map S : W → V that is a right
inverse to L. (Note for y ∈W that x = Sy gives a solution to Lx = y.)

(b) If L is injective, there is a linear map T : W → V that is a left inverse
to L.

Problem 1.10. Prove this. �

2. The Inverse and Implict Function Theorems.

2.1. The Banach Fixed Point Theorem. We now give what is one of
the more important existence theorems for general nonlinear equations. Let
(X, d) be a metric space (say that (X, d) is the plane R2 with its usual
metric), and let F : X → X be a continuous map. Then given y ∈ X we
would like a method for solving the equation F (x) = y for x. Experience
has shown that it is often better to rewrite this equation as f(x) = x for a
new function f . (In the case X = R then for any constant c 6= 0 let f(x) =
c(F (x)−y)+x, then the equation f(x) = x has the same solutions as F (x) =
y.) It turns out that many useful theorems about solving equations are
stated as fixed point theorems. I don’t have any real insight into why fixed
point theorems turn out to easier to handle than other types of theorems on
solutions, but this seems to be the case. (In topology there is the Brouwer
fixed point theorem which is a very general result about solving n equations
in n unknowns.)
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We first recall a bit of elementary analysis. Let a, r be real numbers, with
r 6= 1. To find the sum

S = a+ ar + · · ·+ arn =
n∑
k=0

ark.

To do this multiple S by (1− r) to get

(1− r)S = S − rS
= (a+ ar + · · ·+ arn)− (ar + ar2 + · · ·+ arn+1)

= a− arn+1.

Thus the sum of this finite geometric series is

S =
a− arn+1

1− r
.

Thus when |r| < 1, so that limn→∞ r
n+1 = 0, we get the convergent infinite

sum ∑
k=0

ark = a+ ar + ar2 + ar3 + · · · = a

1− r
.

We will use these facts several without comment in what follows.
Let (X, d) be a metric space. Then a map f : X → X is a contraction

if and only there is a constant ρ < 1 so that d(f(x), f(y)) ≤ ρd(x, y).
The number ρ is called the contraction factor. It is easy to see that any
contraction is continuous.

Let Y be any set and g : Y → Y . Then the point y0 ∈ Y is a fixed point
of g if and only if g(y0) = y0.

Problem 2.1. Let (X, d) be a metric space and f : X → X a contrac-
tion with contraction factor ρ. Then show that f has at most one fixed
point. Hint: Assume that a, b ∈ X are fixed points of f . Then d(a, b) =
d(f(a), f(b)) ≤ ρd(a, b). �

Theorem 2.1 (Banach Fixed Point Theorem). Let (X, d) be a complete
metric space and f : X → X be a contraction with contraction factor ρ < 1.
Then show that f has a unique fixed point x∗ in X. This fixed point can
be found by starting with any x0 ∈ X and defining a sequence {xk}∞k=0 by
recursion

x1 = f(x0), x2 = f(x1), x3 = f(x2), . . . xk+1 = f(xk), . . .

Then x∗ = limk→∞ xk. There is also an estimate on the error of using xn
as an approximation to x∗. This is

(1) d(xn, x∗) ≤
d(x0, x1)ρn

1− ρ
.

Remark 2.2. This result was in Banach’s thesis which appeared in published
form in 1922. In his thesis and this paper he also introduced “complete
normed linear space” which have since been renamed as Banach spaces.
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The idea of looking at the sequence x0, x1 = f(x0), x2 = f(x1) . . . is an
abstraction of an idea of Picard. �

Problem 2.2. Prove the theorem by doing the following:

(a) For the sequence defined above show that d(xk, xk+1) ≤ d(x0, x1)ρn.
(b) Let m < n then by repeated use of the triangle inequality show

d(xm, xn) ≤
n−1∑
k=m

d(xk, xk+1).

(c) Use Part (a) and sum a geometric series to show

d(xm, xn) ≤ d(x0, x1)ρm − d(x0, x1)ρn

1− ρ
≤ d(x0, x1)ρm

1− ρ
.

(d) Show the sequence x0, x1, x2, . . . is Cauchy sequence and therefore con-
verges to some point x∗ of X. Use Part (c) to show (1) holds.

(e) Show x∗ is a fixed point of f . Hint: Take the limit as k → ∞ of the
equation xk+1 = f(xk).

(f) Show x∗ is the only fixed point of f . �

2.2. Banach Spaces. Let X be a (not necessarily finite dimensional) vector
space over the real numbers. Then a norm , | · |X, on X is a function from
X to the real numbers such that

(a) (nonnegative) for all x ∈ X the inequality |x|X ≥ 0 holds and with
|x|X = 0 if and only if x = 0.

(b) (triangle inequality) for all x, y ∈ X

|x+ y|X ≤ |x|X + |y|X
(c) (homogeneity) If x ∈ X and λ ∈ R then

|λx|X = |λ||x|X.

As examples let Rn is the usual vector space of length n column vectors of
real numbers. That is, because it is more compatible with matrix operations,
we view elements x ∈ Rn as column vectors

x =


x1

x2

...
xn


(The reason for using superscripts rather subscripts will become clear later.)
To save space will will sometimes write elements of Rn as x = (x1, x2, . . . , xn).
For each p ≥ 1 the function

|(x1, x2, . . . , xn)|`p =
(
|x1|p + |x2|p + · · ·+ |xn|p

) 1
p

is a norm on Rn. In this case the triangle inequality is a special case of the
Minkowski inequality and is not a trivial inequality. If X = C[0, 1] is the
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vector space of all continuous functions f : [0, 1]→ R and we define

|f |L∞ = max
x∈[0,1]

|f(x)|

then | · |L∞ makes C[0, 1] into a normed space.

Problem 2.3. Prove that | · |L∞ does make C[0, 1] into a normed vector
space. Show this is not finite dimensional by showing that the functions pn
defined by pn(t) = tn for n = 0, 1, 2, . . . are linearly independent. �

Anther example is to let X = L1[0, 1], that is the Lebesgue integrable
functions f : [0, 1]→ R and use for the norm

|f |L1 =

∫
[0,1]
|f | dm

where m is Lebesgue measure. (Here I am not being altogether honest,
L1[0, 1] is really the vector space of equivalence class of integrable functions
were we consider to functions equal if they are equal except on a set of
measure zero, that is if they are equal almost everywhere.)

Proposition 2.3. If X is a normed linear space with norm, | · |X, then X
is a metric space with distance function

d(x, y) := |x− y|X.

Problem 2.4. Prove this. �

We can now define a Banach space . It is a normed vector space (X, |·|X)
that is complete as a metric space. That is all Cauchy sequences in X
converge. (Recall that a sequence 〈xn〉∞n=1) is Cauchy if and only if for all
ε > 0 there is a positive integer N such that m,n > N implies |xm−xn|X <
ε.)

In finite dimensions all normed spaces are complete and thus all finite
dimensional normed spaces are Banach spaces. For an example of a normed
space that is not a Banach space consider C[0, 1] with the norm

|f |L1 =

∫
[0,1]
|f | dm.

Since the continuous continuous functions are dense in L1[0, 1], for any dis-
continuous function f in L1[0, 1] we choose a sequences 〈fn〉∞n=1 of continu-
ous functions with limn→∞ |f −fn| dm = 0. Then 〈fn〉∞n=1 will be Cauchy in
C[0, 1] but not convergent in C[0, 1] as the limit function is not in C[0, 1].

Proposition 2.4. Let X be a finite dimensional normed space with e1, . . . , en
a basis of X. For any x ∈ X write x =

∑n
j=1 x

jej with xj ∈ R and use this

basis to define a | · |`1 by

|x|`1 =
n∑
j=1

|xj |.
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Then there are constants C1, C2 > 0 such that

C1|x|`1 ≤ |x|X ≤ C2|x|`1 .
Thus on a finite dimensional space all norms define the same topology.

Problem 2.5. Prove this. Hint: Let M = max1≤j≤n |ej |X. Then show

|x|X ≤M
n∑
j=1

|xj | = M |x|`1 ,

so C2 = M works. The inequality just given yields for x, y ∈ X that

|x− y|X ≤M |x− y|`1 .
Therefore | · |X is continuous with respect to the topology defined by | · |`1 .
The topology defined by | · |`1 is the usual topology on a finite dimensional
vector space and in this topology all the closed bounded sets are compact.
(To be a little more explicit the basis e1, . . . , en gives a linear isomorphism
of X with Rn and we use this isomorphism to move the topology of Rn
to X.) Use this fact to show | · |X achieves it minimum, m, on the set
S := {x : |x|`1 = 1}. Then m > 0 and

m ≤ |x|X whenever |x|`1 = 1.

Now use the homogeneity of the two norms to show

m|x|`1 ≤ |x|X
for all x ∈ X. Set C1 = m to complete the proof. �

2.3. Bounded linear maps between Banach spaces. Let X and Y be
Banach spaces with norms | · |X and | · |Y. Then a linear map A : X→ Y is
bounded if and only if there is a constant C so that

|Ax|Y ≤ C|x|X for all x ∈ X.

The best constant C in this inequality is the operator norm (which we
will usually just call the norm) of A and denoted by ‖A‖. Thus ‖A‖ is
given by

‖A‖ := sup
06=x∈X

|Ax|Y
|x|X

.

Problem 2.6. Show that a linear map L : X → Y is continuous if and
only if it is bounded. Hint: If L is bounded, then for all x0, x1 ∈ X,
|Lx1−Lx0|Y = |L(x1−x0)|Y ≤ ‖L‖|x1−x0|X and this can be used to show
L is continuous. Conversely if L is continuous at 0 then for ε = 1 there is a
δ > 0 such that

|x− 0|X < δ implies |Lx− L0|Y < ε = 1.

Let x 6= 0 then δ
2|x|Xx satisfies∣∣∣∣ δ

2|x|X
x

∣∣∣∣
X

=
δ

2
< δ
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and therefore ∣∣∣∣L( δ

2|x|X
x

)∣∣∣∣
Y

< 1

which can be used to show that L is bounded. �

Denote by B(X,Y) the set of all bounded linear maps A : X→ Y.

Proposition 2.5. Let X and Y be Banach spaces with X finite dimensional.
Then every linear map A : X→ Y is bounded.

Problem 2.7. Prove this. Hint: Let n = dim(X) and e1, . . . , en a basis of
X. If x ∈ X write x =

∑n
j=1 x

jej with xj ∈ R. Let M = max1≤j≤n |Aej |Y.
Then, using the notation of Proposition 2.4, show

|Ax|X ≤M
n∑
j=1

|xj | ≤ M

C1
|x|X,

which shows that A is bounded. �

Problem 2.8. (a) Show that the norm ‖ · ‖ makes B(X,Y) into a normed
linear space. That is show if A,B ∈ B(X,Y) and c1 and c2 are real
numbers then c1A+ c2B ∈ B(X,Y) and

‖c1A+ c2B‖ ≤ |c1|‖A‖+ |c2|‖B‖.
(b) Show that the norm ‖ · ‖ is complete on B(X,Y) and so B(X,Y) is a

Banach space. Hint: This can be done as follows. Let {Ak}∞k=1 be a
Cauchy sequence in X. Then M := supk ‖Ak‖ <∞. Show

(i) For any x ∈ X the sequence {Akx}∞k=1 is a Cauchy sequence and
as Y is a Banach space this implies limk→∞Akx exists.

(ii) Define a map A : X → Y by Ax := limk→∞Akx. Then show A is
linear and |Ax|Y ≤M |x|X for all x ∈ X. Thus A is bounded.

(iii) Let ε > 0 and let Nε be so that k, ` ≥ Nε implies ‖Ak − A`‖ ≤ ε
(Nε exists as {Ak}∞k=1 is Cauchy). Then for any x ∈ X and k ≥ Nε

and all ` ≥ Nε we have

|Ax−Akx|Y ≤ |Ax−A`x|Y + |(A` −Ak)x|Y
≤ |Ax−A`x|Y + ε|x|X
`→∞−→ 0 + ε|x|X = ε|x|X.

This implies ‖A − Ak‖ ≤ ε for k ≥ Nε and thus limk→∞Ak = A.
This shows any Cauchy sequence in B(X,Y) converges.

(c) If Z is a third Banach space A ∈ B(X,Y) and B ∈ B(Y,Z)) then
BA ∈ B(X,Z) and ‖BA‖ ≤ ‖B‖‖A‖. In particular if A ∈ B(X,X) then
by induction ‖Ak‖ ≤ ‖A‖k. �

Remark 2.6. Some inequalities involving norms of bounded linear maps will
be used repeatedly in what follows without comment. The inequalities in
question are

|Ax|Y ≤ ‖A‖|x|X, ‖AB‖ ≤ ‖A‖ ‖B‖, ‖Ak‖ ≤ ‖A‖k.
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Of course the various forms of the triangle inequality will also be used. This
includes the form |u− v| ≥ |u| − |v|. �

The linear map A ∈ B(X,Y) is invertible if and only if there is a B ∈
B(Y,X) so that AB = IY and BA = IX (where IX is the identity map on
X). The map B is called the inverse of A and is denoted by B = A−1.

Proposition 2.7. Let X be a Banach space and A ∈ B(X,X) with ‖IX −
A‖ < 1. Then the A in invertible and the inverse is given by

A−1 =

∞∑
k=0

(IX −A)k = IX + (IX −A) + (IX −A)2 + (IX −A)3 + · · ·

and satisfies the bound

‖A−1‖ ≤ 1

1− ‖IX −A‖
.

Moreover if 0 < ρ < 1 then

‖A− IX‖, ‖B − IX‖ ≤ ρ implies ‖A−1 −B−1‖ ≤ 1

(1− ρ)2
‖A−B‖

Proof. Let B :=
∑∞

k=0(IX − A)k then ‖(IX − A)k‖ ≤ ‖IX − A‖k and as

‖IX −A‖ < 1 the geometric series
∑∞

k=0 ‖IX −A‖k converges. Therefore by
comparison the series defining B converges and

‖B‖ ≤
∞∑
k=0

‖IX −A‖k =
1

1− ‖IX −A‖
.

Now compute

AB =
∞∑
k=0

A(IX −A)k

=
∞∑
k=0

(IX − (IX −A))(IX −A)k

=
∞∑
k=0

(IX −A)k −
∞∑
k=0

(IX −A)k+1

= (IX −A)0

= IX.

A similar calculation shows that BA = IX (or just note A and B commute
as all the terms in the sum defining B are polynomials in A). Thus B = A−1.
(The formula for B = A−1 was motivated by the power series (1 − x)−1 =∑∞

k=0 x
k.)

If ‖A− IX‖, ‖B − IX‖ ≤ ρ then by what we have just done

‖A−1‖, ‖B−1‖ ≤ 1

1− ρ
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Therefore

‖A−1 −B−1‖ = ‖A−1(B −A)B−1‖ ≤ ‖A−1‖ ‖B−1‖ ‖B −A‖

≤ 1

(1− ρ)2
‖A−B‖.

This completes the proof. �

The next proposition is a somewhat more general version of the last result.
The main point is that the set of invertible operators is an open set and the
map A 7→ A−1 is continuous on this set.

Proposition 2.8. Let X and Y be Banach spaces and let A,B ∈ B(X,Y).
Assume that A is invertible. Then if B satisfies

‖A−B‖ < 1

‖A−1‖
then B is also invertible and

‖B−1‖ ≤ ‖A−1‖
1− ‖A−1‖ ‖A−B‖

, ‖B−1 −A−1‖ ≤ ‖A−1‖2‖B −A‖
1− ‖A−1‖ ‖A−B‖

.

Therefore the set of invertible maps from X to Y is open in B(X,Y) and
the map A 7→ A−1 is continuous on this set.

Proof. This is more or less a corollary to the last result. Write B = A −
(A−B) = A(IX −A−1(A−B)). But ‖A−1(A−B)‖ ≤ ‖A−1‖ ‖A−B‖ < 1
by assumption. Thus the last proposition gives that IX − A−1(A − B) is
invertible and that

‖(IX −A−1(A−B))−1‖ ≤ 1

1− ‖A−1(A−B)‖
≤ 1

1− ‖A−1‖ ‖(A−B)‖
.

Whence B = A(IX − A−1(A − B)) is the product of invertible maps and
whence invertible with B−1 = (IX −A−1(A−B))−1A−1. Thus

‖B−1‖ ≤ ‖(IX −A−1(A−B))−1‖ ‖A−1‖ ≤ ‖A−1‖
1− ‖A−1‖ ‖(A−B)‖

which gives the required bound on ‖B−1‖.
Now A−1 −B−1 = A−1(B −A)B−1. Therefore

‖A−1 −B−1‖ ≤ ‖A−1‖ ‖A−B‖ ‖B−1‖ ≤ ‖A−1‖2‖B −A‖
1− ‖A−1‖ ‖A−B‖

.

This completes the proof. �

Remark 2.9. When X is finite dimensional a linear operator A : X → X is
invertible if and only if det(A) 6= 0. As det is a continuous function the
set {A : det(A) 6= 0} is open. Thus in this case that the set of invertible
operators is open has an easier proof.
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2.4. The derivative of maps between Banach spaces. Let X and Y
be Banach spaces, U ⊆ X be an open set and f : U → Y a function. Then f
is differentiable at a ∈ U if and only if there is a linear map A ∈ B(X,Y)
so that

f(x)− f(a) = A(x− a) + o(|x− a|X).

More explicitly this means these is a function x 7→ ε(x; a) from a neighbor-
hood of a in U so that

f(x)− f(a) = A(x− a) + |x− a|Xε(x; a) where lim
x→a
|ε(x, a)|Y = 0.

When f is differentiable at a the linear map A is unique and called the
derivative of f at a. It will be denoted by A = f ′(a). Thus for us the
derivative is a bounded linear map f ′(a) ∈ B(X,Y) rather than a number.

Problem 2.9. Verify the claim above that the A in the definition of the
derivative is unique. Hint: If A and B are bounded linear maps such that

f(x)− f(a) = A(x− a) + |x− a|Xε1(x, a)

f(x)− f(a) = B(x− a) + |x− a|Xε2(x, a)

where limx→a ε1(x, a) = limx→a ε2(x, a) = 0, then

(B −A)(x− a) = |x− a|X(ε2(x, a)− ε1(x, a)).

Let v be any vector in X and let x = a + tv where t > 0. Use the last
equation to show

t(B −A)v = t|v|X(ε2(a+ tv, a)− ε1(a+ tv, a))

divide by t and take the limit at t↘ 0 to show (B −A)v = 0. �

Problem 2.10. Show that f is differential at a with f ′(a) = A if and only
if

lim
x→a

|f(x)− f(a)−A(x− a)|Y
|x− a|X

= 0.
�

Problem 2.11. If f is differentiable at a then f is continuous at a. �

To get a feel for what this linear map measures let v ∈ X, assume that
f : U → Y is differentiable at a and let c(t) := f(a+ tv). Then for t 6= 0

1

t
(c(t)− c(0)) =

1

t
(f(a+ tv)− f(a)) =

1

t
(f ′(a)tv + |tv|Xε(a+ tv; a))

= f ′(a)v + |v|Xε(a+ tv; a).

But limt→0 ε(a + tv; a) = 0 so this implies that c has a tangent vector at
t = 0 and that it is given by c′(0) = f ′(a)v. That is f ′(a)v is the “directional
derivative” at a of f in the direction v.

Problem 2.12. Let X and Y be Banach spaces and U ⊂ X open. Let
c : (a, b) → U be a continuously differentiable map and let f : U → Y be a
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map that is differentiable at c(t0). Then γ(t) := f(c(t)) is differentiable at
t0 and

d

dt
f(c(t))

∣∣∣∣
t=t0

= γ′(t0) = f ′(c(t0))c′(t0).
�

To make this more concrete let us look at some finite dimensional cases.

Problem 2.13. Let f : Rn → R be a scalar valued function on Rn. Let

e1 =


1
0
...
0

 , e2 =


0
1
...
0

 , . . . , en =


0
0
...
1

 ,
be the standard basis of Rn and write x ∈ Rn as

x =

n∑
j=1

xjej =


x1

x2

...
xn

 .
Assume that f is differentiable at the point a. Then the derivative f ′(a) is
a linear map form Rn to R. (Linear maps from a vector space to the field of
scalars are called linear functionals.) Show that the matrix of this linear
functional is the row vector[

df

dx1
,
df

dx2
, . . . ,

df

dxn

]
where all the components are evaluated at a. Hint: Here is one way to
see what is going in when n = 2. Let f : R2 → R and assume that f is
differentiable at (a, b). Every linear functional λ : R2 → R is of the form
λ(x, y) = c1x+c2y for some c1, c2 ∈ R and therefore we have f ′(a, b)(x, y) =
c1x+ c2y. As f is differentiable at (a, b)

f(x, y) = f(a, b) + f ′(a, b)(x− a, y − b) + ε(x, y, a, b)|(x− a, y − b)|`2
= f(a, b) + c1(x− a) + c2(y − b) + ε(x, y, a, b)|(x− a, y − b)|`2

where

lim
(x,y)→((a,b)

ε(x, y, a, b) = 0.

Let y = b and rearrange:

f(x, b)− f(a, b)

(x− a)
= c1 +

ε(x, y, a, b)|(x− a, 0)|`2
x− a

= c1 ± ε(x, y, a, b)
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as |(x− a, 0)|`2/(x− a) = ±1. Taking a limit

∂f

∂x
(a, b) = lim

x→a

f(x, b)− f(a, b)

(x− a)

= lim
x→a

(
c1 +

ε(x, y, a, b)|(x− a, 0)|`2
x− a

)
= c1

A similar calculation shows c2 = ∂f
∂y (a, b). Therefore

f ′(a, b)

[
x
y

]
=
∂f

∂x
(a, b)x+

∂f

∂y
(a, b)y =

[
∂f

∂x
(a, b),

∂f

∂y
(a, b)

] [
x
y

]
and thus f ′(a, b) is the row vector

[
∂f
∂x ,

∂f
∂y

]
where the components are eval-

uated at (a, b). �

Problem 2.14. Let X = Rn and Y = Rm and let f : Rn → Rm be a function
given in components as

f(x) =


f1(x)
f2(x)

...
fm(x)

 .
Let

∂f

∂xi
be the partial derivative of f with respect to xi. That is

∂f

∂xi
(x) =



∂f1

∂xi
(x)

∂f2

∂xi
(x)

...
∂fm

∂xi
(x)


Assume that f is differentiable at x = a. Then show that the matrix A
of f ′(a) in the standard basis of Rn and Rm is the matrix with columns
∂f

∂x1
,
∂f

∂x2
, . . . ,

∂f

∂xn
. That is

A =

[
∂f

∂x1
,
∂f

∂x2
, . . . ,

∂f

∂xm

]
=



∂f1

∂x1

∂f1

∂x2
· · · ∂f1

∂xn

∂f2

∂x1

∂f2

∂x2
· · · ∂f2

∂xn
...

...
. . .

...
∂fm

∂x1

∂fm

∂x2
· · · ∂fm

∂xn





Derivatives of maps between Banach spaces 15

where these are all evaluated at x = a. Hint: As in the last problem let us
look at the case where n = 2 and assume that f is differentiable at (a, b).
Then we have

f(x, y) =


f1(x, y)
f2(x, y)

...
fm(x, y)


Rather than use the method of the last problem we use Problem 2.12.

f ′(a, b)e1 =
d

dt

∣∣∣∣
t=0

f ((a, b) + te1)

=
d

dt

∣∣∣∣
t=0

f (a+ t, b)

=
d

dt

∣∣∣∣
t=0


f1(a+ t, b)
f2(a+ t, b)

...
fm(a+ t, b)



=



∂f1

∂x
(a, b)

∂f2

∂x
(a, b)

...
∂fm

∂x
(a, b)


.

Likewise

f ′(a, b)e2 =



∂f1

∂y
(a, b)

∂f2

∂y
(a, b)

...
∂fm

∂y
(a, b)


The rest is just remembering that the matrix of a linear map between Eu-
clidean spaces has as its columns the images of the standard basis. �

The following gives trivial examples of differentiable maps.

Proposition 2.10. Let A : X→ Y be a bounded linear map between Banach
spaces and y0 ∈ Y. Set f(x) = Ax+ y0 then f is differentiable at all points
a ∈ X and f ′(a) = A for all a.

Proof. f(x) − f(a) = A(x − a) so the definition of differentiable is verified
with ε(x, a) ≡ 0. �
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The following gives a less trivial example.

Proposition 2.11. Let X and Y be Banach spaces and let U ⊂ B(X,Y) be
the set of invertible elements (this is an open set by Proposition 2.8). Define
a map f : U → B(Y,X) by

f(X) = X−1.

Then f is differentiable and for A ∈ U the derivative f ′(A) : B(X,Y) →
B(Y,X) is the linear map whose value on V ∈ B(X,Y) is

f ′(A)V = −A−1V A−1.

Proof. Let L : B(X,Y) → B(Y,X) be the linear map LV := −A−1V A−1

Then for X ∈ U

f(X)− f(A)− L(X −A) = X−1 −A−1 +A−1(X −A)A−1

= X−1(A−X)A−1 +A−1(X −A)A−1

= (−X−1 +A−1)(X −A)A−1

= X−1(X −A)A−1(X −A)A−1,

so that

‖f(X)− f(A)− L((X −A)‖ ≤ ‖X−1‖ ‖A−1‖2‖X −A‖2.

The map X 7→ X−1 is continuous (Proposition 2.8) so limX→AX
−1 = A−1.

Thus

lim
X→A

‖f(X)− f(A)− L((X −A)‖
‖X −A‖

≤ lim
X→A

‖X−1‖ ‖A−1‖2‖X −A‖ = 0.

The result now follows from Problem 2.10. �

Next we consider the chain rule.

Proposition 2.12. Let X, Y and Z be Banach spaces U ⊆ X, V ⊆ Y open
sets f : U → Y and g : V → Z. Let a ∈ U so that f(a) ∈ V and assume
that f is differentiable at a and g is differentiable at f(a). Then g ◦ f is
differentiable at a and

(g ◦ f)′(a) = g′(f(a))f ′(a)

Proof. From the definitions f(x)−f(a) = f ′(a)(x−a)+ |x−a|Xε1(x; a) and
g(y)− g(f(a)) = g′(f(a)) + |y− f(a)|Yε2(x; f(a)) where limx→a ε1(x; a) = 0
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and limy→f(a) ε2(y; f(a)) = 0. Then

g(f(x))− g(f(a)) = g′(f(a))(f(x)− f(a)) + |f(x)− f(a)|Yε2(f(x), f(a))

= g′(f(a))f ′(a)(x− a) + g′(f(a))|x− a|Xε1(x, a)

+ |f ′(a)(x− a) + |x− a|Xε1(x, a)|Xε2(f(x), f(a))

= g′(f(a))f ′(a)(x− a) + |x− a|X
(
g′(f(a))ε1(x, a)

+

∣∣∣∣f ′(a)
x− a
|x− a|X

+ ε1(x, a)

∣∣∣∣
X

ε2(f(x); f(a))

)
= g′(f(a))f ′(a)(x− a) + |x− a|Xε3(x; a),

where this defines ε3(x, a). Then

|ε3(x, a)|X ≤ ‖g′(f(a))‖|ε1(x, a)|Y + (‖f ′(a)‖+ |ε1(x; a)|Y)|ε2(f(x), f(a))|Z.
This (and the continuity of f at a) implies limx→a ε3(x, a) = 0 which com-
pletes the proof. �

Let X and Y be Banach spaces, U ⊂ X open and f : U → Y. Then f
is continuously differentiable on U if and only if f is differentiable at
each point x ∈ U and the map x 7→ f ′(x) is a continuous map from U to
B(X,Y). Or what is the same thing, f ′(x) exists for all x ∈ U and for a ∈ U
we have limx→a ‖f ′(x)− f ′(a)‖ = 0.

If c : [a, b] → U is a continuously differentiable curve and f : U → Y is
a continuously differentiable map, then γ(t) := f(c(t)) is a continuously
differential curve γ : [a, b]→ Y and by the chain rule (or Problem (2.12))

γ′(t) = f ′(c(t))c′(t).

Using the fundamental theorem of calculus this gives

γ(b) = γ(a) =

∫ b

a
γ′(t) dt =

∫ b

a
f ′(c(t))c′(t) dt

But
|γ′(t)|Y = |f ′(c(t))c′(t)|Y ≤ ‖f ′(c(t))‖|c′(t)|X.

These can be combined to give

(2) |γ(b)− γ(a)|Y =

∣∣∣∣∫ b

a
f ′(c(t))c′(t) dt

∣∣∣∣
Y

≤
∫ b

a
‖f ′(c(t))‖|c′(t)|X dt.

Recall that a U is convex if and only if when x0, x1 ∈ U and 0 ≤ t ≤ 1,
then (1− t)x0 + tx1 ∈ U .

Proposition 2.13 (Mean Value inequality). Let X and Y be Banach spaces
and let U ⊂ X be open and convex. Assume that f : U → Y is continuously
differentiable and that ‖f ′(x)‖ ≤ C for all x ∈ U . Then

|f(x1)− f(x0)|Y ≤ C|x1 − x0|X
for all x1, x0 ∈ U
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Proof. Let c : [0, 1]→ U be given by c(t) = (1− t)x0 + tx1 = x0 + t((x1−x0)
(this curves lies in U as x0, x1 ∈ U and U is convex). Then c′(t) = (x1−x0).
Let γ(t) := f(c(t)). Then γ′(t) = f ′(c(t))c′(t) = f ′(c(t))(x1 − x0). Putting
this into (2) implies

|f(x1)− f(x0)|Y = |γ(1)− γ(0)|Y ≤
∫ 1

0
‖f ′(c(t))‖|x1 − x0|X dt

≤
∫ 1

0
C|x1 − x0|X dt = C|x1 − x0|X.

This completes the proof. �

Here is a standard Proposition from advanced calculus which gives a easily
checked criterion for a function to be continuously differentiable.

Proposition 2.14. Let W ⊆ Rm → Rn and let f : W → Rn be a function
such that all the partial derivatives ∂f

∂xj
are continuous. Then f is continu-

ously differentiable.

Problem 2.15. Prove this. Hint: Here is the outline of proof when m = 3,
which you can use for a basis of the general proof. Let a = (a1, a2, a3) ∈W
and let r > 0 be small enough that the ball with radius r centered at (a, b, c)
is contained in W . Then for x = (x1, x2, x3) in this ball we have

f(x)− f(a) = f(x1, x2, x3)− f(a1, x2, x3)

+ f(a1, x2, x3)− f(a1, a2, x3)

+ f(a1, a2, x3)− f(a1, a2, a3).

Because ∂f
∂x we can use the Fundamentalist Theorem of Calculus along seg-

ments parallel to the x1-axis.

f(x1, x2, x3)− f(a1, x2, x3) =

∫ 1

0

d

dt
f((1− t)x1 + tx3, x2, x3) dt

=

∫ 1

0

∂f

∂x1
((1− t)x1 + ta1, x2, x3)(x1 − a1) dt

=

∫ 1

0

∂f

∂x1
((1− t)x1 + ta1, x2, x3) dt (x1 − a1)

=
∂f

∂x1
(a)(x1 − a1)

+

∫ 1

0

(
∂f

∂x1
((1− t)x1 + ta1, x2, x3)− ∂f

∂x1
(a)

)
dt (x1 − a1)

=
∂f

∂x1
(a1, a2, a3)(x1 − a1) + ε1(a, x)(x1 − a1).

where

ε1(x, a) =

∫ 1

0

(
∂f

∂x1
((1− t)x1 + ta1, x2, x3)− ∂f

∂x1
(a)

)
dt.
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Because the function ∂f
∂x1

f we have

lim
x→a

ε1(x, a) = lim
x→a

∫ 1

0

(
∂f

∂x1
((1− t)x1 + ta1, x2, x3)− ∂f

∂x1
(a)

)
dt

=

∫ 1

0
lim
x→a

(
∂f

∂x1
((1− t)x1 + ta1, x2, x3)− ∂f

∂x1
(a)

)
dt

=

∫ 1

0

(
∂f

∂a1
((1− t)a1 + ta1, a2, a3)− ∂f

∂x1
(a)

)
dt

=

∫ 1

0

(
∂f

∂a1
((1− t)a1 + ta1, a2, a3)− ∂f

∂x1
(a)

)
dt

=

∫ 1

0

(
∂f

∂x1
(a)− ∂f

∂x1
(a)

)
dt

= 0.

where one way to just justify taking the limit inside the integral is Lebesgue’s
bounded convergent theorem.

Now do similar calculations to show

f(a1, x2, x3)− f(a1, a2, x3) =
∂f

∂x2
(a)(x2 − a2) + ε2(x, a)(x2 − a2)

f(a1, a2, x3)− f(a1, a2, a3) =
∂f

∂x3
(a)(x2 − a3) + ε3(x, a)(x3 − a3)

where

ε2(x, a) =

∫ 1

0

(
∂f

∂x2
(a1, (1− t)x2 + ta2, x3)− ∂f

∂x2
(a)

)
dt

ε3(x, a) =

∫ 1

0

(
∂f

∂z
(a1, a2, (1− t)x3 + ta3)− ∂f

∂x3
(a)

)
dt

and

lim
x→a

ε2(x, a) = lim
x→a

ε3(x, a) = 0.

Let A : R3 → Rn be the linear map

A(x1, x2, x3) = A

x1

x2

x3

 = x1 ∂f

∂x1
(a) + x2 ∂f

∂x2
(a) + x3 ∂f

∂x3
(a).

Then we can combine the calculations above to give

f(x)− f(a)−A(x− a)

= ε1(x, a)(x1 − a1) + ε2(x, a)(x2 − a2) + ε3(x, a)(x3 − a3)

= ε(x, a)|x− a|`2
where

ε(x, a) = ε1(x, a)
(x1 − a1)

|x− a|`2
+ ε2(x, a)

(x2 − a2)

|x− a|`2
+ ε3(x, a)

(x3 − a3)

|x− a|`2
.
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But ∣∣∣∣(xj − aj)|x− a|`2

∣∣∣∣ ≤ 1

for j = 1, 2, 3 and thus

|ε(x, a)| ≤ |ε1(x, a)|+ |ε2(x, a)|+ |ε3(x, a)|.
It follows that

lim
x→a

ε(x, a) = 0

which completes the proof that f is differentiable at a. �

2.5. Preliminary version of the inverse function theorem. In a Ba-
nach space X we let

B(a, r) := {x : |x− a|X < r}, B(x, r) := {x : |x− a|X ≤ r}
be the open and closed balls of radius r centered at a. In the following
theorem and its proof we will always be referring to the same Banach space
X, and therefore we simplify notation by shorting |x|X to |x|.

Theorem 2.15. Let X be a Banach space and W an open subset of X that
contains 0. Let f : W → X be a continuously differentiable function with

f(0) = 0, and f ′(0) = I

where I is the identity map. Then 0 has an open neighborhood U ⊆W such
that the image V := f [U ] is open and there is a continuously differentiable
map g : V → U inverse to f

∣∣
U

and the derivative of g is given by

g′(y) = f ′(g(y))−1.

Problem 2.16. Prove this along the following lines. As motivation note
that on some level finding the inverse of f is equivalent to solving f(x) = y
for x. We will reduce this to finding x as the fixed point of a contraction.
For y ∈ X set

ϕy(x) := x− f(x) + y.

(a) Show
f(x) = y if and only if ϕy(x) = x.

Also show that
ϕy = ϕ0 + y

and therefore all the ϕy’s have the same derivative:

ϕ′y(x) = I − f ′(x)

where I is the identity map on X.
(b) We would like ϕy to be a contraction. This will not necessarily be true

on the entire domain of f . So we need to restrict to a smaller set. The
map x 7→ f ′(x) is continuous by assumption. Use this to show that
x 7→ ‖I − f ′(x)‖ is continuous and therefore there is a r > 0 such that

x ∈B(0, r) implies ‖I − f ′(x)‖ ≤ 1

2
.
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(For the continuity of x 7→ ‖I − f ′(x)‖ note this is the composition of
x 7→ I − f ′(x) on W and the map A 7→ ‖A‖ on B(X,X) and these maps
are continuous.) By part (a) this is equivalent to

x ∈B(0, r) implies ‖ϕ′y(x)‖ ≤ 1

2
.

for any y ∈ X. For future use also note that ‖I − f ′(x)‖ ≤ 1/2 implies

(by Proposition 2.7) that for x ∈ B(0, r) the linear map f ′(x) has an
inverse, f ′(x)−1 and

‖f ′(x)−1‖ ≤ 2.

(c) Now use the Mean Value Inequality (Proposition 2.13) to show that for

all x0, x1 ∈B(0, r) and for any y ∈ X

|ϕy(x1)− ϕy(x0)| ≤ 1

2
|x1 − x0|.

(d) The last part of the problem does not quite show that ϕy is a contraction

onB(0, r) as ϕy need not mapB(0, r) into itself. (For example if |y| > r

the ϕy(0) /∈B(0, r).) This is not hard to fix. Note

|ϕy(x)| = |ϕ0(x) + y| ≤ |ϕ0(x)|+ |y|.

Now show if x ∈B(0, r), then

|ϕ0(x)| = |ϕ0(x)− ϕ0(0)| ≤ 1

2
|x| ≤ r

2
.

Thus

x ∈B(0, r), y ∈B(0, r/2) implies ϕy(x) ∈B(0, r).

(e) As B(0, r) is a closed subset of a complete metric space, it is itself a
complete metric space. Use what has been done so far to show that
for all y ∈ B(0, r/2) that ϕy :B(0, r) → B(0, r) is a contraction and
therefore by the Banach Fixed Point Theorem (Theorem 2.1) ϕy has

a unique fixed point in B(0, r) and therefore for all y ∈ B(0, r/2) the

equation f(x) = y has a unique solution with x ∈B(0, r).
(f) We now deal with an annoying minor point. We are looking an inverse

of f on a open neighborhood of 0, but so far we are working with the
closed sets B(0, r) and B(0, r/2). So show that if y ∈ B(0, r/2) that
f(x) = y has a unique solution with x ∈ B(0, r). Hint: If y ∈ B(0, r),
then |y| < r/2. If f(x) = y with f(x), then x = ϕy(x) and therefore

|x| = |ϕy(x)| = |ϕ0(x) + y| ≤ |ϕ0(x)|+ |y|

now proceed as in Part (d).
(g) We have shown the image of B(0, r) under f contains B(0, r/2). To

get an inverse we also need that f is injective. To do this use that
f(x) = x−ϕ0(x) and therefore use the triangle inequality and the reverse
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triangle inequality (i.e. |a+ b| ≥ |a|− |b|) to show for all x0, x1 ∈ B(0, r)
that

|x1−x0|− |ϕ0(x1)−ϕ0(x0| ≤ |f(x1)− f(x0)| ≤ |x1−x0|+ |ϕ0(x1)−ϕ0(x0)|

and therefore

1

2
|x1 − x0| ≤ |f(x1)− f(x0)| ≤ 3

2
|x1 − x0|.

This shows that f is injective on B(0, r). (The upper bound on |f(x1)−
f(x0)| will be used in showing the inverse of f is continuous.)

(h) Let U =
(
f
∣∣
B(0,r)

)−1
[B(0, r/2)] be the preimage of B(0, r/2) by the

restriction of f to B(0, r). Show that U is open and that f
∣∣
U

: U →
B(0, r/2) is a bijection. We set V = B(0, r/2) Therefore there is an
inverse g : V → U to f

∣∣
U

.
(i) Now show that g is continuous by showing for y0, y1 ∈ B(0, r/2) = V

that
2

3
|y1 − y0| ≤ |g(y1)− g(y0)| ≤ 2|y1 − y0|.

Hint: Let x0 = g(y0) and x1 = g(y1) and use these values in the in-
equalities of Part (g).

(j) Show that g is differentiable and its derivative is g′(y) = f ′(g(y))−1.
Hint: Let y, y0 ∈ V = B(0, r/2) and let x = g(y) and x0 = g(y0). As f
is differentiable

f(x)− f(x0) = f ′(x− x0)(x− x0) + ε(x, x0)|x− x0|

with

lim
x→x0

ε(x, x0) = 0.

Using f(x) = y, f(x0) = y0 show

g(y)− g(y0) = f ′(g(y0))−1(y − y0)− f−1(g(y0))ε(g(y), g(y0))|g(y)− g(y0)|
= f ′(g(y0))−1(y − y0) + ρ(y, y0)

Where this defines ρ(y, y0). Rewrite ρ(y, y0) as

ρ(y, y0) = −f−1(g(y0))ε(g(y), g(y0))
|g(y)− g(y0)|
|y − y0|

|y − y0|

= ε1(y, y0)|y − y0|

where

ε1(y, y0) = −f−1(g(y0))ε(g(y), g(y0))
|g(y)− g(y0)|
|y − y0|

.

To show g is differentiable at y0 it is enough to show

lim
y→y0

ε1(y, y0) = 0.



Preliminary version of Inverse Function Theorem 23

By Parts (b) and (i) we have

‖f ′(g(y0))−1‖ ≤ 2,
|g(y)− g(y0)|
|y − y0|

≤ 2.

Use these to show

|ε1(y, y0)| ≤ 4|ε(g(y), g(y0))|

and use the continuity of g to show

lim
y→y0

ε(g(y), g(y0)) = 0.

Put these pieces together to conclude limy→y0 ε1(y, y0) = 0.
(k) Now that g is differentiable, all that remains is to show it is continuously

differentiable. Prove this. Hint: From the last part of the problem we
have that

g′(y) = f ′(g(y))−1.

This is the composition of three maps. The first is y → g(y) form
V = B(0, r/2) to U , the second is x 7→ f ′(x) from U to B(X,X), and
the third is the inverse map A 7→ A−1 on the set of invertible elements
of B(X,X). All of these maps are continuous (for the continuity of
A 7→ A−1 see Proposition 2.8). �

2.6. Inverse Function Theorem.

Theorem 2.16. Let W be an open subset of the Banach space X, and
f : W → Y a continuously differentiable map from W to the Banach space
Y. If a ∈ W and f ′(a) : X → Y is an invertible linear map, then a has
an open neighborhood U and f(a) has an open neighborhood V and there
is a continuously differentiable map g : V → U that is the inverse of the
restriction f

∣∣
U

. To be very explicit

f(g(y)) = y and g(f(x)) = x

for all x ∈ U and y ∈ V .

Problem 2.17. Prove this. Hint: This can be reduced to Theorem 2.15.
Let W0 = W − a := {w − a : w ∈ W}. This is a neighborhood of 0 in X.
Define f0 : W0 → X by

f0(x) = f ′(a)−1 (f(x+ a)− f(a)) .

(a) Show that f0(0) = 0, f ′0(0) = I, and

f(x) = f ′(a)f0(x− a) + f(a).

(b) Now use Theorem 2.15 to show that 0 has open neighborhoods U0 and
V0 = f [U0] and a continuously differentiable map g0 : V0 → U0 such that
g0 is the inverse of the restriction f

∣∣
U0

.
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(c) Let U = U0 + a and W = W0 + f(a) and

g(y) = a+ g0

(
f ′(a)−1(y − f(a))

)
.

Show
f(g(y)) = y and g(f(x)) = x

for all x ∈ U and y ∈ V . Thus g is the required inverse to the restriction
of f to U . As g0 is continuous differentiable we see that g is the composi-
tion of continuous differentiable functions and therefore g is continuous
differentiable.

(d) To get the formula for g′(y) note that

f ◦ g(y) = f(g(y)) = y = Iy

By the chain rule

(f ◦ g)′(y) = f ′(g(y))g′(y)

and the derivative of I is I. Thus f ′(g(y))g′(y) = I. Now solve this for
g′(y) to finish the proof. �

A map f between metric spaces is an open map if and only if f maps
open sets to open sets. That is if V is an open subset of the domain of f ,
then the image f [V ] is open.

Proposition 2.17. Let X and Y be Banach spaces and U an open subset
of X. If f : U → Y is a continuous differentiable map such that f ′(x) is
invertible for all x ∈ U , then f is an open map.

Problem 2.18. Prove this. �

A map f : M → N between metric spaces is a proper map if and only
if for all compact subsets K ⊆M the preimage f−1[K] is compact.

Problem 2.19. This problem is to give a feel for what it means for a map
to be proper. Show that a map f : Rn → R is if and only if

lim
|x|`2→∞

|f(x)| =∞.

More generally if f : Rm → Rn then f is proper if and only if

lim
|x|`2→∞

|f(x)|`2 =∞.

Thus a map between Euclidean spaces is proper exactly when it maps large
points to large points. �

Proposition 2.18. If f : Rm → Rn is a proper map, then the image f [Rm]
is closed in Rn.

Problem 2.20. Prove this. Hint: Let y0 be a point in the closure of f [Rm].
We need to show that y0 is in f [Rm]. As y0 is in the closure of f [Rm]
there is a sequence y1, y2, . . . ∈ f [Rm] with limk→∞ yk = y0. Then K :=
{y0} ∪ {yk : k = 1, 2, . . .} is a compact subset of Rn. Let xk ∈ Rm with
yk = f(xk) then {xk : k = 1, 2, . . .} ⊆ f−1[K]. Now use that f is proper to
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show that x1, x2, . . . is a bounded sequence and therefore has a convergent
subsequence. �

Recall that a metric space, M , is connected if and only if the only subsets
C of M that are both open and closed are ∅ and M .

We can now give our first global result.

Proposition 2.19. Let f : Rn → Rn be a continuously differentiable proper
map and assume that f ′(x) is invertible for all x ∈ Rn. Then f is surjective
and therefore for all y ∈ Rn the equation f(x) = y has a solution.

Problem 2.21. Prove this. �

Remark 2.20. In the last proposition more can be said. In fact f will be
bijective. Showing that f is injective uses that Rn is simply connected and
some results about covering spaces from algebraic topology. �

2.7. Implicit functions in two and three dimensions. After this more
or less abstract abstract version of the inverse function theorem, let us look
at two and three dimensional applications.

2.7.1. Implict in two dimensions. The set set of this this. Given an equation
such as

y3 + xy + x5 = 0

we would like to be able to understand when we can solve for y in terms of
x and get a smooth function. We will only be able to do this locally near
a point that satisfies the equation. More explicitly given an equation of the
form

g(x, y) = c

and a point (x0, y0) with g(x0, y0) = c, we want to find a function y = f(x)
defined on a neighborhood of x0 with f(x0) = y0 and g(x, f(x)) ≡ c. As a
motivation for one of the hypothesis of the next theorem assume that g(x, y)
is linear, that is we wish to solve

g(x, y) = ax+ by = c

for y. We can only do this if b 6= 0. In the general case we have the
approximation to g(x, y) given by the derivative

g(x, y) ≈ g(x0, y0) +
∂g

∂x
(x0, y0)(x− x0) +

∂g

∂y
(x0, y0)(y − y0) = c

and we can only solve this approximating equation for y when ∂g
∂x(x0, y0) 6= 0.

Theorem 2.21. Let W be an open set in R2 and g : W → R a C1 function.
Let (x0, y0) ∈W and assume

∂g

∂y
(x0, y0) 6= 0.
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Then there are open neighborhoods U of x0 and V of y0 and a C1 function
f : U → V with

f(x0) = y0 and g(x, f(x)) = g(x0, y0)

for all x ∈ U .

Problem 2.22. Prove this along the following lines. We will view elements
of R2 as column vectors.

(a) Define a function F : W → R2 by

F

([
x
y

])
=

[
x

g(x, y)

]
and show that the derivative of F is the matrix

F ′
([
x
y

])
=

[
1 0

gx(x, y) gy(x, y)

]
where we have used the abbreviations

gx =
∂g

∂x
and gy =

∂g

∂y
.

(b) Show that the matrix F ′(x0, y0) has an inverse.

(c) Use the Inverse Function Theorem to find a neighborhood, N , of

[
x0

y0

]
and a neighborhood, M , of F

([
x0

y0

])
=

[
x0

g(x0, y0)

]
and a C1 map

G : M → N that is the inverse of the restriction F
∣∣
M

.
(d) Let G be given by

G

([
x
z

])
=

[
ξ(x, z)
η(x, z)

]
.

Use that

F ◦G
([
x
z

])
=

[
x
z

]
to show

ξ(x, z) = x and g(x, η(x, z)) = z.

(e) Thus if f(x) = η(x, g(x0, y0)) we have g(x, f(x)) = g(x0, y0) for all x in
the domain of f . Now fiddle around with the details to finish the proof.
That is find the neighborhoods U and V etc. �

The following is the justification of the method of implicit differentiation
we all learned in our calculus classes.

Corollary 2.22. Let f(x) be as in the last theorem. Then

f ′(x) = −

∂g

∂x
(x, f(x))

∂g

∂y
(x, f(x))

= − gx(x, f(x))

gy(x, f(x))
.
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Problem 2.23. Prove this. �

We define a subset C of R2 to be a C1 curve if and only if for each point
(x0, y0) ∈ C is locally either the graph of C1 function over the x axis or a
C1 function over the y axis. That is there are open neighborhoods U of x0

and V of y0 and either a C1 function f : U → V with

C ∩ (U × V ) = {(x, f(x)) : x ∈ U}
or a C1 function h : V → U with

C ∩ (U × V ) = {(h(y) : y ∈ V }.

(x1, y1)

(x2, y2)

(x3, y3)

Figure 1. A C1 curve. At (x1, y1) the curve is locally a
graph over the x-axis. At (x2, y2) it is locally a graph over
the y-axis. At (x3, y3) it is locally a graph over both the x
and y-axis.

What Theorem 2.21 shows is that if C is

C = {(x, y) : g(x, y) = c}
where g is a C1 function defined on an open subset of R2 that near any
point (x0, y0) of C where gy(x0, y0) 6= 0 that C is locally a C1 graph over
the x-axis. By interchanging the rolls of x and y we see that near any point
where gx 6= 0 that C is locally a graph over the y-axis. This yields the
following.

Theorem 2.23. Let g : W → R be a C1 function on an open subset W of
R2. If for all (x, y) ∈ C we have

∇g(x, y) 6=
[
0
0

]
then C1 is a C1 curve in R2. �

As an example we look at the unit circle C := {(x, y) : x2 +y2 = 1}. Here
g(x, y) = x2 + y2 and the gradient is

∇g(x, y) =

[
2x
2y

]
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and the only point where this vanishes is the origin. As the origin is not on
C we have that C is a C1 curve, something you already knew. And it can
be seen by noting that at each point it is either a graph over the x-axis of
one of the functions x 7→ ±

√
1− x2 or a graph over the y-axis of one of the

functions y 7→ ±
√

1− y2.
Let us look at an example where we can not solve for x or y explicitly.

Problem 2.24. Show that the set defined by x3 + y3 − x − y = c is a C1

curve for all

c 6= 0, ±ccrit

where

ccrit =
4

3
√

3
.

Here are graphs of {x3 + y3 − x− y = c} for a few values of c.

c = 1 c = 1/5 c = 0

For c = 0 it is clear from the picture that it is not a C1 curve. (Or note
in this case the equation becomes (x + y)(x2 − xy + y2 − 1) = 0 which
shows the graph is the union of a line and an ellipse.) What happens when
c = ±4/(3

√
3)? Here are some pictures that may help with this question.

In the following ccrit is as above and ε = .05.

The surface {z = x3 + y3 − x− y}. The surface and {z = 0}.
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The surface and {z = 1/5}. The surface and {z = 1}.

The surface and {z = ccrit − ε}. The surface and {z = ccrit + ε}.
What is the relation between the plane {z = ccrit} and the surface {z =
x3 + y3 − x− y}? �

Problem 2.25 (Lagrange Multipliers in the plane). Here is anther applica-
tion to making a subject of vector calculus rigorous, in this case Lagrange
multipliers. LetW be an open subset of R2 and let C := {(x, y) : g(x, y) = c}
and assume that ∇g(x, y) 6= 0 for all (x, y) ∈ C. Then C is a C1 curve in
R2. Let f : W → R be a C1 function and that the restriction f

∣∣
C

has a local
extrema (that is a local maximum or minimum) at (x0, y0). Show there
there is a scalar λ such that

∇f(x0, y0) = λ∇g(x0, y0).

Hint: As ∇g 6= 0 on C by we conclude by Theorem 2.23 that C is a C1

curve in R2. Thus near (x0, y0) C is either a C1 graph over the x-axis or
a C1 graph over the y-axis. Assume that it is a graph over the x-axis, the
proof in the case of being a graph over the y-axis being almost identical.
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By Theorem 2.21 there is a neighborhood U of x0 and a neighborhood V
of y0 and a C1 function ϕ : U → V such that near (x0, y0) the set C is just
{(x, ϕ(x)) : x ∈ U}. As the restriction f

∣∣
C

has an extrema at (x0, y0), to be
concrete assume it has a local maximum, the function x 7→ f(x, ϕ(x)) has a
local maximum at x = x0. Thus its derivative is zero. That is

d

dx
f(x, ϕ(x))

∣∣∣∣
x=x0

= fx(x0, ϕ(x0)) + fy(x0, ϕ(x0))ϕ′(x0)

= fx(x0, y0) + fy(x0, y0)ϕ′(x0)

= 0

By Corollary 2.22

ϕ′(x0) = −gx(x0, y0)

gy(x0, y0)

Using this in what we have just done and clearing of fractions gives

fx(x0, y0)gy(x0, y0)− fy(x0, y0)gx(x0, y0) = 0.

Which shows the vector ∇f(x0, y0) is orthogonal to the vector[
gy(x0, y0)
−gx(x0, y0)

]
.

But ∇g(x0, y0) is also orthogonal to this vector. Show that this implies that
∇f(x0, y0) is a scalar multiple of ∇g(x0, y0). �

2.7.2. Implicit functions in three dimensions. We first look at when an equa-
tion

g(x, y, z) = c

where c is a constant defines z as a function of x and y. As in two dimen-
sions this will only be possible locally. The following is a exact analogue of
Theorem 2.21.

Theorem 2.24. Let W be an open set in R3 and g : W → R a C1 function.
Let (x0, y0, z0) ∈W and assume

∂g

∂z
(x0, y0, z0) 6= 0.

Then there are open neighborhoods U of (x0, y0) in R2 and V of z0 and a
C1 function f : U → V with

f(x0, y0) = z0 and g(x, y, f(x, y)) = g(x0, y0, z0)

for all x ∈ U .

Problem 2.26. Prove this along the following lines, which in turn follow
Problem 2.22. As in the proof Wwe view elements of R3 as column vectors.



Implicit Functions in Three Dimensions 31

(a) Define a function F : W → R2 by

F

xy
z

 =

 x
y

g(x, y, z)


and show that the derivative of F is the matrix

F ′

xy
z

 =

 1 0 0
0 1 0

gx(x, y, z) gy(x, y, z) gz(x, y, z)

 .
(b) Show that the matrix F ′(x0, y0, z0) has an inverse.

(c) Use the Inverse Function Theorem to find a neighborhood, N , of

x0

y0

z0


and a neighborhood, M , of F

x0

y0

z0

 =

 x0

y0

g(x0, y0, z0)

 and a C1 map

G : M → N that is the inverse of the restriction F
∣∣
M

.
(d) Let G be given by

G

xy
z

 =

ξ(x, y, z)η(x, y, z)
ζ(x, y, z)

 .
Use that

F ◦G

xy
z

 =

xy
z


to show

ξ(x, y, z) = x and η(x, y, z) = y, g(x, y, ζ(x, y, z)) = z.

(e) Thus if f(x, y) = ζ(x, y, g(x0, y0, z0)) we have g(x, y, f(x, y)) = g(x0, y0, z0)
for all x in the domain of f . Now mess around with the details to finish
the proof. That is find the neighborhoods U and V etc. �

Corollary 2.25. Let f(x, y) be as in Theorem 2.24. Then the partial deriva-
tives of f are given by

∂f

∂x
(x, y) = −gx(x, y, f(x, y))

gz(x, y, f(x, y))
,

∂f

∂y
(x, y) = −gy(x, y, f(x, y))

gz(x, y, f(x, y))
.

Problem 2.27. Prove this. �

Let S ⊆ R2 be a subset of R3 and let (x0, y0, z0) ∈ S a point of S. The
S is locally a C1 graph over the x-y plane at (x0, y0, z0) if and only if
there is a neighborhood U of (x0, y0) in R2 and a neighborhood V of z0 in
R and a C1 function f : U → V such that

S ∩ (U × V ) = {(x, y, f(x, y)) : (x, y) ∈ U}.
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There are analogous definitions of locally a C1 graph over the x-z plane
at (x0, y0, z0) and locally a C1 graph over the y-z plane at (x0, y0, z0).
A subset S ⊆ R3 is a C1 surface in R3 if and only if at each of its points it
is locally a graph over at least one of the coordinate axises. Then Theorem
2.24 implies

Theorem 2.26. If W is an open subset of R3 and g : W → R is a C1 and
c ∈ R a constant such that for all (x, y, z) with g(x, y, z) = c

∇g (x, y, z) :=

gxgy
gz

 6=
0

0
0


then S is a C1 surface of R3. �

As a familiar example let

g(x, y, z) = x2 + y2 − z2.

Then the gradient is

∇g(x, y, z) =

 2x
2y
−2z


and the only point where this vanishes is the origin (0, 0, 0). Therefore for
all c 6= 0 the level set {g(x, y, z) = 0} is a C1 surface in R3. Figure 2 shows
some of the level sets.

Figure 2. The level sets {x2 + y2 − z2 = c} for the values
c = −1/2 (blue), c = 0 (green), and c = 1/2 (red). Note for
c = 0 this is a double cone and not a C1 surface.



Implicit Functions in Three Dimensions 33

Problem 2.28 (Lagrange multipliers on surfaces). Let W be an open set
in R3 and let g : W → R be a C1 function. Let c be a constant such
that ∇g(x, y, z) 6= 0 at all points of S := {(x, y, z) : g(x, y, z) = c}. Let
f : W → R be a C1 function such that the restriction f

∣∣
S

has a local extrema
at (x0, y0, z0) ∈ S. Show there is a scalar λ such that

∇f(x0, y0, z0) = λ∇g(x0, y0, z0).

Hint: Proceed as in Problem 2.25 and assume that S is locally a graph over
the x-y plane near (x0, y0, z0), say S is of the form z = ϕ(x, y). Use that
(x, y) 7→ f(x, y, ϕ(x, y)) has a local extrema at (x0, y0) to show

fxgz − fzgx = 0 and fygz − fzgy = 0

at the point (x0, y0, z0). That is ∇f(x0, y0, z0) is orthogonal to the two
vectors  gz

0
−gx

 ,
 0
gz
−gy


evaluated at (x0, y0, z0). But ∇f(x0, y0, z0) is also orthogonal to these two
vectors. �

In three dimensions there is anther possible for defining a function im-
plicit. We can have two equations

g(x, y, z) = c1

h(x, y, z) = c2

and solve for two of the variables in terms of the remaining one. As motiva-
tion first consider the case that the functions are linear so that the system
of equations becomes

g(x, y, z) = a1x+ a2y + a3z = c1

h(x, y, z) = b1x+ b2y + b3z = c2

and we wish to solve for y and z in terms of x. Rewrite this as

a2y + a3z = c1 − a1x

b2y + b3z = c2 − a2x.

We solve this system when

det

[
a2 a3

b2 b3

]
6= 0.

This is equivalent to the two vectors[
a2

b2

]
,

[
a3

b3

]
being linearly independent. In the general case get the

0 = g(x, y, z) ≈ g(∗) + gx(∗)(x− x0) + gy(∗)(y − y0) + gz(∗)(z − z0)

0 = h(x, y, z) ≈ h(∗) + hx(∗)(x− x0) + hy(∗)(y − y0) + hz(∗)(z − z0)
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where ∗ is the point (x0, y0, z0). This approximating system has a solution
when gy(∗)hz(∗)− gz(∗)hy(∗) 6= 0.

Theorem 2.27. Let W be an open set in R2 and let g, h : W → R be two
C1 functions. Let (x0, y0, z0) ∈W such that the two vectors[

gy(x0, y0, z0)
gz(x0, y0, z0)

]
,

[
hy(x0, y0, z0)
hz(x0, y0, z0)

]

are linearly independent. (This is often stated as saying det

[
gy hy
gz hz

]
6= 0 at

the point (x0, y0, z0).) are linearly independent. The there is a neighborhood,
U , of x0 in R and a neighborhood, V , of (y0, z0) in R2 and a C1 function
f : U → V with f(x0) = (y0, z0) and

g(x, f(x)) = g(x0, y0, z0)

h(x, f(x)) = h(x0, y0, z0)

for all x ∈ U .

Problem 2.29. Prove this along the following lines.

(a) Define a function F : W → R3 by

F

xy
z

 =

 x
g(x, y, z)
h(x, y, z)


and show the derivative is

F ′

xy
z

 =

 1 0 0
gx(x, y, z) gy(x, y, z) gz(x, y, z)
hx(x, y, z) hy(x, y, z) hz(x, y, z)

 .
(b) Show that F ′

x0

y0

z0

 is invertible and therefore by the Inverse Func-

tion Theorem there are neighborhoodsN of (x0, y0, z0) andM of F (x0, y0, z0)
and a C1 function G : M → N that is the inverse of the restriction F

∣∣
M

.
(c) Let G be given by

G

xy
z

 =

ξ(x, y, z)η(x, y, z)
ζ(x, y, z)

 .
Use that

F ◦G

xy
z

 =

xy
z





Implicit Functions in Three Dimensions 35

to show

ξ(x, y, z) = x

g(x, η(x, y, z), ζ(x, y, z)) = y

h(x, η(x, y, z), ζ(x, y, z)) = z

and therefore if

f(x) = (η(x, y0, g(x0, y0, z0)), ζ(x, y0, h(x0, y0, z0)))

we have

g(x, f(x)) = g(x0, y0, z0),

h(x, f(x)) = h(x0, y0, z0).

(d) Now finish the proof. �

We now proceed with what should by now be a familiar pattern. Let
C ⊆ R3 and (x0, y0, z0) ∈ C. Then C is locally a graph over the x-
axis near (x0, y0, z0) if and only if there is a neighborhood U of x0 in R
and a neighborhood V of (y0, z0) in R2 and a C1 function f : U → V with
f(x0) = (y0, z0) and

C ∩ (U × V ) = {(x, f(x)) : x ∈ U}.

The definitions of C locally a graph over the y-axis near (x0, y0, z0)
and locally a graph over the z-axis near (x0, y0, z0) are as expected.
The set C is a C1 curve in R3 if and only if at each of its points it is locally
a graph over at least one of the coordinate axises.

Lemma 2.28. Let

v =

v1

v2

v3

 w =

w1

w2

w3


be linearly independent vectors in R3. Then at least one of the pairs of
vectors [

v1

v2

]
,

[
w1

w2

]
or

[
v1

v3

]
,

[
w1

w3

]
or

[
v2

v3

]
,

[
w2

w3

]
is linearly independent.

Problem 2.30. Prove this. �

Theorem 2.29. Let W be an open set in R3 and g, h : W → R be C1

functions. Set

C := {(x, y, z) : g(x, y, z) = c1, h(x, y, z) = c2}

where c1 and c2 are constant. Assume that for all (x, y, z) ∈ C that the
gradients ∇g(x, y, z) and ∇h(x, y, z) are linearly independent. Then C is a
C1 curve in R3.
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Problem 2.31. Prove this. Hint: By the last lemma at least one of the
pairs [

gx
gy

]
,

[
hx
hy

]
or

[
gx
gz

]
,

[
hx
hz

]
or

[
gy
gz

]
,

[
hy
hz

]
are linearly independent. To take one of these cases assume[

gy
gz

]
,

[
hy
hz

]
are linearly independent and use Theorem 2.27 to conclude C is locally a
graph over the x-axis. �

Problem 2.32. Show that for all r > 0 that the intersection of the sphere
defined by x2+y2+z2 = r2 and the double cone defined by x2+y2−z2 = 0 is
a C1 curve. Is it connected? Draw a picture and give a geometric description
of the intersection. �

Proposition 2.30. With the set up of Theorem 2.27 let the function f : U →
V ⊆ be given by

f(x) = (f1(x), f2(x)).

Then

f ′1(x) = −gxhz − gzhx
gyhz − gzhy

, f ′2(x) = −gyhx − gxhy
gyhz − gzhy

where all the partial derivatives are evaluated at (x, f1(x), f2(x)).

Problem 2.33. Prove this. Hint: From Theorem 2.27

g(x, f1(x), f2(x)) = g(x0, y0, z0)

h(x, f1(x), f2)) = h(x0, y0, z0)

and taking the derivatives of these with respect to x gives

gx + gyf
′
1(x) + gzf

′
2(x) = 0

hx + hyf
′
1(x) + hzf

′
2(x) = 0

with the partial derivatives evaluated at (x, f1(x), f2(x)). �

Problem 2.34 (Lagrange multipliers yet again). Let W ⊂ R3 be an open
set and g, h : W → R C1 functions. Let c1, c2 ∈ R and set

C = {(x, y, z) : g(x, y, z) = c1, h(x, y, z) = c2}.

Assume that for all points of C that ∇g and ∇h are linearly independent.
Let f : W → R be C1 and assume that the restriction f

∣∣
C

has a local extrema
at (x0, y0, z0) ∈ C. Show there are scalars λ1 and λ2 such that

∇f = λ1∇g + λ2∇h

at the points (x0, y0, z0). Hint: By Theorem 2.29 C is C1 curve in R2 and
so at the point (x0, y0, z0) it is the graph over at least one of the coordinate
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axises. Assume it is a graph over the x-axis. Then with the notation of Prob-
lem 2.33 there are C1 functions ϕ1(x) and ϕ2(x) defined in a neighborhood
of x0 such that

g(x, ϕ1(x), ϕ2(x)) = c1

h(x, ϕ1(x), ϕ2(x)) = c2.

Talking the derivative with respect to x gives

gx + gyϕ
′
1(x) + gzϕ

′
2(x) = 0

hx + hyϕ
′
1(x) + hzϕ

′
2(x) = 0

which shows that both ∇g and ∇h are orthogonal to the vector

v(x) :=

 1
ϕ′1(x)
ϕ′2(x)

 .
As ∇g and ∇h are linearly independent they are a basis of v(x)⊥. The
function x 7→ f(x, ϕ1(x), ϕ2(x)) has a local extrema at x0 and therefore

d

dx
f(x, ϕ1(x), ϕ2(x))

∣∣∣∣
x=x0

= fx + fyϕ
′
1(x0) + fzϕ

′
2(x0) = 0

with the partial derivatives evaluated at (x0, ϕ1(x0), ϕ2(x0)) = (x0, y0, z0).
Thus ∇f(x0, y0, z0) is orthogonal to v(x0). �

2.8. The General Finite Dimensional Implicit Function Theorem.
Let m and n be positive integers. Then we write elements in the product
space Rm × Rn as (x, y) where x ∈ Rm and y ∈ Rn. We will be considering
functions g : Rm×Rn → Rn and for a constant vector c ∈ Rn trying to solve

g(x, y) = c

for y as a function of x. To get motivate some of the hypothesis of the
theorem we write this in coordinates

g(x1, . . . , xm, y1, . . . , yn) =


g1(x1, . . . , xm, y1, . . . , yn)
g2(x1, . . . , xm, y1, . . . , yn)

...
gn(x1, . . . , xm, y1, . . . , yn)


the vector equation g(x, y) = c is the same as the system

g1(x1, . . . , xm, y1, . . . , yn) = c1

g2(x1, . . . , xm, y1, . . . , yn) = c2

...
...

gn(x1, . . . , xm, y1, . . . , yn) = cn
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of n equation in m+ n unknowns. If these equations were linear, say

g1 = a1
1x

1 + a1
2x

2 + · · ·+ a1
mx

m + b11y
1 + b12y

2 + · · ·+ b1ny
n = c1

g2 = a2
1x

1 + a2
2x

2 + · · ·+ a2
mx

m + b21y
2 + b22y

2 + · · ·+ b2ny
n = c2

...
...

gn = an1x
1 + an2x

2 + · · ·+ anmx
m + bn1y

n + bn2y
n + · · ·+ bnny

n = cn

where the aij ’s and b`k’s are constants. Rewriting as

b11y
1 + b12y

2 + · · ·+ b1ny
n = c1 − a1

1x
1 − a1

2x
2 − · · · − a1

mx
m

b21y
2 + b22y

2 + · · ·+ b2ny
n = c2 − a2

1x
1 − a2

2x
2 − · · · − a2

mx
m

...
...

bn1y
n + bn2y

n + · · ·+ bnny
n = cn − an1x1 − an2x2 − · · · − anmxm

which is now a linear system of n equations in the n unknowns y1, . . . , yn.
This will have a unique solution when the matrix

A :=


a1

1 a1
2 · · · a1

n

a2
1 a1

2 · · · a1
n

...
...

. . .
...

an1 an2 · · · ann


is invertible. In this linear case note

aji =
∂gj

∂yi

and therefore in this linear case the condition for solubility is that this matrix
of partial derivatives is invertible.

Theorem 2.31. Let m and n positive integers and W ⊆ Rm × Rn be an
open set. Let g : W → Rm be a C1 function and assume that at the point
(a, b) ∈W that the matrix

∂g1

∂y1
(a, b)

∂g1

∂y2
(a, b) · · · ∂g1

∂yn
(a, b)

∂g2

∂y1
(a, b)

∂g2

∂y2
(a, b) · · · ∂g2

∂yn
(a, b)

...
...

. . .
...

∂gn

∂y1
(a, b)

∂gn

∂y2
(a, b) · · · ∂gn

∂yn
(a, b)


is invertible. Then there is a neighborhood U of a in Rm and a neighborhood
V of b in Rn and a C1 function f : U → V with f(a) = b and

g(x, f(x)) = g(a, b)

for all x ∈ U .
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Problem 2.35. Prove this. Hint: Define a function F →W → Rm×Rn by

F

([
x
y

])
=

[
x

g(x, y)

]
.

Show the derivative of this is

F ′
([
x
y

])
=

 I 0
∂g

∂x

∂g

∂y


where I is the m×m identity matrix, 0 is the m× n zero matrix, ∂g

∂x is the
n×m matrix

∂g

∂x
=



∂g1

∂x1

∂g1

∂x2
· · · ∂g1

∂xm

∂g2

∂x1

∂g2

∂x2
· · · ∂g2

∂xm
...

...
. . .

...
∂gn

∂x1

∂gn

∂x2
· · · ∂gn

∂xm


,

and ∂g
∂y is the n× n matrix

∂g

∂y
=



∂g1

∂y1

∂g1

∂y2
· · · ∂g1

∂yn

∂g2

∂y1

∂g2

∂y2
· · · ∂g2

∂yn
...

...
. . .

...
∂gn

∂y1

∂gn

∂y2
· · · ∂gn

∂yn


and all these partial derivatives are evaluate at (x, y).

Show that the matrix F ′(a, b) is invertible and now look at Problems 2.22,
2.26, and 2.29 for hints on how to finish. �

2.9. Higher Derivatives for Inverse and Implicit Functions. In the
inverse function theorem we assumed that the map we are trying to invert
was C1 and found a C1 inverse. Let W be an open set in Rm and f : W → R.
Then for any positive integer k the function f is a Ck function if and only
if all the partial derivatives of f up to order k exist and are continuous. If
f is Ck for all k we say that f is C∞. More generally if f : W → Rn, the f
is a Ck function if and only if all the component functions of f are Ck.

Proposition 2.32. The sums, products, quotients (where the denominator
does not vanish) and compositions of Ck functions are Ck.

Problem 2.36. Prove this. �



40 Inverse and Implicit Function Theorems

Problem 2.37. Let f be a function such that all the first partial derivatives
of f are Ck. Show that f is then Ck+1. �

It is both natural and useful to ask if f is Ck then can we expect the
inverse of f to also be Ck. This is true and turns out to be relatively
straightforward to show because there is an explicit formula for the inverse
of a matrix. We first look at some low dimensional examples.

Problem 2.38. Let f : (a, b)→ R be a Ck for some k ≥ 1 function assume
assume that f [(a, b)] = (α, β) and that g : (α, β) → (a, b) is a C1 inverse of
f . Show that g is also Ck. Hint: We already know from the inverse function
theorem that g is C1 and that the derivative of g is given by

(3) g′(y) =
1

f ′(g(y))
.

Assume that f is C2. Then the function f ′ is C1 and therefore

y 7→ 1

f ′(g(y))

is a composition of C1 functions and therefore (3) shows that the derivative
g′ is a C1 function, which implies that g is C2.

Assume that f is C3. Then f ′ is a C2 function and we have just seem that
g is a C2 function. Therefore y 7→ 1

f ′(g(y)) is a composition of C2 function

and therefore (3) shows that the derivative g′ is C2 which shows that g is
C3.

Now it show be easy to see that there is an induction that proves the
general case. �

Problem 2.39. Let U be an open subset of R2 and f : U → V ⊆ R2 a Ck

map such that there is a C1 inverse g : V → U to f . Then show g is also
Ck. Hint: Let f be given by

f(x1, x2) =

[
f1(x1, x2)
f2(x1, x2)

]
Then derivative of f is

f ′(x1, x2) =


∂f1

∂x1

∂f1

∂x2

∂f2

∂x1

∂f2

∂x2

 .
The inverse of this is

f ′(x1, x2)−1 =
1

f1
x1
f2
x2
− f1

x2
f2
x1

 f2
x2 −f1

x2

−f2
x1 f1

x1


Write g as

g(y1, y2) =

[
g1(y1, y2)
g2(y1, y2)

]
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Then the derivative of g is

g′(y1, y2) =


∂g1

∂y1

∂g1

∂y2

∂g2

∂y1

∂g2

∂y2


From the Inverse Function Theorem we know

g′(y) = f ′(g(y))−1.

Writing this in matrix form and equating the components gives the four
equations

g1
y1(y1, y2) =

f2
x2(g(y1, y2))

f1
x1

(g(y1, y2)f2
x2

(g(y1, y2))− f1
x2

(g(y1, y2))f2
x1

(g(y1, y2))

g2
y1(y1, y2) =

−f1
x2(g(y1, y2))

f1
x1

(g(y1, y2)f2
x2

(g(y1, y2))− f1
x2

(g(y1, y2))f2
x1

(g(y1, y2))

g1
y2(y1, y2) =

−f2
x1(g(y1, y2))

f1
x1

(g(y1, y2)f2
x2

(g(y1, y2))− f1
x2

(g(y1, y2))f2
x1

(g(y1, y2))

g2
y2(y1, y2) =

f1
x1(g(y1, y2))

f1
x1

(g(y1, y2)f2
x2

(g(y1, y2))− f1
x2

(g(y1, y2))f2
x1

(g(y1, y2))

Assume that f is C2. Then all the first partial derivatives of f are C1

and by the Inverse function theorem g is C1. The formulas just given then
show that all the first partial derivatives of g are C1. Thus g is C2.

If f is C2 all the first partial derivatives of f are C2 and we have just
shown that g is C2. Therefore our formulas for the first partial derivatives
of g show that the first partials of g are compositions of C2 functions and
thus these first partials are C2. Thus g is C3.

Now do an induction to complete the proof. �

Based on this arguments we should be able to prove the result in Rn as
long as we have a formula for the inverse of a matrix analogous to the one
we have in two dimensions. There is such a formula (Cramer’s Rule) and
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for completeness we include a proof. Let

A = [aji ] =



a1
1 a1

2 a1
3 · · · a1

n

a2
1 a2

2 a2
3 · · · a2

n

a3
1 a3

2 a3
3 · · · a3

n

...
...

...
. . .

...

an1 an2 an3 · · · ann


be an n×n real matrix. (Here we with the convention that in a matrix A =
[aij ] that the upper index is row and lower index is the column of the entry.)

For i, j ∈ {1, 2, . . . , n} let A[i/j] be the (n− 1)× (n− 1) matrix obtained by
crossing on the i-th row and the j-th column. This (n− 1)× (n− 1) matrix
is called the ij-th minor of A. If

A =


a1

1 a1
2 a1

3

a2
1 a2

2 a2
3

a3
1 a3

2 a3
3


then, using the notation 6a`k for indicating that we are deleting the element

a`k, we have:

A[1/1] =


6a1

1 6a1
2 6a1

3

6a2
1 a2

2 a2
3

6a3
1 a3

2 a3
3

 =

[
a2

2 a2
3

a3
2 a3

3

]
,

A[3/2] =


a1

1 6a1
2 a3

1

a2
1 6a2

2 a3
2

6a3
1 6a3

2 6a3
3

 =

a1
1 a1

3

a2
1 a2

3


and if

A =



a1
1 a1

2 a1
3 a1

4

a2
1 a2

2 a2
3 a2

4

a3
1 a3

2 a3
3 a3

4

a4
1 a4

2 a4
3 a4

4


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then

A[2/3] =



a1
1 a1

2 6a1
3 a1

4

6a2
1 6a2

2 6a2
3 6a2

4

a3
1 a3

2 6a3
3 a3

4

a4
1 a4

2 6a4
3 a4

4


=


a1

1 a1
2 a1

4

a3
1 a3

2 a3
4

a4
1 a4

2 a4
4

 .

If A = [aij ] is n× n the classical adjoint is the n× n matrix adj(A) with
elements

adj(A)ij = (−1)i+j det(A[j/i]).

Note the interchange of order of i and j so that this is the transpose of the
matrix [(−1)i+j detn−1(A[i/j])]. In less compact notation if

A =



a1
1 a1

2 · · · a1
n

a2
1 a2

2 · · · a2
n

...
...

. . .
...

an1 an2 · · · ann


then

adj(A) =



+ det(A[1/1]) −det(A[2/1]) + det(A[3/1]) −det(A[4/1]) · · ·

−det(A[1/2]) + det(A[2/2]) −det(A[3/2]) + det(A[4/2]) · · ·

+ det(A[1/3]) −det(A[2/3]) + det(A[3/3]) −det(A[4/3]) · · ·

−det(A[1/4]) + det(A[2/4]) −det(A[3/4]) + det(A[4/4]) · · ·
...

...
...

...
. . .


The classical adjoint is related to finding the inverse of a matrix by the

following.

Theorem 2.33. Then for any n× n matrix A we have

adj(A)A = A adj(A) = det(A)I

where I is the identity matrix. Thus if det(A) 6= 0 the inverse of A is given
by

A−1 =
1

det(A)
adj(A).
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Proof. Letting A = [a1
j ], the entries of A adj(A) are

(A adj(A))ik =
n∑
j=1

aij adj(A)jk

=
n∑
j=1

(−1)j+kaij det(A[k/j]).

If we let k = i in this and use then sum is just the expansion for det(A)
along the i-th row and therefore

(A adj(A))ii =

n∑
j=1

(−1)j+iaij det(A[i/j]) = det(A).

If k 6= i then let B = [bij ] have all its rows the same as the rows of A, except

that the k-th row is replaced by the i-the row of A (thus A and B only
differ along the k-the row). Then B has two rows the same and therefore
det(B) = 0. Now for all j that B[k/j] = A[k/j] as A and only differ in the
k-th row and A[k/j] and B[k/j] only involve elements of A and B not on
the k-row. Also from the definition of B we have bkj = aij (as the k-th row

of B is the same as the i-row of A). Therefore we can compute detn(B) by
expanding along the k row

0 = det(B) =
n∑
j=1

(−1)j+kbkj det(B[k/j])

=
n∑
j=1

(−1)j+kaij det(A[k/j])

= (A adj(A))ik.

These calculations can be summarized as

(A adj(A))ij = det(A)δik

where δik is given by

δik =

{
1, i = k;

0, i 6= k.

But δik are the elements of the identity matrix. Thus this implies A adj(A) =
detn(A)I.

A similar computation (but working with columns rather than rows) im-
plies that adj(A)A = detn(A)In. �

Theorem 2.34. Let W be an open subset of Rn and f : W → Rn be a
Ck function where k ≥ 1. Assume that for some x0 ∈ W that f ′(x0) is
invertible. Let U , V , and g be as in the Inverse Function Theorem 2.16.
Then the local inverse, g, to f is also Ck.
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Proof. Form Theorem 2.16 we have that for y in the domain of g that

g′(y) = f ′(g(y))−1 =
1

det f ′(g(y))
adj(f ′(g(y))).

In terms of components this is

(4)
∂gi

∂yj
=

1

det f ′(g(y))
adj(f ′(g(y)))ij

As 1
det f ′(g(y)) adj(f ′(g(y)))ij is a rational function of the elements of f ′(g(y))

this function has a many continuous partial derivatives as the components
of f ′(g(y)) have.

Now assume that f is C2. Then all the components of f ′(x) are C1. Also
g is C1. The functions y 7→ 1

det f ′(g(y)) adj(f ′(g(y)))ij are compositions of C1

functions and therefore themselves C1 functions. Now (4) shows that all the
first partial derivatives of gi are C1. But if all the first partials of gi are C2,
then gi is C2. This works for all the components gi of g and therefore g is
C2.

Now assume that f is C3. Then we have just seen that g is C2. But then
(4) shows that all the first partial derivatives of gi are C2 and therefore g is
C3.

Continuing in this manner, or more formally using induction, we see that
if f is Ck, then so is g. �

Theorem 2.35. With the set up the Implicit Function Theorem 2.31 if the
function g is Ck for some k ≥ 1, then the function f in the that theorem is
also Ck.

Problem 2.40. Prove this. Hint: Just trace through the proof and show
this follows from the regularity result, 2.34, for inverse functions. �

Problem 2.41 (Curvature of level sets in the plane.). Recall that if C is a
C2 curve in the plane then at points where is is locally a graph over the x
axis, say y = f(x), then the curvature of C (up to a plus or minus sign) is

κ =
f ′′(x)

(1 + f ′(x)2)3/2

with a similar at the points where C is locally a graph over the y axis. One
way to give a C2 curve is as the level set of a C1 function. Let W be an
open set in the plane, g : W → R a C2 function and for some constant c let
C := {(x, y) : g(x, y) = c} be a level set of g such that for all (x, y) ∈ C
we have ∇g(x, y) 6= (0, 0). Then by the implicit function theorem at each of
its points C is locally a C2 graph over either the x-axis or the y-axis. Show
that, up to a sign, that the curvature of C is given by

κ =
gyyg

2
x − 2gxygxgy + gxxg

2
y

(g2
x + g2

y)
3/2

.
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Hint: Only worry about the points where C is locally a graph over the
x-axis, say it is locally the graph of y = f(x). Then

g(x, f(x)) = c

for all x in the domain of f . Take the derivative of this (as we did in
Corollary 2.22) to show that

f(x) = − gx(x, f(x))

gy(x, f(x))
.

Take the derivative of this to find that

f ′′(x) = −
gyyg

2
x − 2gxygxgy + gxxg

2
y

g3
y

where the terms are evaluated at (x, f(x)). �

2.10. Implicit Function Theorem in Banach Spaces. If X and Y are
Banach spaces then we define the product space X×Y as expected, that is
X×Y = {(x, y) : x ∈ X, y ∈}. But there are several ways to put a norm on
this product. Some of the most natural ways are

|(x, y)|`1 := |x|X + |y|Y
|(x, y)|`p := (|x|pX + |y|pY)1/p where 1 < p <∞
|(x, y)|`∞ := max{|x|X, |y|Y}

This all put the same topology on the product, and so from that point of
view are equivalent. We will not worry about which norm we use on a
product space, as long as it gives this topology.

Let W ⊆ X ×Y and g : X ×Y → Z be a C1 function. For each point
x ∈ X such that Wx := {y ∈ Y : (x, y) ∈ W} is not empty we have a C1

map gx : Y → Z given by gx(y) = g(x, y). We denote the derivative of this
map by

∂g

∂y
(x, y) := g′x(y) (a bounded linear map Y to Z).

Likewise for y ∈ Y such that W y := {x ∈ X : (x, y) ∈ W} we have a map
gy : W y → Z and we denote its derivative as

∂g

∂x
(x, y) := (gy)′(x) (a bounded linear map X to Z).

Theorem 2.36. With this notation assume there is (x0, y0) ∈W such that
∂g
∂y (0, y0) : Y → Z has an inverse. Then there is an open neighborhood U

of x0 in X and an open neighborhood V of y0 in Y and a C1 function
f : U → V with f(x0) = y0 and

g(x, f(x)) = g(x0, y0)

for all x ∈ U .
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Proof. Define F : W → Z by

F

([
x
y

])
:=

[
x

g(x, y)

]
.

The derivative of this is

F ′
([
x
y

])
=

 I 0

∂g

∂x

∂g

∂y


where we are using the notation that[

A B
C D

]
is a matrix of linear operators, A : X → X, B : Y → Z, C : X → Z and
D : Y → Z. Note that such a matrix of the form[

I 0
C D

]
with D invertible has the inverse[

I 0
−D−1C D−1

]
which can be checked by direct calculation. As ∂g

∂y (x0, y0) is invertible this

implies that F ′ is invertible at (x0, y0). Therefore, by Theorem 2.16, there
is an neighborhood, M , of (x0, y0), and a neighborhood, N , of g(x0, y0) such
that there is a C1 map G : N → M that is inverse to the restriction F

∣∣
M

.
Let G be given by

G

([
x
z

])
:=

[
ξ(x, z)
η(x, z).

]
.

Then F ◦G = I implies

F ◦G
([
x
z

])
= F

([
ξ(x, z)
η(x, z)

])
=

[
ξ(x, z)

g(ξ(x, z), η(x, z))

]
=

[
x
z

]
.

Thus ξ(x, z) = x and g(ξ(x, z), η(x, z)) = z. Combining these gives

g(x, η(x, z)) = z.

Let U0 be an open neighborhood of x0 and V and open neighborhood of y0

such that U0 × V ⊆ M . As η(x0, z0) = y0 ∈ V by continuity there is an
open neighborhood U of x0 in U0 such that η(x, z0) ∈ V for all x ∈ U . Then
f : U → V defined by

f(x) = η(x, z0).

is the required function. �
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The notation of higher derivatives for maps between Banach spaces can
not be reduced to just dealing with partial derivatives as in the finite dimen-
sional case. Let X and Y be Banach spaces f : W → Y where W is an open
subset of X. Assume this function is C1. Then for each x ∈ W the deriva-
tive f ′(x) is an element of B(X,Y) (the bounded linear maps from X to Y).
Thus the first derivative function x 7→ f ′(x) is a map from W to the Banach
space B(X,Y). It makes sense to talk about the derivative of this function,
which will be the second derivative of f and we will then have at the points
x ∈ W where the second derivative exists that f ′′(x) ∈ B(X,B(X,Y)). If
the second derivative exists on W , then similar reasoning shows that at a
point x ∈W where its derivative exists that f ′′′(x) ∈ B(X,B(X,B(X,Y))).
In general for the n-th derivative of f at x

f (n)(x) ∈ B(X,B(X, . . . ,B(X,︸ ︷︷ ︸
X appears n times.

Y)) · · · )

We can now define a function, f , between Banach spaces to be Ck if and
only if its n-th derivative exists at all points of its domain and the map
x 7→ f (n)(x) is continuous. When X and Y are finite dimensional that this
definition can be shown to be equivalent to having all the partial derivatives
or order k exist and be continuous. (The proof of this is based on Proposition
2.14.)

We not state the following without proof

Proposition 2.37. Let X and Y be Banach spaces and let U be the open
subset of B(X,Y) of maps A : X → Y that have a bounded inverse. Then
the map F : U → B(Y,X) given by

F (A) := A−1

is C∞. �

Using this and that if G is a C1 inverse of the C1 function F that

G′(x) = F ′(G(x))−1.

we can do an inductive proof along the lines of Problem 2.38 that if F is Ck

then so is G.

2.11. Miscellaneous facts and problems. If U and V are open subsets
of Rn, then a map Ck f : U → V is a diffeomorphism if and only if it has
Ck inverse g : V → U . By Theorem 2.34 if f is Ck and has a C1 inverse g,
then this inverse is Ck. Two open sets are Ck diffeomorphic if and only
there is a Ck diffeomorphism between them. The following follows directly
form the definitions.

Proposition 2.38. Being diffeomorphic is an equivalence relation. �

Problem 2.42. Show that the intervals (0, 1), (0,∞) and (−∞,∞) are all
C∞ diffeomorphic. �
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Problem 2.43. Show that Rn and the unit ball B(0, 1) := {x ∈ Rn : |x|`2 <
1} are C∞ diffeomorphic. Hint: When n = 1, so that B(0, 1) = (−1, 1),
the function f : (−1, 1) → R given by f(x) = tan(πx/2) has inverse g(y) =
2
π arctan(y). �

Problem 2.44. Show that the following subsets of R2 are all diffeomorphic.
(0, 1)× (0, 1), (0, 1)× (0,∞) and R2. �

Problem 2.45. Show that the open unit cube, (0, 1)n, in Rn is diffeomorphic
to Rn. Combine this with Problem 2.43 to show that the open unit ball and
the open unit cube in Rn are C∞ diffeomorphic. �

Problem 2.46. Let a, b, c be positive real numbers. In R3 show the sets

U = {(x, y, z) : x2 +y2 + z2 < 1} and V =
{

(x, y, z) :
x2

a2
+
y2

b2
+
x2

c2
< 1
}

are C∞ diffeomorphic. �

Problem 2.47. Here is a slightly more challenging problem. Show

U := {(x, y, z) : x2 + y2 + z2, z > 0}
and the open unit ball in R3 are diffeomorphic. �

Problem 2.48. Show that the unit disk {(x, y) : x2 + y2 < 1} is not diffeo-
morphic to the annulus {(x, y) : 1 < x2 + y2 < 2}. Hint: I don’t know any
completely elementary proof of this, so feel free to use machinery you have
seen elsewhere (or find by do a literature search). �

3. Differentiable Manifolds and Their Tangent Bundles.

3.1. The definition and basic properties of a topological manifold.
Recall that a topologically space M is second countable if and only if
there is a countable basis for its topology. That this there is a countable
collection, B, of open subsets of M such that every open subset of M is union
of elements of B. Most spaces you encounter in day to day mathematics are
second countable. The follows shows that most metric spaces you meet will
be second countable. Recall that a subset, D, of a topological space, M , is
dense if and only if every nonempty subset U of M contains an element of
D. A space is separable if and only if it has a countable dense subset.

Proposition 3.1. A metric space is second countable if and only if it is
seperable. In particular Rn is second countable.

Problem 3.1. Prove this. Hint: First assume that the metric space M has
a countable basis, B, for the topology. For each B ∈ B let aB ∈ B (that is
choose one element out of each of the sets in B). Show that D = {aB : B ∈
B} is a countable dense subset of M .

Conversely let M have a countable dense subset D. Let

B := {B(d, r) : a ∈ D, r ∈ Q, r > 0}
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where Q is the set of rational numbers. Then show B is countable. Let U
be any open subset of M and x ∈ U . Then by the definition of open set in a
metric space there is a ρ > 0 such that B(x, ρ) ⊆ U . As D is dense there is
an a ∈ D such that a ∈ B(x, ρ/3). Then there is a rational number r with
ρ/4 < r < 2ρ/2. Show that

x ∈ B(a, r) ⊆ B(x, ρ) ⊆ U.
This shows that each point, x ∈ U , is contained in an element B(a, r) of B
and therefore

U =
⋃
{B(a, r) : B(a, r) ∈ B, B(a, r) ⊂ U}

as required. In the case of Rn let D be the set of n tuples with all the
coordinates rational numbers and show this is dense. �

Example 3.2. Here an example that is too unnatural of a space that is not
second countable. Consider L∞([0, 1]). For each t ∈ (0, 1) let ft := χ[0,t] be
the characteristic function of the interval [0, t]. If s 6= t it is not hard to see
that ‖ft − fs‖L∞ = 1. Therefore the open balls B(ft, 1/2) and B(fs, 1/2)
are disjoint for s 6= t. But if D is a dense subset of L∞([0, 1]) it has at least
one element in each of the open balls B(ft, 1/2) with t ∈ (0, 1) and therefore
D is uncountable. Thus L∞[0, 1] is not seperable. �

If M is a Hausdorff topological space, then a chart on M is a pair (U,ϕ)
where U is an open subset of M and ϕ : U → ϕ[U ] ⊆ Rn is a homeomorphism
of U with an open subset of Rn. (This is really be called an n-dimensional
chart, but n will be implicit in most of what follows.)

An n-dimensional topological manifold is second countable Hausdorff
space that is covered by n dimensional charts. We call a collection of charts
that cover M an atlas for M .

The most basic example is Rn which is covered by the one element atlas
{(Rn, IdRn . Also any open subset U ⊆ Rn has the atlas {U, IdU and therefore
U is an n-dimensional topological manifold.

When n = 0 with use the convention that R0 = {0} is a single point.
From this it follows that a 0-dimensional manifold is a set, M , with the
discrete topology. As manifolds are second countable M will be a countable
set.

Recall that a topology space, M , is locally compact if and only if every
x ∈ M is in the interior of some compact subset of M . Equivalently M is
locally compact if and only if every point has a compact neighborhood.

Proposition 3.3. Topological manifolds are locally compact.

Problem 3.2. Prove this. Hint: Let x ∈M and let (U,ϕ) be a chart on M
with x ∈ U . Then ϕ[U ] is an open subset of Rn and therefore there is an

r < 0 such that the closed ballB(ϕ(x), r) is a subset of ϕ[U ]. ButB(ϕ(x), r)

is closed and bounded in Rn and just compact. Now show ϕ−1[B(ϕ(x), r)]
is a compact neighborhood of x in M . �
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Lemma 3.4. Any topological manifold has a countable base for its topology
consisting of open sets with compact closure.

Problem 3.3. Prove this. Hint: AsM is second countable it has a countable
base, B, be a for its topology. Let B∗ be the subset of B of elements that
have compact closure in M . Let U an open set in M and x ∈ U . Then
there is an element B ∈ B with x ∈ B ⊆ U . As M is locally compact there
is compact set K with x in the interior of K and K ⊆ B. As B is a base
for the topology there is a B1 ∈ B with x ∈ B1 ⊆ K. Use this to show that
the closure,B1 of B1 is closed in K and thus compact. Therefore B1 ∈ B∗.
Put these facts together to show that U is a union of elements of B∗ and
therefore B∗ is a base for the topology. �

If K is a subset of the topological space M we denote the interior of K
by K◦. An exhaustion of M by compact sets is a sequence of compact
sets, Kj , from M such that

Kj ⊆ K◦j+1

for all j and

M =

∞⋃
j=1

Kj .

If M is compact, then M◦ = M is a and we can just use Kj = M for all
j. This is of interest when M is not compact.

Proposition 3.5. Every topological manifold has an exhaustion by compact
sets.

Problem 3.4. Prove this. Hint: By Lemma 3.4 there is a countable base
B for the topology such that every member of B has compact closure. Enu-
merate B as

B = {B1, B2, B3, . . .}
Let K1 =B1 be the closure of B1. As K1 is compact it will be covered by
some finite subset F1 ⊆ B. We can assume that B2 ∈ F1 by just adding it
to F1 if it is not already there. Set

K2 :=
⋃
B∈F1

B.

Then K2 is a finite union of compact sets and therefore compact. Also
B2 ⊆ K2. Assume that we have defined K1, . . . ,Km and with Kj ⊆ K◦j+1

for j = 1, 2, . . . ,m − 1 and Bj ⊆ Kj . If Km = M then just use Kk = M
for all k ≥ j. Otherwise find a finite subset Fm ⊆ B that covers Km and it
need be add Bm to this finite subset so that we have Bm ∈ Fm. Set

Km+1 :=
⋃

B∈Fm

B

and show the sequence K1,K2,K3, . . . gives the desired exhaustion. �
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3.2. Definition of Differentiable Manifolds. Let M be a topological
manifold with an atlas A = {(Uα, ϕα) : α ∈ I} where I is just any set used
index the atlas. For α, β ∈ I we define the transition function ϕαβ as
the function ϕαβ : ϕβ[Uα ∩ Uβ]→ ϕα[Uα ∩ Uβ] given by

ϕαβ := ϕα ◦ (ϕα
∣∣
Uβ∩Uβ

)−1

where ϕβ
∣∣
Uα∩Uβ

is the restriction of ϕβ to the set Uα∩Uβ. As keeping track

of these restrictions is notationally messy we will just write

ϕαβ := ϕα ◦ ϕ−1
β

and trust the reader to keep track of the domains.

Uβ

Uα

Uα ∩ Uβ

ϕβ [Uα ∩ Uβ ]

ϕα[Uα ∩ Uβ ]
ϕβ [Uβ ]

ϕα[Uα]

ϕβ

ϕβ

ϕαβ = ϕα ◦ ϕ−1
β

Rn Rn

Figure 3. The standard figure, appearing in some form in almost
every book on differentiable manifolds, showing how the transition func-
tions are constricted from coordinate charts. Note that the transition
functions are diffeomorphisms between open subsets of Rn.

Proposition 3.6. For any atlas A = {(Uα, ϕα) : α ∈ I} the following hold.

(a) ϕαβ ◦ ϕβ = ϕα holds on the set Uα ∩ Uβ.
(b) ϕαα = Idϕα[Uα].

(c) ϕβ α = ϕ−1
αβ.

(d) ϕαβ ◦ ϕβ γ = ϕαγ where the functions on the two sides of this equation
are maps from ϕγ [Uα ∩ Uβ ∩ Uγ ]→ ϕα[Uα ∩ Uβ ∩ Uγ ].

Problem 3.5. Prove this. �

Let k ≥ 1. Then a Ck-manifold , M , is a topological manifold that has
an atlas, A, where all the transition functions are Ck functions.
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To give an easy example this clearly holds whenever the atlas only has
one element. Thus all open subset U of Rn are Ck manifolds with their
natural atlas (that is A = {(U, IdU )}).

To give a less trivial example, let

Sn := {x ∈ Rn+1 : |x| = 1}

where |x| =
(∑n+1

j=1 (xj)2
)1/2

is the `2 norm. Let

p1 :=


0
0
...
0
1

 and p2 :=


0
0
...
0
−1


be the north and south poles of Sn. Set

U1 = Sn r {p1} and U2 = Sn r {p2}.

View Rn as the subset of Rn+1 of points with the last coordinate xn+1 = 0.
Define a map ϕ1 : U1 → Rn by

ϕ1(p) = point where line through p and p1 intersects Rn.

See Figure 4.

p1

p

ϕ1(p)

Figure 4. Stereographic projection from the unit sphere to Rn. If
p ∈ Sn is a point other than the north pole, p1, then the image, ϕ1(p),
of p is the point of intersection of the line through p1 and p with Rn.

Problem 3.6. Find a formula for ϕ1 : U1 → Rn and its inverse ϕ−1
1 : Rn →

U1 ⊆ Sn. Hint: Let p ∈ U1 and write it as

p =

[
x
z

]
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with x ∈ Rn and z ∈ R. As p 6= p1 we have z 6= 1. The line through p1 and
p is parameterized by

c(t) =

[
tx

tz + (1− t)

]
.

This line intersects Rn when tz + (1 − t). Show this leads to t = 1/(1 − z)
and

ϕ1(p) =
1

1− z

[
x
0

]
.

Or in slightly different notation

ϕ1(x, z) =
x

1− z
where (x, z) ∈ Rn × R and |x|2 + z2 = 1.

To ϕ−1
1 . Let y ∈ Rn which we write as[

y
0

]
Show line through y and the north pole u1 is parameterized by

γ(t) =

[
ty

(1− t)

]
.

This will be on the sphere Sn when

|γ(t)|2 = t1|y|2 + (1− t)2 = 1.

Show that the roots of this are

t = 0,
2

|y|2 + 1

and that this implies

ϕ−1
1 (y) =

1

|y|2 + 1

[
2y

|y|2 − 1

]
�

Problem 3.7. Define stereographic ϕ2 : U2 → Rn from the south pole anal-
ogously to stereographic from the north pole, and compute the transition
function ϕ1 2. Use this to to show S2 is a C∞ manifold. �

3.2.1. An aside on number theory. Stereographic projection has a nice ap-
plication to elementary number theory. The formulas of Problem 3.6 are

ϕ1(x, z) =
x

1− z
and ϕ−1

1 (y) =

(
y

|y|2 + 1
,
|y|2 − 1

|y|2 + 1

)
Call a point of any of the spaces Rn+1, Rn, R or Sn a rational point if and
only if all its components are rational numbers.

Problem 3.8. Use the formulas for stereographic projection and its inverse
to show that y ∈ Rn is a rational point of Rn if and only it ϕ1(y) is a rational
point of Sn. �
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In the lowest dimensional case, n = 1, this gives that the rational points
on the circle x2 + y2 = 1 are (0, 1) and the points

ϕ−1
1 (t) =

(
2t

t2 + 1
,
t2 − 1

t2 + 1

)
.

where t is a rational number. Let t = p/q where p and q are integers we
have

ϕ−1
1 (p/q) =

(
2p/q

(p/q)2 + 1
,
(p/q)2 − 1

(p/q)2 + 1

)
=

(
2pq

p2 + q2
,
p2 − q2

p2 + q2

)
.

This point is on x2 + y2 = 1 and therefore(
2pq

p2 + q2

)2

+

(
p2 − q2

p2 + q2

)2

= 1

Clearing this of fractions gives

(2pq)2 + (p2 − q2)2 = (p2 + q2)2.

Thus as p and q range over the integers

x = 2pq

y = p2 − q2

z = p2 + q2

gives integer solutions to the Diophantine x2 + y2 = z2 and with a bit more
work we can show we get all integer solutions this way.

Problem 3.9. Now consider finding rational points on the sphere x2 + y2 +
z2 = 1. Other than the north pole the rational points on this are all of the
form

ϕ−1
1 (s, t) =

(
2s

s2 + t2 + 1
,

2t

s2 + t2 + 1
,
s2 + t2 − 1

s2 + t2 + 1

)
where s and t range over the rational numbers. Let s and t be rational
numbers and let r be the least common denominator of these two numbers.
Then

s =
p

r
, t =

q

r
where p, q are integers. Use this to show

ϕ−1
1 (s, t) = ϕ−1

1 (p/r, q/r) =

(
2pr

p2 + q2 + r2
,

2pr

p2 + q2 + r2
,
p2 + q2 − r2

p2 + q2 + r2

)
.

Now use that this is on x2 + y2 + z2 = 1 and multiple by (p2 + q2 + r2)2 to
get that

x = 2pr

y = 2qr

z = p2 + q2 − r2

w = p2 + q2 + r2
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are integer solutions to x2 + y2 + z2 = w2 (which, once we have the for-
mula, can easily be checked directly). Does this give all integer solutions?
Generalize to rational points on Sn. �
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