
Mathematics 739 Homework 1: Basics about fiber bundles.

As a review of vector bundles we look at a generalization, fiber bundles.
These are spaces that are locally products in a nice way.

1. Definitions, examples, and basic properties.

Definition 1. A map p : E → B is a fiber bundle with fiber F , if the
following hold:

(a) E and B are topological spaces and p is a continuous map.
(b) For each x ∈ B the preimage p−1[x] is homeomorphic to F .
(c) p is surjective.
(d) p : E → B is locally a product in the following sense. For each x ∈ B

there is an open neighborhood, Ux, of x in B and a homeomorphism
ΨU : p−1[U ]→ U × F such that the following diagram commutes.

p−1[U ]
ΨU−−−−→ U × Fyp yprojection

U
Identity−−−−−→ U

Such a map ΨU is a local trivialization of over U . �
In this set up the B is called the base space and E the total space of

the bundle.
The most obvious example of a fiber bundle is the product bundle E =

B × F .
The following can be used to give examples that are not products.

Proposition 2. Let p : E → B be a covering space with B connected. Then
p : E → B is a fiber bundle. Conversely any fiber bundle where the fiber has
the discrete topology and the base is locally connected is a covering space.

Problem 1. If you know the definition of a covering space, prove this. �

Recall that CPn is the space of one dimensional linear subspaces of Cn+1.
Let S2n+1 be the set of unit vectors in Cn+1. Define a p : S2n+1 → CPn by

p(u) = {zu : z ∈ C} = Linear subspace spanned by u.

Problem 2. Show that p : S2n+1 → CPn is a circle bundle. (A circle
bundle is a fiber bundle where the fiber is the circle S1.)

Problem 3. Let ψ : F → F be a homeomorphism. Let E be the quotient
space [0, 1]× F/ ∼ where ∼ is the equivalence relation such that

(0, v) ∼ (1, ψ(v)).

Let S1 = [0, 1]/0, 1 (that is [0, 1] with the end points identified). Let p : E →
S1 be the map

p([t, v]) = t/{0, 1}
where [t, v] is the equivalence class of (t, v). Show that this is a fiber bundle
over S1 with fiber F . �
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Problem 4. Here is a problem for those that know some differential topol-
ogy. Let f : M → N be a smooth map between connected compact smooth
manifolds. Assume that f is a submersion. (That is for all x ∈ M the
derivative f ′(x) : TxM → Tf(x)N is surjective.) Then f : M → N is a fiber
bundle. �

Problem 5. Let B = {z ∈ C : Im(z) > 0} be the upper half plane. For
each z ∈ B let Ez be the torus

Ez = C/(Z⊕ Z z).

Set

E =
⋃
z∈B

Ez.

Show that E is a fiber bundle over B. �

Let p : E → B be a fiber bundle. Choose an open cover {Uα}α∈A of B
such that for each Uα we have a trivialization

Ψα : p−1[Uα]→ Uα × F.

For each ordered pair (α, β) ∈ A×A let Uαβ = Uα∩Uβ (this may be empty)
define a map

gαβ : Uαβ → G(F )

where G(F ) is the group of homeomorphisms of F by

gαβ(x) =

(
Ψα

∣∣∣
p−1(x)

)
◦
(

Ψβ

∣∣∣
p−1(x)

)−1

.

Proposition 3. The functions gαβ satisfy the following

(a) gαα(x) = IdF for all x ∈ Uα.
(b) One the intersection Uαβγ := Uα ∩ Uβ ∩ Uγ we have

gαβ(x) ◦ gβγ(x) = gαγ(x).

This is the cocycle condition .
(c) The maps gαβ are continuous with respect to the natural topology on
G(F ).

Proposition 4. Prove this. Hint: Since I have not told you what the topol-
ogy on G(F ) is you can ignore part (c). (One natural topology is the com-
pact open topology and if you know what this is, then you can do the
problem.)

Theorem 5. Let {Uα}α∈A be an open cover of B by open sets and let gαβ
be functions that satisfy the conditions of Proposition 3. Then there is fiber
bundle p : E → B and local trivializations Ψα : p−1[Uα]→ Uα × F such that
the gαβ’s come from the bundle as above.
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Problem 6. Prove this. Hint: Let E be the disjoint union

E :=
∐
α∈A

Uα × F.

Define an equivalence relation on E by

(xα, vα) ∼ (xβ, vβ) ⇐⇒ xα = xβ and gαβ(xα)(vα) = vβ

where (xα, vα) ∈ Uα × F . Let E to be the quotient space E := E/ ∼. Let
[x, v] be the equivalence class of (x, v) ∈ E and define p([x, v]) = x. Now
show that p : E → B is the bundle we want. �

We now relate this back to vector bundles. Let GL(Cn) be the general
linear group. Let {Uα}α∈A be an open cover of the space B. Assume that
for each pair (α, β) ∈ A2 that there is a continuous map

gαβUαβ → GL(Cn)

and that the functions gαβ satisfy the cocycle condition. Then we can use
the construction of Theorem 5 to construct a fiber bundle p : E → B with
fiber Cn.

Problem 7. Show that the construction just outlined gives a vector bundle
in the sense that you know and love. �

Problem 8. In the construction of the last problem assume that B is a
complex analytic manifold and that the function gαβ are holomorphic. Then
show that p : E → B is a holomorphic vector bundle. That is E is a complex
analytic manifold, and p is a holomorphic map. �

Problem 9. Let M be a n-dimensional complex analytic manifold and
let {(Uα, φα)}α∈A be a covering of M by holomorphic coordinate charts.
That is each Uα is an open subset of M and each φα : Uα → Cn is a map
such that φα[Uα] is an open subset of Cn and on any overlap Uαβ the map
ψαβ : φβ[Uαβ]→ φα[Uαβ] by

ψαβ :=
(
φα
∣∣
Uαβ

)
◦
(
φβ
∣∣
Uαβ

)−1
.

Then on each Uαβ define functions gαβ : Uαβ → GL(Cn) by

gαβ(x) = ψ′αβ(x).

(a) Show that the functions gαβ satisfy the cocycle condition and therefore
define a vector bundle.

(b) Show this vector bundle is the holomorphic tangent bundle of M . �

Problem 10. Using the notation of the last problem, let 1 ≤ k ≤ n. Then

on each Uαβ define fαβ : Uαβ → GL(
∧k(Cn)) by

fαβ(x) = ∧k(gαβ(x)).

Show this is a holomorphic vector bundle and the fiber at x ∈ B is the k-th
exterior power of tangent space Tx(M). �
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Problem 11. A variant on the last problem and still using the notation of
Problem 9 let fαβ : Uαβ → GL((Cn)∗) (where (Cn)∗ is the dual space to Cn)
by

fαβ(x) = (gαβ(x)−1)t

where At is the transpose of the linear map A. Show set of transition
functions defines the holomorphic cotangent bundle. �

Problem 12. Let CPn be the space of all one dimensional subspaces of
Cn+1. Then the group GL(Cn) acts on CPn by

A〈v〉 = 〈Av〉.
This action has a kernel. It is not hard to see that A〉v〈=〉v〉 for all v ∈ Cn+1

if and only if A = λI for some λ ∈ C∗. Let G = GL(Cn+1)/{λI}. This is
the automorphism group of CPn.

(a) Show that G is a complex analytic manifold.
(b) Let {Uα}a∈A be an open cover of the complex manifoldM and gαβ : Uαβ →

G be holomorphic maps that satisfy the cocycle condition. Show that
the result fiber bundle is a complex analytic manifold and that the fibers
are all isomorphic to CPn. �

Theorem 6. Let {Uα}α∈A be an open cover of the space B. Let F be anther
space. Assume that for each α ∈ A there is a continuous map hα : UαG(F ).
On Uαβ define

gαβ := hα
∣∣
Uαβ
◦ hβ

∣∣−1

Uαβ
.

Show that these function satisfy the cocycle condition and that the resulting
fiber bundle is isomorphic to the product bundle B × F . �

A section of the bundle p : E → B is a continuous map s : B → E such
that p ◦ s = IdB. Note every bundle will have any sections. For example let
TS2 be the tangent bundle of the sphere S2. Then a section of p : TS2 → S2

is a vector field on S2. But we know that any vector vanishes for at least
one point. Let E be the bundle of unit vectors in TS2. Then E is a circle
bundle over S2. A section of E would be a vector field that does not vanish
at any point. No such vector field exists and therefore E does not have any
sections.

Problem 13. Let {Uα}α∈A be an open cover of B and {gαβ} transition
functions that define a fiber bundle p : E → B with fiber F . Assume that
there are functions sα : Uα → F such that on each Uαβ they are related by

sα(x) = gαβ(x)sβ(x).

Show that this data defines a section of the bundle. �

Problem 14. Let p : E → B be a fiber bundle with fiber F defined by
transition functions {gαβ} for the open cover {Uα}α∈A. Let hα : G(F ) be
continuous. Define g′αβ : Uαβ → G(F ) by

g′αβ(x) = hα(x)gαβ(x)hβ(x)−1.
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Show that {g′αβ} satisfies the cocycle condition and that the bundle they
define is isomorphic to p : E → B. �

2. A classification result.

We fix a base space B and a fiber. Let G be a subgroup of G(F ). That is
G is some group of homeomorphisms of F . In most of the examples we will
be looking at the G will be a group of matrices, or a bit more generally a
Lie group.

For the rest of this section we fix an open cover, U = {Uα}α∈A, of the
space B. The set set, C0

U (B), of 0-cochains is the set of all sets {sα}α∈A
where sα is a continuous functions sα : Uα → G.

Proposition 7. The set C0
U (B) is a group under the operation

{sα}α∈A · {s′α}α∈A = {sα · s′α}α∈A.
The identity element is element with sα = 1 for all α.

Problem 15. Prove this. �

Let C1
U (B) be the set of all collections {cαβ}(α,β)∈A2 where cαβ : Uαβ → G

is a continuous function.

Proposition 8. Which a group operation analogous to that for C0
U (B), the

set C1
U (B) is a group.

Problem 16. Prove this. �

Define a map d0 : C0
U (B)→ C1

U (B) by

d0({sα}α∈A)αβ(x) = sα(x)sβ(x)−1

for x ∈ Uαβ.

Problem 17. Show that if G is Abelian that d0 is a group homomorphism.
Give an example to show that d0 is not a homomorphism when G is not
Abelian. �

Proposition 9. If d0({sα}α∈A) = 1, then there is a continuous function
s : B → G such that for all α we have sα = s

∣∣
Uα

.

Problem 18. Prove this. �

Now let Z1
U (B) of elements of C1

U (B) that satisfy the cocycle condition.
Define an equivalence relation on Z1

U (B) by

{gαβ} ∼ {gαβ} ⇐⇒ ∃{sα} ∈ C0
U (B) such that gαβ = sαg

′
αβs
−1
β .

Set
H1
U (B) = C1

U (B)/ ∼ .

Proposition 10. If the group G is Abelian, then H1
U (B) is an Abelian group

in a natural way.

Problem 19. Prove this. �
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Problem 20. Let p : E → B and p′ : E′ → B be fiber bundles over the same
base B. Define what it means for these bundles to be isomorphic.

We say that the fiber p : E → B is adapted to U if and only if for each
Uα ∈ U the bundle p

∣∣
p−1[Uα]

: p−1[Uα] → Uα is isomorphic to the product

bundle Uα × F .

Theorem 11. There is a natural bijective correspondence between the iso-
morphism classes of U adapted fiber bundles p : E → B over B and the set
H1
U (B).

Problem 21. Give a precise statement of the last theorem and prove it. �


