
Mathematics 739 Homework 3: Differential forms.

On Rn a zero form is just a smooth function f : Rn Ñ R. A one form is
an expression

α “
n
ÿ

j“1

aj dx
j

where x1, . . . , xn are the standard coordinates on Rn and the aj ’s are smooth
functions. We also view each dxj as a linear functional on Rn by letting

dxj

˜

n
ÿ

k“1

vk
B

Bxk

¸

“ vj

where B
Bx1

, B
Bx2

, . . . , B
Bxn is the standard basis of Rn. Here we are identifying

vectors with point deprivations. That is if p P Rn and v is a vector at p
(i.e. v P TMp) then we can also view v as the directional derivative in the
direction of v. That is if f is a smooth real valued function, then

vpfq “
d

dt
fpp` tvq

ˇ

ˇ

ˇ

ˇ

t“0

.

This operator satisfies that f ÞÑ vpfq is linear over R and than

vpfgq “ fppqvpgq ` vpfqgppq.

Proposition 1. If V is an operator on smooth real valued functions on Rn
such that V is linear over R and for some point p P Rn

V pfgq “ V pfqgppq ` fppqV pgq

then there is a vector v at p such that V is given by

V pfq “
d

dt
fpp` tvq

ˇ

ˇ

ˇ

ˇ

t“0

.

Thus V is naturally identified with a vector to Rn at the point p.

Problem 1. Prove this. Hint: First show V pcq “ 0 for any constant c.
Then show if h1 and h2 are smooth functions with h1ppq “ h2ppq “ 0, then
for any smooth function g that V ph1h2gq “ 0. Now use some form or anther
of Taylor’s theorem to write the smooth function f as

f “ fppq `
n
ÿ

j“1

ajpx
j ´ pjq `

n
ÿ

j,k“1

pxj ´ pjqpxk ´ pkqgjk

where the aj ’s are constants and the gjks’s are smooth functions. Put this
all together to conclude

V pfq “
n
ÿ

j“1

ajV px
jq “

d

dt
fpp` tvq

ˇ

ˇ

ˇ

ˇ

t“0

where v is the vector v “
řn
j“1 a

j B
Bxj

. �
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One reason for viewing vectors this way is that this definition is easy to
generalize to manifolds. Let M be a smooth manifold and, C8pMq the
algebra of smooth real valued functions on M and p PM a point. Then we
can define a point derivation at p to be a map f ÞÑ V pfq which is linear
over R and such that for f, g P C8pMq

V pfgq “ V pfqgppq ` fppqV pgq.

Then the set of all such point derivations at p form the tangent space, TMp,
to M at p. To make this definition a bit more geometric let c : p´δ, δq be a
smooth curve with cp0q “ p. Then

V pfq “
d

dt
fpcptqq

ˇ

ˇ

ˇ

ˇ

t“0

is a point derivation at p which we denote, naturally enough, at c1p0q. It
is the tangent vector to c at t “ 0. An easy extension of Proposition 1
shows that every v P TMp can be realized as the tangent vector to a curve
through p.

If x̃1, x̃2, . . . , x̃n is anther coordinate system on Rn and let the one form
α be given in the two coordinate systems by

α “
n
ÿ

j“1

aj dx
j “

n
ÿ

j“1

ãj dx̃
j .

Then

ãj “
n
ÿ

k“1

Bxk

Bx̃j
ak.

This is often written as

ãj “
Bxk

Bx̃j
ak

with the convention that we sum over any repeated index.1

Problem 2. Prove this transformation rule. Also show that if a vector field
is given in the two coordinates systems as

n
ÿ

j“1

aj
B

Bxj
“

n
ÿ

j“1

ãj
B

Bx̃j

then

ãj “
n
ÿ

k“1

Bx̃j

Bxk
ak “

Bx̃j

Bxk
ak.

�

1This convention seems to have been introduced by Einstein in his paper Die Grundlage
der allgemeinen Relativitätstheorie in Annalen der Physik in 1916. This is why it is often
called the Einstein summation convention.



3

If f : Rn Ñ R is a smooth function we define its differential (also called
its exterior derivative) by

df “
n
ÿ

“1

Bf

Bxj
dxj .

The chain rule shows that this is the linear functional defined on vectors by

dfppvq “
d

dt
fpp` tvq

ˇ

ˇ

ˇ

ˇ

t“0

.

Problem 3. Show that the definition of df is independent of the coordinate
system used to define it. �

If 1lek ď n a smooth k-form is sum of the form

α “
ÿ

1ďj1ăj2ă¨¨¨ăjkďn

aj1j2¨¨¨jk dx
j1 ^ dxj2 ^ ¨ ¨ ¨ ^ dxjk

where each of the aj1j2¨¨¨jk are smooth functions. The wedge product ^ is
so that

dxj ^ dxk “ ´dxk ^ dxj

which implies that for any j

dxj ^ dxj “ 0.

The products dxj1 ^ dxj2 ^ ¨ ¨ ¨ ^ dxjk can be view as k-linear alternating
functions as follows. For k “ 2

dxj1^dxj2pu, vq “ dxj1puqdxj2pvq´dxj1pvqdxj2puq “ det

„

dxj1puq dxj2pvq
dxj1pvq dxj2puq



and in general

dxj1 ^ dxj2 ^ ¨ ¨ ¨ ^ dxjkpv1, v2, . . . , vkq “ det
´

“

dxjspvtq
‰k

s,t“1

¯

.

In writing differential forms it is useful to use the multi-index notation.
Let J “ pj1, j2, . . . , jkq then set

dxJ “ dxj1 ^ dxj2 ^ ¨ ¨ ¨ dxjk .

Problem 4. With this notation

(a) If J has a repeated index, then dxJ “ 0.
(b) If the elements of J 1 are a permutation of the elements of J , say J 1 “

pjσp1q, jσp2q, . . . , jσpkqq with σ a permutation of t1, 2, . . . , ku, then dxJ
1

“

signpσqdxJ .
(c) If J and L have an element in common, then dxJ ^ dxL “ 0.
(d) If J and L have no element in common and J has degree k and L has

degree `, then dxL ^ dxJ “ p´1qk`dxJ ^ dxL.
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We can now write a k form α as

α “
ÿ

J

aJ dx
J

where, depending on which is more useful in a given context, the sum is
either over all length k multi-indices or over all increasing multi-indices.

If α and β are forms, say

α “
ÿ

J

aJ dx
J , β “

ÿ

L

bL dx
L

then the wedge product (also called the exterior product) of these is

α^ β “
ÿ

J,L

aJbL dx
J ^ dxL.

Problem 5. Show this product is associative and its definition is indepen-
dent of the coordinate system used. �

Problem 6. Let α be a k-form and β a `-form.

(a) Show that β ^ α “ p´1qk`α^ β.
(b) Show that if k is odd, then α^ α “ 0.
(c) Let ω “ dx1^dx2`dx2^dx4. Show ω^ω “ 2 dx1^dx2^dx3^dx4 ‰ 0.

Thus it is not true α^ α “ 0 for all forms. �

We can now extend the definition of the differential, df , of a smooth
function to general forms. Let

α “
ÿ

J

aJ dx
J .

Then its exterior derivative is

dα “
ÿ

J

daJ ^ dx
J .

Proposition 2. This definition is independent of the coordinate system used
to define it. Also

(a) For any form α

ddα “ 0.

(b) If α is a k form and β is a ` form

dpα^ βq “ pdαq ^ β ` p´1qkα^ pdβq.

A k-form α is called closed if dα “ 0 and exact if α “ dβ for some
pk ´ 1q-form β.

Theorem 3 (Poincaré lemma). Let α be a smooth form defined on a con-
tractable open subset U of Rn with degpαq ě 1. If dα “ 0, then there is a
form β with

dβ “ α.

That is on a contractable open set closed forms are exact.
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Problem 7. Prove the following special case of the Poincaré lemma:2 Let
U :“

Śn
j“1paj , bjq be an open rectangular parallelepiped in Rn and let α be

a closed k form on U . Then there is a pk´1q-form β with dβ “ α. Hint: We
use induction on n ` degpαq. Here we show the induction step in reducing
the casen “ 4 and k “ 2 to a lower dimensional case. You should be able to
adapt thus to the general case. Let x, y, z, w be coordinates on R4. Let α
be a closed two form and write it as

α “ α0 ` P dx^ dw `Qdy ^ dw `Rdz ^ dw.

where α does not have any factors of dw. Show that there are functions p,
q, and r on U such that

Bp

Bw
“ P,

Bq

Bw
“ Q,

Br

Bw
“ R.

Let
β1 “ p dx` q dy ` r dz

and set
α1 “ α` dβ1.

Then

α1 “ α0 ` P dx^ dw `Qdy ^ dw `Rdz ^ dw

´
Bp

Bw
dx^ dw ´

Bq

Bw
dy ^ dw ´

Br

Bw
dz ^ dw

` terms from dβ1 that have no factor of dw.

Therefore α1 satisfies dα1 “ 0 and α1 has no factors of dw. Write

α1 “ Adx^ dy `B dx^ dz ` C dy ^ dz.

Then dα1 “ 0 implies that the coefficients of dx ^ dy ^ dw, dy ^ dz ^ dw,
dx^ dz ^ dw in the expansion of dα1 vanish. That is

BA

Bw
“
BB

Bw
“
BC

Bw
“ 0.

Since U is a convex domain these equation imply that A, B, and C are
independent of w. That is A, B, and C are functions of px, y, zq. So

α1 “ Apx, y, zq dx^ dy `Bpx, y, zq dx^ dz ` Cpx, y, zq dy ^ dz

is a form on a lower dimensional rectangular parallelepiped. Whence by the
induction hypothesis there is a form β2 with

dβ2 “ dα1.

Putting together with α1 “ α` dβ1 gives

α “ α1 ´ dβ1 “ dβ2 ´ dβ1 “ dβ

where β “ β2 ´ β1. This completes the induction and the proof. �

2This proof is based on some notes from the web site of James Marrow:
https://sites.math.washington.edu/„morrow/335 12/335.html and is based on a
proof in Walter Rudin’s Principles of Mathematical Analysis.
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So we can summarize the above as “exactly forms are closed” and con-
versely “a closed form on a contractable set is exact”. It is not true that all
closed forms are exact. Probably the best known example is

α “ d arctanpy{xq “
x dy ´ y dx

x2 ` y2

which is closed on R2ztp0, 0qu, but is not exact.
Let M be a smooth manifold with dimpMq “ n. For each k with 0 ď k ď

n let
AkpMq “ vector space of all smooth k-forms on M .

Also let
ZppMq “ tα P AkpMq : dα “ 0u

be the vector space of all closed forms on M . Set

Hk
dRpMq “ ZkpMq{dAk´1pMq

with the convention that A´1pMq “ t0u. These are the de Rham coho-
mology groups of M .

Proposition 4. The set

H˚dRpMq “
dimpMq
à

k“0

Hk
dRpMq

is an algebra where the multiplication is

rαs ^ rβs “ rα^ βs

where rωs is the cohomology class of the closed form ω.

Problem 8. Prove this. Hint: Once you have shown the product is well
defined everything else falls out easily. �

As a trivial example:

Proposition 5. If U is a contractable open set in Rn, then H˚dRpUq “ t0u

H˚dRpUq “

#

R, k “ 0;

0, k ‰ 0.

Proof. For k ą 0, that Hk
dRpUq “ 0 is nothing more than a restatement of

the Poincaré lemma. For k “ 0, if α is a closed 0-form, then α is just a
smooth function α : U Ñ R. That α is closed, that is dα “ 0, in this case
implies that α is locally constant and as U is connected this implies that α
is constant. But there are no forms of degree ´1 so the only exact form is
α “ 0. Thus H0

dRpUq “ R{t0u “ R. �

To give a less trivial example let Tn “ Rn{Zn be the n-dimensional torus.
Then the forms dx1, dx2,. . . ,dxn are translation invariant and therefore make
sense on Tn. The algebra H˚dRpT

nq is the algebra generated by the coho-
mology classes rdx1s, rdx2s,. . . , rdxns.
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Problem 9. On T 2 show that all of the cohomology classes rdxs, rdys and
rdx^ dys are nonzero. �

Anther important property of differential forms is how they transform
under smooth maps. To start let f : M Ñ N be a smooth map between
smooth manifolds, and let a : N Ñ R be a smooth function. That is a is a
0-form. Then we pull back a to M in the usual way:

f˚a :“ f ˝ a.

Let α be a one form on N . Than for each y P N we have that αy : TNy Ñ R
is a linear functional. We can then define

pf˚αqxpvq “ αfpxqpDfxpvqq

where v is a vector in TMx and Dfx is the derivative of f at x. Then pf˚αqx
is a linear functional on TMx and thus f˚α is a 1-form on M . Likewise if α
is a 2-form on N , then for each y P N we have that αy : TNy ˆ TNy Ñ R is
an alternating bilinear function. Then we f˚α is the 2-from on M given by

pf˚αqxpu, vq “ αf pxqpDfxpuq, Dfxpvqq.

This definition clearly generalizes to to k-forms by viewing them as alternat-
ing k-linear functions on tangent spaces. We have the basic transformation
rule pf ˝ gq˚ “ g˚ ˝ f˚ which we now state in a highbrow may.

Proposition 6. The map M ÞÑ AkpMq that sends a smooth manifold M
to the module (over C8pMq) is contravariant functor from the category of
smooth manifolds and smooth maps, to the category of rings and modules.

Problem 10. Make this precise and prove it. �

The properties of the next proposition are also very important, but less
obvious than the property of the last proposition.

Proposition 7. Let f : M Ñ N be a smooth map between smooth manifolds.
Let α be a k-form on N . Then

dpf˚αq “ f˚dα

and if β is a ` form then

f˚pα^ βq “ pf˚αq ^ pf˚βq.

Problem 11. Chase through the definitions and prove this. Or more realis-
tically go through your Math 738 notes and look at the proof there. Or find
a readable book on differential geometry and see how it is proven there. �

Proposition 8. Let f : M Ñ N be a smooth map between smooth manifolds.
Then f˚ : H˚dRpNq Ñ H˚dRpMq given by

f˚rαs “ rf˚αs

is well defined and gives is a contravariant functor from the category of
smooth manifolds and maps to the category of graded algebras.
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Problem 12. Prove this (after looking up the definition of “graded algebra”
if you don’t remember what one is). �

Example 9. Let M1 and M2 be connected smooth manifolds. Let M “

M1ˆM2. Then we have the projections pj : M ÑMj . Also let xj PMj and
we have inclusions ιÑM by

ιpxq “ px, x2q, ιpxq “ px1, xq.

Then pj ˝ιj “ IMj . Therefore for the induced maps on de Rham cohomology
we have

ι˚j ˝ p
˚
j “ IH˚dRpMjq

.

This tells us that ι˚j : H˚dRpMq Ñ H˚dRpMjq is surjective and p˚j : H˚dRpMjq Ñ

H˚dRpMq is injective.

We next define the integration of differential forms. If ω is an n-form on
Rn, then it is of the form

ω “ fpxq dx1 ^ dx2 ^ ¨ ¨ ¨ ^ dxn.

Assume that f has compact support, that is sptpfq :“ tx : fpxq ‰ 0u is
compact, then we define

ż

Rn
ω :“

ż

f dx1dx2 ¨ ¨ ¨ dxn

where dx1dx2 ¨ ¨ ¨ dxn is the usual Lebesgue measure defined by this coor-
dinate system. Now here is the magic part of the of the definition of the
wedge product. Let x̃1, x̃2, . . . , x̃n be anther coordinate system on Rn. Then
in this coordinate system the form ω is given by

ω “ f̃ dx̃1 ^ dx̃2 ^ ¨ ¨ ¨ ^ dxn

where

f̃ “ det

„

Bxi

Bx̃j



f.

Proposition 10. If det
”

Bxi

Bx̃j

ı

ą 0 then
ż

Rn
f̃ dx̃1dx̃2 ¨ ¨ ¨ dx̃n “

ż

Rn
f dx1dx2 ¨ ¨ ¨ dxn.

Problem 13. Use the change of variable formula from advanced calculus to
prove this. �

Call a coordinate system x̃1, x̃2, . . . , x̃n a positive coordinate system if

det
”

Bxi

Bx̃j

ı

ą 0. The last proposition shows that for a compactly support n

form, ω, that
ş

Rn ω “
ş

f̃ dx̃1dx̃2 ¨ ¨ ¨ dx̃n is defined is defined independently
of the choice of the coordinate system.

This gives a first step toward integrating forms on manifolds. Recall that
a smooth manifold M is orientable if it has an atlas tpUα, ψαquαPA where
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all coordinate are positively related on their overlaps. That if for each α, β
the map ψα ˝ ψ

´1
β

ˇ

ˇ

ψβrUαβs
: ψβrUαβs Ñ ψαrUαβs (where Uαβ “ Uα X Uβ) has

positive Jacobian.
An orientation on a smooth manifold, M , is a choice of a positive atlas

onM . Let ω be a compactly supported n-form on the oriented n-dimensional
manifold M . Assume there is a positive coordinate system x1, x2, . . . , xn

with

sptpωq Ď domain of x1, x2, . . . , xn.

Then in this coordinate system ω will have the form

ω “ f dx1 ^ dx2 ¨ ¨ ¨ dxn

and we can define

ω “

ż

f dx2dx2 ¨ ¨ ¨ dxn.

Then if x̃1, x̃2, . . . , x̃n is anther positive coordinate system with

sptpωq Ď domain of x̃1, x̃2, . . . , x̃n.

and ω “ p̃fqdx̃1 ^ dx2 ^ ¨ ¨ ¨ ^ dxn then Proposition 10 tells use this gives
the same result as for our original coordinate system.

Therefore we have defined
ş

M ω for n-forms, ω, on oriented n-dimensional
manifolds when ω has small support. To globalise this definition we use
partitions of unit.

Definition 11. Let M be a smooth manifold and U an open cover of M .
Then a partition of unity subordinate to U is a collection tφαuαPA of
smooth nonnegative real valued functions such that

(a)
ř

αPA φαpxq “ 1 for all x PM ,
(b) For each α P A there is U P U with sptpφαq Ď U .
(c) the sum

ř

αPA φα is locally finite in the sense that each x P M has a
neighborhood V such that the set tα P A : sptpφαq X V u is finite.

Theorem 12. If M is a smooth manifold with a separable topology, then
every open cover of M has a partition of unity subordinate to it. �

Now let ω be a compactly supported n-form on the n-dimensional smooth
manifold M . Let U be a collection of the domains of positive coordinate
neighborhoods that cover M . Let tφαuαPA be a partition of unit subordinate
to this open cover. Then we the integral of ω by

ż

M
ω “

ÿ

αPA

ż

M
φαω.

As each φαω has support contained in a positive coordinate neighborhood,
the integral

ş

M φαω is defined as above. And that ω is compactly support
and the sum for the partition of unity is locally finite implies that only a
finite number of the terms in the sum

ř

αPA

ş

M φαω only has finitely many
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nonzero terms so convergence is not a problem. If tρβuβPB is anther partition
subordinate to anther cover by positive coordinate systems we have

ÿ

αPA

ż

M
φαω “

ÿ

αPA

ż

M
1φαω

“
ÿ

αPA

ż

M

ˆ

ÿ

βPB

ρβ

˙

φαω

“

ż

M

ˆ

ÿ

βPB

ρβ

˙ˆ

ÿ

αPA

φα

˙

ω

“

ż

M

ˆ

ÿ

βPB

ρβ

˙

1ω

“
ÿ

βPB

ż

M
ρβω

which shows that this definition is independent of the partition of unity
used.

Lemma 13. Let σ be an pn´ 1q-form on Rn. Then
ż

Rn
dω “ 0.

Problem 14. Prove this. Hint: Here is the proof when n “ 3. You should
not have much trouble generalizing it. Let

σ “ Adx^ dy `Bdx^ dz ` Cdy ^ dz.

Then

dσ “

ˆ

BA

Bz
´
BB

By
`
BC

Bx

˙

dx^ dy ^ dz.

We now take the first of these terms.
ż

R3

BA

Bz
dx^ dy ^ dz “

ż

R3

BA

Bz
dxdydz

“

ż

R2

ˆ
ż 8

´8

BA

Bz
px, y, zq dz

˙

dxdy

“ 0

where
ş8

´8
BA
Bz px, y, zq dz “ Apx, y,8q ´ Apx, y,´8q “ 0 because A is com-

pactly supported. The proofs for the other two terms is identical. �

Theorem 14 (Stokes’ Theorem). If σ is a compactly supported pn´1q-form
on an oriented n-dimensional manifold M , then

ż

M
dσ “ 0.
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Proof. If σ is supported in a positive coordinate system, then the proof that
ş

M dσ “ 0 reduces to that of Lemma 13. So we can choose a partition of
unity tφαuαPA such that for each α

ż

M
dpφασq “ 0.

But then
ż

M
dσ “

ż

M
dp1σq

“

ż

M
d

ˆ

´

ÿ

αPA

φα

¯

σ

˙

“
ÿ

αPA

ż

M
dpφασq

“ 0
�

Here is anther result that is easily proven using partitions of unity.

Proposition 15. A smooth manifold M is orientable if and only if there is
a nowhere vanishing n-form on M .

Problem 15. Prove this. Hint: The easy direction is that if M has a
nowhere vanishing n-form ω, then for any local coordinate system x1, x2, . . . , xn

on a connected open set we have dx1 ^ dx2 ^ ¨ ¨ ¨ ^ dxn “ fω where f is a
nonvanishing smooth function. Thus f is either always positive, or always
negative. Call the coordinate system positive if f is positive. Show the col-
lection of coordinate systems where the function f is positive is an oriented
atlas for M .

Conversely if M is covered by a collection of charts pU, x1, . . . , xnq where

all overlaps are positive, then on to such charts pU, x1, . . . , xnq and pŨ , x̃1, . . . , x̃nq

on the overlap U X Ũ we have that dx1 ^ ¨ ¨ ¨ ^ dxn and dx̃1 ^ ¨ ¨ ¨ ^ dx̃n are
pointwise positive multiples of each other. Now piece these n-forms defined
on the coordinate neighborhoods together by using a partition of unity. �

Theorem 16 (Mayer-Vietoris Sequence). Let M smooth manifold and as-
sume that M “ U Y V where U and V are open subsets of M . Then the
following sequence of chain complexes is exact.

0 ÝÝÝÝÑ A˚pMq
r

ÝÝÝÝÑ A˚pUq ‘A˚pV q
s

ÝÝÝÝÑ A˚pU X V q ÝÝÝÝÑ 0

where
rpαq “ pα

ˇ

ˇ

U
, α

ˇ

ˇ

V
q and spα, βq “ α

ˇ

ˇ

U
´ β

ˇ

ˇ

V
.

Proof. That r is injective is clear and it is not hard to see kerpsq “ Imageprq.
So we only need to show s is surjective. Let γ P A˚pU X V q. Let tρV , ρV u
be a partition of unity with sptpρU q Ď U and sptpρV q Ď V . Then

spρUγ
ˇ

ˇ

U
,´ρV γ

ˇ

ˇ

V
q “ γ.

This shows s is surjective and completes the proof. �
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As we have seen in the algebraic topology class, a short exact sequences
of chain complexes leads to a long exact sequence in cohomology:

Ñ Hk´1
dR pU XV q Ñ Hk

dRpMq Ñ Hk
dRpUq‘H

K
dRpV q Ñ Hk

dRpU XV q Ñ Hk`1pMq Ñ

And we know that on contractable open sets that H˚dRpUq “ Rr1s (this is
H˚dRpMq is just the constant multiples of the class of the constant function
1). Therefore we can do calculations similar to the ones we did in algebraic
topology to get results such as

Hk
dRpS

nq “

#

R, k “ 0, n;

0, otherwise.

where n ě 1. On the torus Tn “ Rn{Zn we have

dimH˚dRpT
nq “

ˆ

n

k

˙

for 0 ď k ď n. And if Mg is the compact oriented surface of genus g, then

Hk
dRpMgq “

#

R, k “ 0, 2;

R2g, k “ 1.

Or we can go about this is a more highbrow manner by using sheaves.
Recall that a sheaf, S, on M is an assignment of a group (or ring or vector
space or whatever is appropriate in context3), SpUq to each open subset
U of M such that this assignment has some nice properties (which I am
not going to rewrite here). Give any sheaf S we can construct cohomology

groups HkpM,Sq by a variant of the C̆ech construction by taking open covers
and refining them. For use the important point is that given a short exact
sequence

0 Ñ AÑ B Ñ C Ñ 0

of sheaves on M that this leads to a long exact sequence in cohomology:

0 Ñ H0pM,Aq Ñ H0pM,Bq Ñ H0pM, Cq
Ñ H1pM,Aq Ñ H1pM,Bq Ñ H1pM, Cq
Ñ H2pM,Aq Ñ H2pM,Bq Ñ H2pM, Cq

...

Ñ HkpM,Aq Ñ HkpM,Bq Ñ HkpM, Cq

Ñ Hk`1pM,Aq Ñ Hk`1pM,Bq Ñ Hk`1pM, Cq
...

3In general for the construction here to work it is enough for the sheaf to take values
in an Abelian category.
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We recall a bit about the C̆ech construction. Let U “ tUαuαPA be a
locally finite open cover of M . For each p ě 0 and a sheaf S let

CppU ,Sq “
ź

pα0,...,αpqPAp`1

SpUα0,...,αpq

where

Uα0,...,αp “ Uα0 X Uα1 X ¨ ¨ ¨ X Uαp .

The coboundary operator

δ : CppU ,Sq Ñ Cp`1pU ,Sq

is given by

pδsqα0,...,αp`1 “

p`1
ÿ

j“0

p´1qjsα0,...,α̂j ,...,αp`1

ˇ

ˇ

ˇ

Uα0,...,αp`1

where α̂j means the index αj is omitted. Then δδ “ 0 and so we can define
the cohomology groups

HppU ,Sq “ ts P CppU ,Sq : δs “ 0u{δrCp´1pU ,Sqs.

Lemma 17. Assume that the sheaf S is closed under multiplication by
smooth functions. That is if s P SpUq and f is smooth function on U ,
then fs P SpUq for any open U ĎM . Then for any locally finite open cover
U of M and any p ě 1

HppU ,Sq “ 0.

Problem 16. Prove this. Hint: Let tραuαPA be a partition of unity subordi-
nate to U “ tUαuαPA. Let s P CppU ,Sq with δs “ 0. Define τ P Cp´1pU ,Sq
by

τα0,...,αp´1 “
ÿ

βPA

ρβsβ,α0,...,αp´1

where ρβsβ,α0,...,αp´1 extends to Uα0,...,αp´1 by zero. Now show

δτ “ s.

It was easier for me to see what was going on by looking at the case of p “ 2.
Let s P C2pU ,Sq with

δsU0,U1,U2,U3 “ sU1,U2,U3 ´ sU0,U2,U3 ` sU0,U1,U3 ´ sU0,U1,U2 “ 0

Note this implies

sU0,U1,U2 “ sU3,U1,U2 ´ sU3,U0,U1 ` sU3,U0,U1

Then τ is

τU0,U1 “
ÿ

V

ρV sV,U0,U1 .
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and you should verify the following calculation works

pδτqU0,U1,U2 “ τU1,U2 ´ τU0,U1 ` τU0,U1

“
ÿ

V

ρV sV,U1,U2 ´
ÿ

V

ρV sV,U0,U1 `
ÿ

V

ρV sV,U0,U1

“
ÿ

V

ρV psV,U1,U2 ´ sV,U0,U1 ` sV,U0,U1q

“
ÿ

V

ρV sU0,U1,U2

“ sU0,U1,U2 .

This shows that for p ě 0 that s P CppU ,Sq and δs “ 0 implies s “ δτ for
some τ . That is HppU ,Sq “ 0. �

As the sheaf cohomology groups HppM,Sq are defined in terms of direct
limits of the cohomology coming from open covers that last lemma implies

Proposition 18. Assume that the sheaf S is closed under multiplication by
smooth functions. Then for any p ě 1

HppM,Sq “ 0.
�

Let AkpMq be the sheaf of smooth sections of AppMq. Then AkpMq is
closed under multiplication by smooth functions. Thus the last proposition
gives us

Theorem 19. For all k ě 0 and p ě 1

HppM,Akq “ 0.
�

p Let let Z be the sheaf defined on M by

ZppUq “ tα P AppUq : dα “ 0u.

That is Zp is the sheaf of closed p forms. This sheaf is not closed under
multiplication by smooth function for if dα “ 0 and f is a smooth function,
then

dpfαq “ df ^ α` fdα “ df ^ α

and this need not be zero. On the other hand for p ě 1 the Poincaré lemma
can be rephrased as saying the following sequence is exact:

0 Ñ Zp´1 Ñ Ap Ñ Zp Ñ 0.

The long exact sequence for this sequence gives that for p ě 1

Hp´1pM,Akq “ 0 Ñ Hp´1pM,Zkq Ñ HppM,Zk´1q Ñ 0 “ HppM,Ak´1q.

That is for all k ě 0 and p ě 1 we have a natural isomorphism

Hp´1pM,Zkq – HppM,Zk´1q
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We also have a short exact sequence

0 Ñ RÑ A0 Ñ Z1 Ñ 0.

and from the long exact sequence for this we get for p ě 1 that

Hp´1pM,A0q “ 0 Ñ Hp´1pM,Z1q Ñ HppM,Rq Ñ 0 “ HppM,A0q

and thus a natural isomorphism

HppM,Rq – Hp´1pM,Z1q.

We can now string all these isomorphisms together

HppM,Rq – Hp´1pM,Z1q

– Hp´2pM,Z2q

– Hp´3pM,Z3q

...

– H1pM,Zp´1q

– H0pM,Zpq{δH0pM,Ap´1q

“ ZppMq{dAp´1pMq

“ Hp
dRpMq.

where δ is the connecting homomorphism from the long exact sequence.
Therefore we have proven

Theorem 20 (de Rham’s Theorem). For any smooth manifold M there is
a natural isomorphism of graded algebras

H˚dRpMq – H˚pM,Rq

where H˚pM,Rq is the C̆ech cohomology of the constant sheaf (which is
isomorphic to the singular cohomology of M with real coefficients). �

So far this all has had little to do with complex manifolds. For each p ě 0
let

Źp
CpMq be the real vector bundle with fiber at x PM

ľP

C
pMqx :“ C‘R

ľp
pMqx.

Put in somewhat more concrete terms, each fiber is the set of p-linear (over
R) alternating functions from the tangent space to C. Let ApCpMq be the
set of all smooth sections of

Źp
CpMq. In lowbrow terms elements of

Źp
CpMq

are of the form
α “ α0 ` iα1

where α0 and α1 are ordinary (i.e. real valued) differential forms. Let J be
the almost complex structure on M . That is for each x P M we have that
T : T pMqx Ñ T pMqx is multiplication by i “

?
´1. Thus J2 “ ´I (with I

the identity map) and a real leaner map α : T pMqx Ñ C is complex linear
if and only if

αpJXq “ iαpXq



16

for X P T pMqx.

Problem 17. Let f : M Ñ C be a smooth function. Show that df being
complex linear (that is dfpJXq “ idfpXq for all vectors X) is equivalent to
the Cauchy-Riemann equations. �

Given a real linear map α : T pMqx Ñ C we can write it as

αpXq “
1

2
pαpXq ´ iαpJXqq `

1

2
pαpXq ` iαpJXqq

“ α1,0pXq ` α0,1pXq

where α1,0 as defined here is complex linear and α0,1 is conjugate linear
(that α0,1pJXq “ ´iα0,1pXq). This calculation shows that every complex
valued one form, that is a element of A1

CpMq uniquely decomposes as the
some of a complex linear (that is p1, 0q form) and a conjugate linear linear
(a p0, 1q-form). That is we have a direct sum

T ˚C “
ľ1

C
pMq “ A1,0pMq ‘A0,1pMq

where A1,0pMq are the complex linear one forms and A0,1pMq are the con-
jugate linear one forms. In terms of a complex linear coordinate system
z1, z1, . . . , zn on M (where zj “ xj ` iyj) the elements of A1,0pMq locally
look like

α “ a1 dz
1 ` a2 dz

2 ` ¨ ¨ ¨ ` an dz
n.

where a1, . . . , an are smooth complex valued functions and

dzj “ dxj ` i dyj .

Likewise the elements of A0,1pMq locally look like

α “ a1 dz
1 ` a2 dz

2 ` ¨ ¨ ¨ ` an dz
n.

With dzj “ dxj ´ idyj and a1, . . . , an are smooth complex valued functions.

Problem 18. If you have not done so before, you should check that the real
linear map dzj : T pMqx Ñ C is complex linear and that dzj : T pMqx Ñ C is
conjugate linear. �

Let Ap,qpMq be the sections of the bundle

Ap,qpMq “ A1,0pMq bA0,1pMq.

Sections of A2,0pMq are of the form
ÿ

jăk

ajk dx
j ^ dzk.

Sections of A1,1pMq are of the form
ÿ

j,k

aij dz
j ^ dzk
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and finally it will be no surprise that p0, 2q forms are of the form
ÿ

jăk

ajk dz
j ^ dzk.

where in all of these formulas the ajK ’s are smooth complex valued functions.
In general if Ippq is the set of tuples pi1, i2, . . . , ipq with 1 ď i1 ă i2 ă ¨ ¨ ¨ ă
ip ď n then elements of Ap,qpMq, which are called pp, qq-forms on M , are
of the form

ÿ

JPIppq,KPIpqq
aIJ dz

J ^ dzK

where dzJ “ dzj1 ^ dzj2 ^ ¨ ¨ ¨ ^ dzjp and dzK “ dzk1 ^ dzk2 ^ ¨ ¨ ¨ ^ dzkq .
Let z1, . . . , zn be complex coordinates on with zj “ xj ` iyj . Then the

exterior derivative of a smooth function f : M Ñ C is

df “
n
ÿ

j“1

ˆ

Bf

Bxj
dxj `

Bf

Byj
dyj

˙

.

We define the partial derivatives with respect to zj and zj as usual:

B

Bzj
:“

1

2

ˆ

B

Bxj
´ i

B

Byj

˙

,
B

Bzj
“

ˆ

B

Bxj
` i

B

Byj

˙

.

Proposition 21. For a smooth complex valued function, f , on a complex
manifold, M , the exterior derivative is given by

df “
n
ÿ

k“1

ˆ

Bf

Bzk
dzk `

Bf

Bzk
dzk

˙

.

Problem 19. If you have near done this calculation before, do it now. �

This suggests defining differential operators B and B defined in local co-
ordinates by

Bf “
n
ÿ

k“1

Bf

Bzk
dzk, Bf “

n
ÿ

k“1

Bf

Bzk
dzk,

It can easily be verified that this definition is independent of the complex
coordinate used to define it. This also follows from the following.

Proposition 22. Let f be a smooth complex valued function on the complex
manifold M . Then Bf and Bf are the (real) linear maps given by

BfpXq “
1

2
pdfpXq ´ i dfpJXqq , BfpXq “

1

2
pdfpXq ` i dfpXqq .

Thus
df “ Bf ` Bf

and this is the decomposition of df into the sum of complex linear and a
conjugate linear maps.

Problem 20. This is anther case where if you have not done this before,
you should do it now. �
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We now extend the definitions of B and B to A˚pMq in the natural way.
That is if

α “
ÿ

J,K

aJK dz
J ^ dzK

then

Bα “
ÿ

J,K

BaJK ^ dz
J ^ dzK , Bα “

ÿ

J,K

BaJK ^ dz
J ^ dzK .

With this definition we still have that

d “ B ` B

holds on A˚pMq. From this definition it is clear that

BAp,qpMq Ď Ap`1,qpMq, and BAp,qpMq. Ď Ap,q`1pMq

Proposition 23. The following hold

BB “ 0, BB ` BB “ 0, B B “ 0.

Problem 21. Prove this. Hint: From d “ B ` B and dd “ 0 we have

0 “ dd “ pB ` BqpB ` Bq “ BB ` pBB ` BBq ` B B.

Let α be a pp, qq form. Then

0 “ BBα` pBB ` BBqα` B Bα

and

BBα P Ap`2,qpMq, pBB ` BBqα P Ap`1,q`1pMq, B Bα P Ap,q`2pMq.

Now use that the spaces Ap`2,qpMq, Ap`1,q`1pMq and Ap,q`2pMq are lin-
early independent. �

Note if f : M Ñ C, then Bf “ 0 if and only if f is holomorphic. More
generally a holomorphic p-form is a form α P Ap,0pMq that satisfies
Bf “ 0.

We now list the sheaves that will be of use to us. First if M is any smooth
manifold then we have

ZpUq “ locally constant Z valued functions on U .

RpUq “ locally constant R valued functions on U .

CpUq “ locally constant C valued functions on U .

C˚pUq “ locally constant C˚ valued functions on U .

C8pUq “ smooth R (or C depending on context) valued functions

AppUq “ smooth p forms on U .

ZppUq “ smooth closed forms U .
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If M is a complex manifold we get some more sheave defined by the
complex structure.

OpUq “ holomorphic functions on U .

O˚pUq “ group of nonzero holomorphic functions on U .

ΩppUq “ holomorphic p forms on U .

Ap,qpUq “ smooth pp, qq forms on U .

Zp,q

B
pUq “ pp, qq-forms α with Bα “ 0

Definition 24. A sheaf, S, on a smooth manifold, M , is fine if is closed
under multiplication by smooth functions in the sense of Lemma 17. (This
is not the standard definition, which is that the sheaf admits partitions of
unity. On smooth manifolds and with the sheaves we will be considering the
definition here is easier to verify.) �

Proposition 25. If M is a complex manifold the following sheaves

C8, Ap, Ap,q

are fine and therefore for k ě 1

HkpM, C8q “ 0, HkpM,Apq “ 0, HkpM,Ap,qq “ 0.

Problem 22. Prove this. Hint: That these sheaves are closed under mul-
tiplication by smooth functions is more or less clear. To conclude that the
cohomology groups vanish use Proposition 18. �

Having sheaves, S, that have HppM,Sq “ 0 makes us want to put then
into short exact sequences to get bunches of isomorphisms. We have already
seen one example of this using that the sequences

0 ÝÝÝÝÑ R incl.
ÝÝÝÝÑ A0 d

ÝÝÝÝÑ Z1 ÝÝÝÝÑ 0

and for p ě 2

0 ÝÝÝÝÑ Zp´1 incl.
ÝÝÝÝÑ Ap´1 d

ÝÝÝÝÑ Zp ÝÝÝÝÑ 0

are exact which was used in the proof of the de Rham Theorem. That these
are exact is just a restatement of the Poincaré lemma.

There is also a Poincaré lemma for the B operator. Recall that a polydisk
in Cn is a set of the form

U “ Dpa1, r1q ˆDpa2, r2q ˆ ¨ ¨ ¨ ˆDpan, rnq

where Dpak, rkq “ tz P C : |z ´ ak| ă rku.

Proposition 26. If U is a polydisk, p ě 1, and α is a pp, qq form on U with
Bα “ 0, then there is a pp´ 1, qq for β with Bβ “ α.

Proof. We will come back to this. �

We can translate this into a statement about sheaves which we put in a
somewhat long winded form.
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Proposition 27. Let M be a complex manifold. Then the sequence

0 ÝÝÝÝÑ O incl.
ÝÝÝÝÑ A0,0 B

ÝÝÝÝÑ Z1,0 ÝÝÝÝÑ 0

(where A0,0 can be viewed as A0,0 “ C8 the sheaf of smooth complex valued
functions) is exact. For p ě 0

0 ÝÝÝÝÑ Ωp incl.
ÝÝÝÝÑ Ap,0 B

ÝÝÝÝÑ Zp,1

B
ÝÝÝÝÑ 0

is exact. For p ě 1 the sequence

0 ÝÝÝÝÑ Zp´1,0

B

incl.
ÝÝÝÝÑ Ap´1,0 B

ÝÝÝÝÑ Zp,0

B
ÝÝÝÝÑ 0

are exact. For all p, q

0 ÝÝÝÝÑ Zp,q

B

incl.
ÝÝÝÝÑ Ap,q B

ÝÝÝÝÑ Zp,q`1

B
ÝÝÝÝÑ 0

is exact. �

We also have the B version of the de Rham groups:

Hp,q “ Zp,q
B
pMq

M

B
“

Ap,q´1pMq
‰

.

Theorem 28. For a complex manifold there is a natural isomorphism

HqpM,Ωpq – Hp,q

B
pMq.

Problem 23. Give a proof of this along the lines of the proof of Theorem 20.
�


