Mathematics 739 Homework 3: Differential forms.

On R" a zero form is just a smooth function f: R™ — R. A one form is
an expression

n
o= Z a; d’
j=1

where x°, ..., 2" are the standard coordinates on R™ and the a;’s are smooth
functions. We also view each dz’ as a linear functional on R™ by letting

L P ,
dx’? kak) =’
<k—1 ox
0 0

where %, 5275+ -1 aon 15 the standard basis of R™. Here we are identifying
vectors with point deprivations. That is if p € R™ and v is a vector at p
(i.e. v e TM,) then we can also view v as the directional derivative in the
direction of v. That is if f is a smooth real valued function, then

1

o(f) = ST+ )

t=0
This operator satisfies that f — v(f) is linear over R and than

v(fg) = fp)v(g) +v(f)g(p)-

Proposition 1. If V is an operator on smooth real valued functions on R™
such that V is linear over R and for some point p € R"

V(fg) =V (fgp) + f(p)V(g)

then there is a vector v at p such that V is given by

V(f) p + tv)

Thus V is naturally identified with a vector to R™ at the point p.

Problem 1. Prove this. Hint: First show V(c¢) = 0 for any constant c.
Then show if hy and hy are smooth functions with hy(p) = ha(p) = 0, then
for any smooth function g that V (hihog) = 0. Now use some form or anther
of Taylor’s theorem to write the smooth function f as
n n
f=1fm)+ Y a5 —p)+ D) (@ =) ("~ p")gp
7j=1 Ji.k=1

where the a;’s are constants and the g;is’s are smooth functions. Put this
all together to conclude

t=0

V() = Y aV@) = 5+ )
j=1

n j_o
o1 @ O

where v is the vector v = ) =7



One reason for viewing vectors this way is that this definition is easy to
generalize to manifolds. Let M be a smooth manifold and, C*(M) the
algebra of smooth real valued functions on M and p € M a point. Then we
can define a point derivation at p to be a map f — V(f) which is linear
over R and such that for f,g e C*(M)

V(fg9) =V (Hyp) + fp)V(g)-

Then the set of all such point derivations at p form the tangent space, T'M,,
to M at p. To make this definition a bit more geometric let c¢: (—4,9) be a
smooth curve with ¢(0) = p. Then

V(f)= —f(c(t
() = Gem)|
is a point derivation at p which we denote, naturally enough, at ¢/(0). It
is the tangent vector to ¢ at t = 0. An easy extension of Proposition 1
shows that every v € T'M,, can be realized as the tangent vector to a curve
through p.
If #',%2,...,2" is anther coordinate system on R™ and let the one form
a be given in the two coordinate systems by

a—Zade =Za‘di‘j.

7j=1
Then

n
- ok
CLJ = Z — Q.
= ox)

This is often written as
ozt
37
with the convention that we sum over any repeated index.!

aj =

Problem 2. Prove this transformation rule. Also show that if a vector field
is given in the two coordinates systems as

0 0
j;aJM:Z ]0.%3

j=1
then

- (933] _ox
@ = Z 8xk T okt 0

1This convention seems to have been introduced by Einstein in his paper Die Grundlage
der allgemeinen Relativitdtstheorie in Annalen der Physik in 1916. This is why it is often
called the Einstein summation convention.
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If f: R™ — R is a smooth function we define its differential (also called
its exterior derivative) by

dfzzwdxj.

=1

The chain rule shows that this is the linear functional defined on vectors by

&) = 51+ o)

=0
Problem 3. Show that the definition of df is independent of the coordinate
system used to define it. O

If 1lek < n a smooth k-form is sum of the form

o= Z @y o dzit A dx?? A - A dad
1<ji<je<<jp<n
where each of the aj, j,...;, are smooth functions. The wedge product A is
so that
da?d A daF = —da® A da?

which implies that for any j

da? A da? = 0.

The products dz?' A dax?2 A --- A da’* can be view as k-linear alternating

functions as follows. For k£ = 2
. . . , . . do? (u)  dzi2(v)
Ji j2 — dpit 32 (1) — ddt 32 (4)) — , :
da?* Adx?? (u,v) = dz?t (u)dz?? (v) —dz?t (v)dx?? (u) = det [dxﬁ(v) da2 (1)

and in general
da?' A da?? Ao A da?s (v, vg) = det ([dxjs(vtﬂft:l) '

In writing differential forms it is useful to use the multi-index notation.
Let J = (41,72, --,jk) then set

dx’ = da? A dz?? A - - dad®.

Problem 4. With this notation

(a) If J has a repeated index, then dz”’ = 0.

(b) If the elements of J' are a permutation of the elements of J, say J' =
(Jo(1)sJo(2)s - - - Jo(k)) With o a permutation of {1,2,...,k}, then da’' =
sign(o)dz”.

(c) If J and L have an element in common, then dz”’ A dz® = 0.

(d) If J and L have no element in common and J has degree k and L has
degree £, then dz’ A do’ = (=1)*dx’ A da”.



We can now write a k form « as
o= Z ay dz”
J

where, depending on which is more useful in a given context, the sum is
either over all length k£ multi-indices or over all increasing multi-indices.
If « and B are forms, say

a=ZaJd:L‘J, ﬁszdeL

J L

then the wedge product (also called the exterior product) of these is
anf= ZanLda:J A dz*.
JL

Problem 5. Show this product is associative and its definition is indepen-
dent of the coordinate system used. ([l
Problem 6. Let a be a k-form and 8 a ¢-form.
(a) Show that B A a = (=1)Fa A B.
(b) Show that if k is odd, then o A av = 0.

(c) Let w = do' Adx?+dx?® Adx*. Show wAw = 2dx! Ada?® Ada® Ada* # 0.
Thus it is not true a A a = 0 for all forms. ]

We can now extend the definition of the differential, df, of a smooth
function to general forms. Let
a = Z aydz’.
J

Then its exterior dertvative is

da =Zdaj A dz? .
J

Proposition 2. This definition is independent of the coordinate system used
to define it. Also

(a) For any form «
dda = 0.
(b) If a is a k form and (3 is a € form
d(a A B) = (da) A B+ (—1)*a A (dB).
A k-form « is called closed if da = 0 and exact if a = df for some
(k — 1)-form §.

Theorem 3 (Poincaré lemma). Let o be a smooth form defined on a con-
tractable open subset U of R™ with deg(a) = 1. If daw = 0, then there is a
form B with

dg = a.

That is on a contractable open set closed forms are exact.
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Problem 7. Prove the following special case of the Poincaré lemma:? Let
U:= X?zl(aj, b;) be an open rectangular parallelepiped in R™ and let a be
a closed k form on U. Then there is a (k—1)-form 8 with df = a. Hint: We
use induction on n + deg(«). Here we show the induction step in reducing
the casen = 4 and k = 2 to a lower dimensional case. You should be able to
adapt thus to the general case. Let z,v, z, w be coordinates on R*. Let «
be a closed two form and write it as

a=ap+ Pdx Adw+ Qdy A dw+ Rdz A dw.

where a does not have any factors of dw. Show that there are functions p,
q, and r on U such that

op P oq or

w D W W
Let
b1 =pdr+qdy+rdz
and set
a1 = o+ df.
Then

a1 =ap+ Pdx Adw+ Qdy A dw+ Rdz A dw

p
ow
+ terms from df; that have no factor of dw.

d:L‘/\dw—@dy/\dw——rdZ/\dw
ow ow

Therefore a1 satisfies da; = 0 and a7 has no factors of dw. Write
o)1 =Adx Ady+ Bdx Adz+ Cdy A dz.

Then da; = 0 implies that the coefficients of dx A dy A dw, dy A dz A dw,
dx A dz A dw in the expansion of day vanish. That is

oA _op_ic_,
ow  ow ow
Since U is a convex domain these equation imply that A, B, and C are
independent of w. That is A, B, and C are functions of (z,y, z). So
o1 = A(z,y,z)dx Ady + B(x,y,z)dx A dz+ C(x,y,z)dy A dz

is a form on a lower dimensional rectangular parallelepiped. Whence by the
induction hypothesis there is a form ([, with

dﬁz = qu.
Putting together with a; = a 4+ dpB; gives
a=o;—dpfy =dfs —dp = dp
where 8 = B3 — #1. This completes the induction and the proof. O
2This proof is based on some notes from the web site of James Marrow:

https://sites.math.washington.edu/~morrow/335_12/335.html and is based on a
proof in Walter Rudin’s Principles of Mathematical Analysis.



So we can summarize the above as “exactly forms are closed” and con-
versely “a closed form on a contractable set is exact”. It is not true that all
closed forms are exact. Probably the best known example is
xdy —ydz
iy
which is closed on R?\{(0,0)}, but is not exact.

Let M be a smooth manifold with dim(M) = n. For each k with 0 < k <
n let

a = darctan(y/z) =

AF(M) = vector space of all smooth k-forms on M.
Also let
ZP(M) = {a € A¥(M) : da = 0}
be the vector space of all closed forms on M. Set
Hip (M) = Z*(M)/dA*1 (M)

with the convention that A=!(M) = {0}. These are the de Rham coho-
mology groups of M.

Proposition 4. The set
dim(M)
Hig(M) = @ HQR(M)
k=0

s an algebra where the multiplication is

[a] A 8] = [o A B]

where [w] is the cohomology class of the closed form w.

Problem 8. Prove this. Hint: Once you have shown the product is well
defined everything else falls out easily. O

As a trivial example:
Proposition 5. If U is a contractable open set in R™, then Hiy(U) = {0}

" R, k=0;
Hip(U) {07 o
Proof. For k > 0, that HX: (U) = 0 is nothing more than a restatement of
the Poincaré lemma. For k = 0, if « is a closed O-form, then « is just a
smooth function a: U — R. That « is closed, that is da = 0, in this case
implies that « is locally constant and as U is connected this implies that «
is constant. But there are no forms of degree —1 so the only exact form is
a = 0. Thus H{R(U) = R/{0} = R. O

To give a less trivial example let 7™ = R™/Z" be the n-dimensional torus.
Then the forms dz!, dz?,. .. ,dxz™ are translation invariant and therefore make
sense on T". The algebra Hjy(T™) is the algebra generated by the coho-
mology classes [dz'], [dz?],..., [dz"].
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Problem 9. On T2 show that all of the cohomology classes [dz], [dy] and
[dx A dy] are nonzero. O

Anther important property of differential forms is how they transform
under smooth maps. To start let f: M — N be a smooth map between
smooth manifolds, and let a: N — R be a smooth function. That is a is a
0-form. Then we pull back a to M in the usual way:

ffa:= foa.
Let o be a one form on N. Than for each y € N we have that o, : TN, — R
is a linear functional. We can then define

(f*)a(v) = () (D fu(v))
where v is a vector in T'M,, and D f, is the derivative of f at . Then (f*a),
is a linear functional on T'M, and thus f*« is a 1-form on M. Likewise if «
is a 2-form on N, then for each y € N we have that o : TN, x TN, — R is
an alternating bilinear function. Then we f*« is the 2-from on M given by

(f*)e(u,v) = ap(@)(Dfo(u), Dfe(v)).
This definition clearly generalizes to to k-forms by viewing them as alternat-
ing k-linear functions on tangent spaces. We have the basic transformation
rule (f o g)* = g* o f* which we now state in a highbrow may.

Proposition 6. The map M — AF(M) that sends a smooth manifold M
to the module (over C*(M)) is contravariant functor from the category of
smooth manifolds and smooth maps, to the category of rings and modules.

Problem 10. Make this precise and prove it. O

The properties of the next proposition are also very important, but less
obvious than the property of the last proposition.

Proposition 7. Let f: M — N be a smooth map between smooth manifolds.
Let a be a k-form on N. Then

d(f*a) = f*da
and if B is a £ form then
frlanB)=(fTa) n (f°B).

Problem 11. Chase through the definitions and prove this. Or more realis-
tically go through your Math 738 notes and look at the proof there. Or find
a readable book on differential geometry and see how it is proven there. [

Proposition 8. Let f: M — N be a smooth map between smooth manifolds.
Then f*: Hiz (N) — Hiz (M) given by

frle] = [fFa]
is well defined and gives is a contravariant functor from the category of
smooth manifolds and maps to the category of graded algebras.
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Problem 12. Prove this (after looking up the definition of “graded algebra”
if you don’t remember what one is). O

Example 9. Let My and Ms be connected smooth manifolds. Let M =
My x M. Then we have the projections pj: M — M;. Also let x; € M; and
we have inclusions ¢ — M by

u(z) = (z,z2), v(z) = (21, ).
Then pjor; = Ip;. Therefore for the induced maps on de Rham cohomology
we have

L;f op;-< = IH(TR(MJ')'

This tells us that ¢ : Hip (M) — Hig (M;) is surjective and p} : Hig (M;) —
H3n (M) is injective.

We next define the integration of differential forms. If w is an n-form on
R™, then it is of the form

w= f(x)dz! A dx® A - A dz™

Assume that f has compact support, that is spt(f) := {z: f(z) # 0} is
compact, then we define

f wzszdxlde"-dx"

where dz'dz?---dz" is the usual Lebesgue measure defined by this coor-
dinate system. Now here is the magic part of the of the definition of the
wedge product. Let ', %2, ..., " be anther coordinate system on R”. Then
in this coordinate system the form w is given by

w=fdi' NdF* A A da"

fzdet{axi.]f.

where

ox7

Proposition 10. If det [gg] > 0 then
fd#'dz? - -di* = | fdz'da?---da™.
R R”

Problem 13. Use the change of variable formula from advanced calculus to
prove this. O

1 52

Call a coordinate system I+, %“,...,Z" a positive coordinate system if

0%J
form, w, that g, w = § fdztdz? .- di™ is defined is defined independently
of the choice of the coordinate system.
This gives a first step toward integrating forms on manifolds. Recall that
a smooth manifold M is orientable if it has an atlas {(Uq, ¥a)}aeca Where

det [ami] > (. The last proposition shows that for a compactly support n
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all coordinate are positively related on their overlaps. That if for each «,
the map v, o ¢§1|¢5[Ua6] : g [Uaﬁ] - @Z}a[Uaﬁ] (where Uap = Ua 0 Uﬁ) has
positive Jacobian.

An orientation on a smooth manifold, M, is a choice of a positive atlas
on M. Let w be a compactly supported n-form on the oriented n-dimensional
manifold M. Assume there is a positive coordinate system x!, 22, ... 2"
with

spt(w) € domain of zt, z?, ... 2™

Then in this coordinate system w will have the form
w= fdx' A daz?- - dz"
and we can define
w= ffdm2dx2 <o da™.

Then if ', %2, ..., %" is anther positive coordinate system with

spt(w) € domain of &, 2 ..., "

and w = (f)d&! A dz? A -+ A dz™ then Proposition 10 tells use this gives
the same result as for our original coordinate system.

Therefore we have defined § y w for n-forms, w, on oriented n-dimensional
manifolds when w has small support. To globalise this definition we use
partitions of unit.

Definition 11. Let M be a smooth manifold and U/ an open cover of M.
Then a partition of wunity subordinate to U is a collection {Pqg}aca of
smooth nonnegative real valued functions such that

() Dnes Palz) =1 for all x e M,

(b) For each a € A there is U € U with spt(¢,) < U.

(c) the sum )] 4 ¢ is locally finite in the sense that each € M has a
neighborhood V' such that the set {« € A : spt(¢q) NV} is finite.

Theorem 12. If M is a smooth manifold with a separable topology, then
every open cover of M has a partition of unity subordinate to it. O

Now let w be a compactly supported n-form on the n-dimensional smooth
manifold M. Let U be a collection of the domains of positive coordinate
neighborhoods that cover M. Let {¢4}aca be a partition of unit subordinate
to this open cover. Then we the integral of w by

As each ¢,w has support contained in a positive coordinate neighborhood,
the integral SM daow is defined as above. And that w is compactly support
and the sum for the partition of unity is locally finite implies that only a
finite number of the terms in the sum ), 4 SM ¢qw only has finitely many
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nonzero terms so convergence is not a problem. If {pg}gep is anther partition
subordinate to anther cover by positive coordinate systems we have

S REESY

acA acA

-3 (Z )

acA BeB

L (B (5

acA

L (Zer)e

= pPRwW
W

which shows that this definition is independent of the partition of unity
used.

Lemma 13. Let o be an (n — 1)-form on R™. Then

f dw = 0.

Problem 14. Prove this. Hint: Here is the proof when n = 3. You should
not have much trouble generalizing it. Let

0 =Adx A dy+ Bdx A dz + Cdy A dz.

Then
0A 0B oC

dg:(&z_ﬁgj+8ac> dx A dy A dz.

We now take the first of these terms.

f de/\dy/\dZZJ %d:vdydz
RB& RB(?

2 z
© 0A
= JRQ <J_OO g(x, Y, 2) dz) dxdy
=0
where Siooo %(SU, y,2)dz = A(z,y,0) — A(z,y,—0) = 0 because A is com-

pactly supported. The proofs for the other two terms is identical. O

Theorem 14 (Stokes’ Theorem). If o is a compactly supported (n—1)-form
on an oriented n-dimensional manifold M, then

f do = 0.
M
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Proof. If o is supported in a positive coordinate system, then the proof that
SM do = 0 reduces to that of Lemma 13. So we can choose a partition of
unity {@q}aca such that for each «

JM d(Gac) — 0.

JM do — JM d(10)
[ A(Z )
=3 | déuo)

But then

acAYM
=0
O
Here is anther result that is easily proven using partitions of unity.

Proposition 15. A smooth manifold M is orientable if and only if there is

a nowhere vanishing n-form on M.

Problem 15. Prove this. Hint: The easy direction is that if M has a
nowhere vanishing n-form w, then for any local coordinate system z!, 22, ..., 2"
on a connected open set we have dz' A dz? A --- A d2” = fw where f is a
nonvanishing smooth function. Thus f is either always positive, or always
negative. Call the coordinate system positive if f is positive. Show the col-
lection of coordinate systems where the function f is positive is an oriented
atlas for M.

Conversely if M is covered by a collection of charts (U, z!,...,2") where
all overlaps are positive, then on to such charts (U, 2!, ..., z") and (ﬁ, ... an)
on the overlap U n U we have that da' A --- A dz™ and di' A - -+ A dE" are
pointwise positive multiples of each other. Now piece these n-forms defined
on the coordinate neighborhoods together by using a partition of unity. [

Theorem 16 (Mayer-Vietoris Sequence). Let M smooth manifold and as-
sume that M = U u 'V where U and V are open subsets of M. Then the
following sequence of chain complezes is exact.
0 —— A¥(M) —— A*(U)@A*(V) —2— A*(UnV) — 0
where
r(a) = (a’U,a‘V) and  s(a, ) = a‘U — B’V.
Proof. That r is injective is clear and it is not hard to see ker(s) = Image(r).

So we only need to show s is surjective. Let v € A*(U n' V). Let {py, pv}
be a partition of unity with spt(py) € U and spt(py) < V. Then

5(pU7|U ) *PV7|V) =7
This shows s is surjective and completes the proof. ([l
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As we have seen in the algebraic topology class, a short exact sequences
of chain complexes leads to a long exact sequence in cohomology:
— Hig ' (UnV) = Hig (M) — Hi (V) ® Hiy (V) — Hig(UnV) — H*H (M) —

And we know that on contractable open sets that Hj, (U) = R[1] (this is
H3s (M) is just the constant multiples of the class of the constant function
1). Therefore we can do calculations similar to the ones we did in algebraic
topology to get results such as

Hin(5") = {
where n > 1. On the torus 7" = R"/Z" we have

dim Hig (1) = <Z>

for 0 < k < n. And if M, is the compact oriented surface of genus g, then

R, k=0,n;
0, otherwise.

R, k=02

HgR(Mg) = {Rgg k=1

Or we can go about this is a more highbrow manner by using sheaves.
Recall that a sheaf, S, on M is an assignment of a group (or ring or vector
space or whatever is appropriate in Context?’), S(U) to each open subset
U of M such that this assignment has some nice properties (which I am
not going to rewrite here). Give any sheaf S we can construct cohomology
groups H¥(M,S) by a variant of the Cech construction by taking open covers
and refining them. For use the important point is that given a short exact
sequence

0->A—->B—-C—-0
of sheaves on M that this leads to a long exact sequence in cohomology:
0— H°(M,A) — H°(M,B) - H°(M,C)
— HY(M, A) - H' (M, B) — H'(M,C)
— H*(M, A) — H*(M,B) — H*(M,C)

— H¥(M, A) — H*(M,B) — H*(M,C)

— H*Y(M, A) - HY (M, B) — H* (M, C)

3In general for the construction here to work it is enough for the sheaf to take values
in an Abelian category.
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We recall a bit about the Cech construction. Let U = {Ua}aca be a
locally finite open cover of M. For each p = 0 and a sheaf S let

c*u,8) = ||  SUapc)
(00;..y0ep)EAPH1
where
Uag,.ap = Uag N Uy 0 --- N Uy,
The coboundary operator

§: CP(U,S) — CPTHU,S)

is given by

p+1 '
(53>0107~.,O£p+1 = 2 (_1)]8010,...,51]',...,01p+1
7=0

where &; means the index o is omitted. Then §6 = 0 and so we can define
the cohomology groups

HP(U,S) = {se CP(U,S) : §s = 0}/5[CP~ (U, S)].

Lemma 17. Assume that the sheaf S is closed under multiplication by
smooth functions. That is if s € S(U) and f is smooth function on U,
then fs e S(U) for any open U < M. Then for any locally finite open cover
U of M and any p =1

HP(U,S) = 0.

Problem 16. Prove this. Hint: Let {pa}aca be a partition of unity subordi-
nate to U = {Up}aca. Let s € CP(U,S) with §s = 0. Define 7 € CP~1 (U, S)
by

Tag,..ap—1 = 2 PBSB,a0,....ap—1
BeA

where PBSB,a0,....0p—1 extends to Uyy,...a,_, Dy zero. Now show
0T = s.

It was easier for me to see what was going on by looking at the case of p = 2.
Let s € C%(U, S) with

55U0,U1,U2,U3 = 8U1,U2,Us — 8Up,Us,Us T SUG,U1,Us — SUo,U1,Uz = 0

Note this implies

SUo,Ut,Us = SUs,U1,Us — SU3,Uo,Ur T SU3,Up,Ur
Then 7 is

TUo Uy = Z PV SV, Uo, U -
%
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and you should verify the following calculation works
(67_)U07U17U2 = TU1,Uz — TUs U1 T TUG UL

= Z PVSVUL,Us — Z PV SV,Uo,Ur T Z PV 8V,Uo, Uy
% v %

= pv(svun v = SVt + SV
-

= Z PV 8Uo,U1,U2
v

= SUy,Uy,Us2-

This shows that for p > 0 that s € CP(U,S) and ds = 0 implies s = o7 for
some 7. That is HP(U,S) = 0. O

As the sheaf cohomology groups HP(M,S) are defined in terms of direct
limits of the cohomology coming from open covers that last lemma implies

Proposition 18. Assume that the sheaf S is closed under multiplication by
smooth functions. Then for any p = 1

HP(M,S) = 0.
|

Let AF(M) be the sheaf of smooth sections of AP(M). Then AF(M) is
closed under multiplication by smooth functions. Thus the last proposition
gives us

Theorem 19. For allk >0 andp >1
HP(M, A*) = 0.

p Let let Z be the sheaf defined on M by
ZP(U) ={ae AP(U) : da = 0}.

That is ZP is the sheaf of closed p forms. This sheaf is not closed under
multiplication by smooth function for if da = 0 and f is a smooth function,
then

d(fa)=df na+ fda=df A«

and this need not be zero. On the other hand for p > 1 the Poincaré lemma
can be rephrased as saying the following sequence is exact:

0— 2P AP — 2P 0.
The long exact sequence for this sequence gives that for p > 1
HP Y (M, AF) = 0 — HP"Y(M, 2%) — HP(M, 2*7Y) — 0 = HP(M, A* ).
That is for all £ > 0 and p > 1 we have a natural isomorphism

HP~Y(M, 2F) ~ HP(M, 2+ 1)
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We also have a short exact sequence
0->R—->A"— 2" 0.
and from the long exact sequence for this we get for p > 1 that
HPY(M, A%) =0 — HP"Y(M, 2') — HP(M,R) — 0 = HP(M, A°)
and thus a natural isomorphism
HP(M,R) =~ HP~ (M, Z2Y).
We can now string all these isomorphisms together
HP(M,R) =~ HP~Y(M, 2")
~ HP72(M, 2?)
~ HP73(M, 23)

Y, 20

O(M, 2P)/6H (M, AP~1)
= ZP(M)/dAP~} (M)

= Hp(M).

where § is the connecting homomorphism from the long exact sequence.
Therefore we have proven

Theorem 20 (de Rham’s Theorem). For any smooth manifold M there is
a natural isomorphism of graded algebras

Hijp(M) =~ H*(M,R)

where H*(M,R) is the Cech cohomology of the constant sheaf (which is
isomorphic to the singular cohomology of M with real coefficients). ([

So far this all has had little to do with complex manifolds. For each p = 0
let AZ(M) be the real vector bundle with fiber at z € M

AL, = Car N(M),.

Put in somewhat more concrete terms, each fiber is the set of p-linear (over
R) alternating functions from the tangent space to C. Let A (M) be the
set of all smooth sections of AZ(M). In lowbrow terms elements of AL (M)
are of the form
a = ag + 1oy
where o and a; are ordinary (i.e. real valued) differential forms. Let J be
the almost complex structure on M. That is for each z € M we have that
T:T(M), — T(M), is multiplication by i = 4/—1. Thus J? = —I (with I
the identity map) and a real leaner map «: T'(M), — C is complex linear
if and only if
a(JX) =ia(X)
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for X e T(M).

Problem 17. Let f: M — C be a smooth function. Show that df being
complex linear (that is df (JX) = idf(X) for all vectors X) is equivalent to
the Cauchy-Riemann equations. O
Given a real linear map a: T'(M); — C we can write it as
1 1

alX) = 5 (a(X) —ia(JX)) + 5 ((X) +ia(JX))

= Oé170(X) + Oz071(X)

where o as defined here is complex linear and g is conjugate linear
(that a1(JX) = —iap1(X)). This calculation shows that every complex
valued one form, that is a element of A%:(M ) uniquely decomposes as the
some of a complex linear (that is (1,0) form) and a conjugate linear linear
(a (0,1)-form). That is we have a direct sum

TE = A\p(M) = A1) @ A% (01)

where AY9(M) are the complex linear one forms and A%!(M) are the con-
jugate linear one forms. In terms of a complex linear coordinate system
22t 00 2" on M (where 27 = 27 + iy’) the elements of AM*(M) locally
look like

a=aydzt +agd® + -+ a,d2".
where aq, ..., a, are smooth complex valued functions and
dz) = da? +idy’.
Likewise the elements of A%!(M) locally look like
a=aydz' +aydz® + -+ a, dz"
With dz? = dx? —idy? and a4, ..., a, are smooth complex valued functions.

Problem 18. If you have not done so before, you should check that the real
linear map dz’: T(M), — C is complex linear and that dz7: T (M), — C is
conjugate linear. ([l

Let AP4(M) be the sections of the bundle
APUM) = AMO(M) @ AVH(M).
Sections of A%29(M) are of the form
Z @ dz? A dz2".
i<k
Sections of AL(M) are of the form
Z ;5 dzj AN dfk
J.k
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and finally it will be no surprise that (0,2) forms are of the form

Z aj dzl A dz*.

i<k
where in all of these formulas the a ;s are smooth complex valued functions.
In general if Z(p) is the set of tuples (i1,42,...,4,) with 1 <i; <ip <--- <
ip < n then elements of AP4(M), which are called (p, ¢)-forms on M, are
of the form

2 arj dz’? A dz¥

JeL(p),KeL(q)
where dz”/ = dz7' A dz??2 A -+ A d2e and dZ5 = dZF A dZF2 Ao A dE
Let z',...,2" be complex coordinates on with 2/ = 2/ + iy/. Then the

exterior derivative of a smooth function f: M — C is

df—2<§f]dﬂ+§fj )

We define the partial derivatives with respect to 27 and z’ as usual:

o (e 0N 4 _ (2,0
0z 2\ oxd 6y9 0zl \oxi oy )’

Proposition 21. For a smooth complex valued function, f, on a complex
manifold, M, the exterior derivative is given by

& [ Of of
df=;<azkdzk i d )
=1

Problem 19. If you have near done this calculation before, do it now. O

This suggests defining differential operators ¢ and @ defined in local co-

ordinates by

Z 7 LoAf= ) add

k=1 k=1
It can easily be verified that this definition is independent of the complex
coordinate used to define it. This also follows from the following.

Proposition 22. Let f be a smooth complex valued function on the complex
manifold M. Then 0f and 0f are the (real) linear maps given by

1 ) = 1 .
OF(X) = 5 (@(X) —idf(JX)),  BF(X) = 5 (@df(X) +idf(X)).
Thus B
df =of +of
and this is the decomposition of df into the sum of complex linear and a

conjugate linear maps.

Problem 20. This is anther case where if you have not done this before,
you should do it now. O
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We now extend the definitions of d and 0 to A*(M) in the natural way.
That is if

o= Z aji dz’ A dz¥
JK
then
5azzanKAdzJAdEK, E(X:ZECLJKAdZJAdEK.
JK JK
With this definition we still have that
d=0+0
holds on A*(M). From this definition it is clear that
0API(M) < Apﬂ’q(M), and OAPI(M). Ap’qH(M)
Proposition 23. The following hold
00 =0, 00 +00=0, 00=0.
Problem 21. Prove this. Hint: From d = 0 + 0 and dd = 0 we have

0=dd=(0+0)(0+0) =030+ (00 + 90) + 0.
Let a be a (p,q) form. Then

0 = 0da + (00 + 00)a + 0 D
and
000 € APF2UN), (30 + 00)a € APFHITL(M),  Dda e APIFA(M).

Now use that the spaces APT24(M), APTLa+1(M) and AP9FT2(M) are lin-
early independent. U

Note if f: M — C, then 0f = 0 if and only if f is holomorphic. More
generally a holomorphic p-form is a form o € APC(M) that satisfies
of =0.

We now list the sheaves that will be of use to us. First if M is any smooth
manifold then we have

Z(U) = locally constant Z valued functions on U.



19

If M is a complex manifold we get some more sheave defined by the
complex structure.

O(U) = holomorphic functions on U.

holomorphic p forms on U.

= smooth (p, ¢) forms on U.
= (p, q)-forms a with da = 0

Definition 24. A sheaf, S, on a smooth manifold, M, is fine if is closed
under multiplication by smooth functions in the sense of Lemma 17. (This
is not the standard definition, which is that the sheaf admits partitions of
unity. On smooth manifolds and with the sheaves we will be considering the
definition here is easier to verify.) O

Proposition 25. If M is a complex manifold the following sheaves
C®, AP, APH
are fine and therefore for k > 1
H*(M,C®) =0, H¥(M, AP) =0, H*(M, AP9) = 0.
Problem 22. Prove this. Hint: That these sheaves are closed under mul-

tiplication by smooth functions is more or less clear. To conclude that the
cohomology groups vanish use Proposition 18. (]

Having sheaves, S, that have HP(M,S) = 0 makes us want to put then
into short exact sequences to get bunches of isomorphisms. We have already
seen one example of this using that the sequences

0 R incl. .AO d z1 0
and for p > 2
0 —— zrt 2, g1 Lz

are exact which was used in the proof of the de Rham Theorem. That these
are exact is just a restatement of the Poincaré lemma.

There is also a Poincaré lemma for the d operator. Recall that a polydisk
in C" is a set of the form

U = D(a1,71) x D(ag,r2) x -+ x D(an, )
where D(ag,r) ={z€C: |z — ag| <1y}

Proposition 26. If U is a polydisk, p > 1, and « is a (p,q) form on U with
O = 0, then there is a (p —1,q) for 8 with 08 = a.

Proof. We will come back to this. O

We can translate this into a statement about sheaves which we put in a
somewhat long winded form.
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Proposition 27. Let M be a complex manifold. Then the sequence

0 10 incl. .AO’O 0 z1,0 0
(where A% can be viewed as A°Y = C® the sheaf of smooth complex valued
functions) is exact. For p =0

incl.
0 Qv I, Ap0 L, zp! 0
18 exact. For p = 1 the sequence
0 —— 2270 A, g0 0, 220

are exact. For all p,q

0 — qu _incl. | APa N ngqﬂ 0

s exact. ([
We also have the 0 version of the de Rham groups:
HP = Z2(M) / afarat(M)].
Theorem 28. For a complex manifold there is a natural isomorphism
HY(M,QP) = Hg’q(M).

Problem 23. Give a proof of this along the lines of the proof of Theorem 20.
O



