
Mathematics 739 Homework 5: Connections and Chern Classes.

Let M be a smooth manifold. We have talked about differential forms on
M , where a k-form α is a smooth section of the bundle ^kpT ˚qpMq. Thus
for each x PM we have that αx is a k-linear alternating function on T pMqx.
The exterior derivative was defined on functions f : M Ñ R by as the linear
functional dfpXq :“ Xf where we view vectors, X, as differential operators.
This defines d on 0-forms. Then d is extended to k forms so that the rule

dpfαq “ df ^ α` fdα

holds.
A slight generalization is to let V be a finite dimensional vector space

over R and we can then define V valued k-forms, α, so that for x PM then
αx is a k-linear alternating function on T pMqx with values in V . The for a
V -valued 0-form, we can still define dfpXq “ Xf , and still extend to k forms
so that the basic product rule dpfαq “ df ^ α ` fdα holds. Now this still
works when V is a complex vector space, as V is also a real vector space.

A more far reaching generalization is to let p : E ÑM be a smooth vector
bundle over M . Then the bundle

^kpT ˚pMqq b E

has as its fiber at x P M the set of all k-linear alternating functions from
T pMqx to Ex. When k “ 0 this is isomorphic to E. We introduce what I
hope is natural notation. Let U be an open subset of M

AkpU,Eq “ sections of ^kpT ˚pMqq b E over U .

AkpMq “ sheaf of sections of ^kpT ˚pMqq b E.

It would now be nice if for sections, s, of E, that is elements of A0pM,Eq,
that there was a unique way to assign an analogue of the exterior derivative
ds in such a way that usual rules work. But no such luck. So we make a
definition.

Definition 1. Let p : E Ñ M be a smooth vector bundle over M . Then
a connection (also called a covariant derivative) is a R-linear map
∇ : A0pM,Eq Ñ A1pM,Eq such that for s P A0pM,Eq and f a smooth
real valued function the Leibniz rule

∇pfsq “ df b s` f∇s

holds. �

If X P T pMqx then we will sometimes write ∇spXq as ∇Xs and think of
this as the derivative of s in the direction of X.

At this point it is not at all clear that vector bundles need have any
connections at all. Here is a start on showing that they do.
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Lemma 2. Let E Ñ M be a vector bundle and U Ď M an open subset
where E has a frame over U . (That is there are sections e1, e2, . . . , em such
that for each x P U the vectors e1pxq, e2pxq, . . . , empxq form a basis for Ex.
Then every section of E over U is of the form

s “ s1e1 ` s
2e2 ` ¨ ¨ ¨ ` s

mem.

for smooth uniquely determined functions s1, s2, . . . , sm. Define

∇s “ ds1 b e1 ` ds
2 b e2 ` ¨ ¨ ¨ ` ds

mem.

Then ∇ is a connection on U .

Problem 1. Prove this. �

This shows that connections exist locally. It also shows that we can not
expect connections to be unique. For different choices of local frames in the
construction here will lead to different connections.

Lemma 3. Let E ÑM be a smooth vector bundle and let U be an open sub-
set of M . Let ∇1, . . . ,∇` be connections for E on U and let ρ1, . . . , ρm : M Ñ

R be smooth functions with ρ1 ` ¨ ¨ ¨ ` ρ` “ 1 on M . Then

∇ “
ÿ̀

j“1

ρj∇j

is a connection for E over U .

Problem 2. Prove this. �

Theorem 4. Let E Ñ M be a vector bundle over M . Then E has a
connection.

Problem 3. Use the last two lemmas and a partition of unity argument to
prove this. �

If E Ñ M is a vector bundle over M , then a local frame for E is a set
of smooth sections e1, . . . , em defined on an open subset U of M such that
for each x P U the vectors e1pxq, . . . , empxq are a basis of Ex. If e11, . . . , e

1
m

is anther local frame for E defined over U then these are related by

e1j “
ÿ

k

ajkek.

for uniquely determined functions smooth functions akj . To simplify notation
we set

e “

»

—

—

—

–

e1
e2
...
em

fi

ffi

ffi

ffi

fl

and let A be the matrix A “
“

ajk
‰

. Then the equations relating the two
frames can be written in matrix form

e1 “ Ae.
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Given a connection ∇ we have

∇ej “
ÿ

k

ωjkek

where the ωjk are ordinary (this is R valued) 1-forms. These are the con-
nections forms determined by ∇ and the frame e.

Proposition 5. The connection forms ωjk determine the connection on U .
Conversely given any one forms ωjk on the domain U of the frame e, there
is a unique connection ∇ that has these forms as its connection forms.

Problem 4. Give a more precise statement of this result and prove it. �

Let ω1jk be the connection forms for the frame e1. Then
ÿ

k

ω1jke
1
k “ ∇e1j

“ ∇
ÿ

`

aj`e`

“
ÿ

`

daj`e` `
ÿ

`

aj`∇e`

“
ÿ

k

dajkek `
ÿ

`

aj`
ÿ

k

ω`kek

“
ÿ

k

´

dajk `
ÿ

`

aj`ω`k

¯

ek.

I find this type of fiddling with indices annoying and hard to follow. We can
do the same calculation in matrix form.

Problem 5. Show that the calculation just given in matrix notation is

ω1e1 “ ∇e1 “ ∇pAeq “ dAe`A∇e “ pdA`Aωqe
�

So to do the complete calculation relating ω and ω1

ω1e1 “ ∇pAeq

“ dAe`A∇e

“ dAe`Aωe

“ pdA`Aωq e

“ pdA`AωqA´1e1

which gives the following equivalent formulas

ω1 “ pdA`AωqA´1

ω1A “ dA`Aω
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Problem 6. We will be taking the derivative of the inverse function on
matrices. Here is what is needs. Let U Ď M be an open set and A : U Ñ

GLpm,Rq a smooth function. Show

dA´1 “ ´A´1dAA´1.

Hint: We have AA´1 “ I which is constant. Therefore by the product rule
0 “ dAA´1 `AdA´1. �

We would now like to extend the definition of ∇ from a map ∇A0pM,Eq Ñ
A1pM,Eq to a map d∇ : AkpM,Eq Ñ Ak`1pM,Eq. If e is local frame for E
over the open set U Ď M , then and α P AkpM,Eq can be uniquely written
as

α “
ÿ

k

αkek “ αe.

Then the natural definition of d∇α is

d∇α “ dαe` p´1qkα^ ωe

“
`

dα` p´1qkα^ ω
˘

e

Proposition 6. This definition is independent of the choice of local frame
used to define dc.

Problem 7. Prove this. Hint: Let e1 “ Ae be anther local frame and write

α “ αe “ α1e1.

Show

α1 “ αA´1

and therefore

dα1 “ pdαqA´1 ` p´1qkα^ dA´1

“ pdαqA´1 ´ p´1qkα^A´1dAA´1.

Use this along with ω1 “ dAA´1 `AωA´1 to show

dα1 ` p´1qkα1 “
`

dα` p´1qkα^ ω
˘

A´1

and then use this to verify
`

dα` p´1qkα^ ω
˘

e “
`

dα1 ` p´1qkα1 ^ ω1
˘

e1

�

Note that on A0pM,Eq we have d∇ “ ∇. Since we have been generalizing
the exterior derivative it would be reasonable to conjecture that d∇d∇ “ 0,
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but we will now see this is not the case. Let s P A0pM,Eq. Then

d∇d∇s “ d∇pωeq

“ dωe´ ω ^ d∇e

“ dωe´ ω ^ ωe

“
`

dω ´ ω ^ ω
˘

e

We give the 2 form that appear here a name. For a local frame e the form

Ω “ dω ´ ω ^ ω

is the curvature form for the connection in this frame and the equation

dω “ ω ^ ω ` Ω

is the Cartan structural equation .

Problem 8. Let α P AkpU,Eq be given in terms of a local frame e on U by

α “ αe.

Show

d∇d∇α “ α^ d∇d∇e “ α^ Ωe.
�

Theorem 7. Let e and e1 be two frames over the open set U Ď M for the
vector bundle E Ñ M with e1 “ Ae. Then the curvature forms Ω and Ω1

are related by

Ω1 “ AΩA´1.

Problem 9. Prove this. Hint: We know ω1 “ dAA´1 `AωA´1. Thus

Ω1 “ dω1 ´ ω1 ^ ω1

“ dpdAA´1 `AωA´1q ´ pdAA´1 `AωA´1q ^ pdAA´1 `AωA´1q

...

A tedious calculation using dA´1 “ ´A´1dAA´1 etc.

...

“ Apdω ´ ω ^ ωqA´1

as required. �

It is now easy to compute dΩ.

Theorem 8 (The Bianchi identity). The exterior derivative of Ω is

dΩ “ ω ^ Ω´ Ω^ ω.
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Proof. We know dω “ ω ^ ω ` Ω and Ω “ dω ´ ω ^ ω. Thus

dΩ “ dpdω ´ ω ^ ωq

“ ´dω ^ ω ` ω ^ dω

“ ´pω ^ ω ` Ωq ^ ω ` ω ^ pω ^ ω ` Ωq

“ ω ^ Ω´ Ω^ ω.
�

The following will be used later and is good practice in working with this
set of ideas.

Lemma 9 (Generalized Bianchi identity). Let Ω the curvature forms of a
connection and k a positive integer. Then

dΩk “ ω ^ Ωk ´ Ωk ^ ω.

Problem 10. Prove this. Hint: Here is the calculation when k “ 3.

dΩ3 “ dΩ^ Ω2 ` Ω^ dΩ^ Ω` Ω2 ^ dΩ

“ pω ^ Ω´ Ω^ ωq ^ Ω2 ` Ω^ pω ^ Ω´ Ω^ ωq ^ Ω

` Ω2 ^ pω ^ Ω´ Ω^ ωq

“ ω ^ Ω3 ´ Ω^ ω ^ Ω2 ` Ω^ ω ^ Ω2 ´ Ω2 ^ ω ^ Ω

` Ω2 ^ ω ^ Ω´ Ω3 ^ ω

“ ω ^ Ωk ´ Ωk ^ ω.

Show that this telescoping pattern works for all k. Or if you want to be a
bit more elegant, the proof by induction on k is shorter. �

We are now in a position to define the first Chern class defined by the
connection ∇. Recall that for any square matrices A and B of the same size
that

trpABq “ trpBAq.

Therefore trpAB ´BAq “ 0. In particular this implies that if Ω and Ω1 are
the curvature forms defined by two local frames e and e1, then

trpΩ1q “ trpAΩA´1q “ trpΩA´1Aq “ trpΩq.

Therefore the 2-form trpΩq is independent of the frame used to find Ω and
thus trpΩq is a globally defined 2-form on M , depending only on the con-
nection ∇.

Proposition 10. The form trpΩq is closed. That is

d ptrpΩqq “ 0.
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Problem 11. Prove this by explaining why the following calculation makes
sense.

d ptrpΩqq “ trpdΩq

“ trpω ^ Ω´ Ω^ ωq

“ 0
�

This shows that trpΩq represents a de Rham cohomology class rtrpΩqs P
H2

dRpMq. Our next goal is to show that in some cases this cohomology class
is independent of the connection. Let ∇0 and ∇1 be connections on E ÑM .
Let for t P r0, 1s let ∇t be the connection

∇t “ p1´ tq∇0 ` t∇1

Then

∇te “ p1´ tq∇0e` t∇1e “ p1´ tqω0e` tω1e “ pω0 ` tηqe

where

η “ ω1 ´ ω0.

The matrix of 1-forms transforms nicely under a change of frame e1 “ Ae:

η1 “ ω11 ´ ω
1
0 “ pdAA

´1 `Aω1A
´1q ´ pdAA´1 `Aω0A

´1q “ AηA´1.

This implies that the 1-form

α :“ trpηq

is globally defined on M .

Lemma 11. Let P and Q be square matrices of the same size with elements
in a ring R such that for all elements of P anti-commute with elements of
Q. That is pijqk` “ ´qk`pij for all i, j, k, `. Then

trpPQ`QP q “ 0

Problem 12. Prove this. Hint: A straightforward calculation shows that
trpPQq “

ř

i,j pijqjk and trpQP q “
ř

i,j qijpji. Now just do a change of
indices in one of the sums. �

Using this lemma and that ωt “ ω0 ` tη we have

dα “ d trpηq

“ trpdη ´ η ^ ωt ´ ωt ^ ηq

“ trpdη ´ η ^ pω0 ` tηq ´ pω0 ` tηq ^ ηq

“ trpdη ´ η ^ ω0 ´ ω0 ^ η ´ 2tη ^ ηq
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The curvature form of ∇t is

Ωt “ dωt ´ ωt ^ ωt

“ dpω0 ` tηq ´ pω0 ` tηq ^ pω0 ` tηq

“ dω0 ´ ω0 ^ ω0 ´ tppdη ´ η ^ ω0 ´ ω0 ^ ηq ´ t
2η ^ η

Thus

d

dt
trpΩtq “

d

dt
tr
`

dω0 ´ ω0 ^ ω0 ´ tppdη ´ η ^ ω0 ´ ω0 ^ ηq ´ t
2η ^ η

˘

“ trpdη ´ η ^ ω0 ´ ω0 ^ η ´ 2tη ^ ηq

“ dα

and therefore

trpΩ1q ´ trpΩ0q “

ż 1

0

d

dt
trpΩtq dt

“

ż 1

0
dα

“ dα.

To summarize the latest subplot:

Proposition 12. Given any two connections, ∇0 and ∇1, on the vector
bundle E ÑM with curvature forms Ω0 and Ω1 that both the 2-forms trpΩ0q

and Ω1 are closed and there is a 1-form α with

trpΩ1q ´ trpΩ0q “ dα.

Therefore for any connection ∇ on E ÑM , the de Rham cohomology class
rtrpΩqs P H1

dRpMq only depends on the vector bundle and not on the connec-
tion ∇. �

We would like to define higher degree versions of this form. Our (really
Chern’s) generalization will start with replacing trpΩq with trpΩkq where Ω
is the curvature form of a connection and k is a positive integer.

Lemma 13. Let Ω be the curvature form of a connection on the vector
bundle E ÑM . Then for any positive integer k the forms trpΩkq is closed.

Problem 13. Prove this. Hint: Here is a calculation that does trick for
k “ 3. It is based on the Bianchi identity dΩ “ ω ^Ω´Ω^ ω and that for
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any matrix of form β that trpβ ^ Ωq “ trpΩ^ βq.

d trpΩ3q “ tr
´

d
`

Ω
˘3
¯

“ trpdΩ^ Ω2q ` trpΩ^ dΩ^ Ωq ` trpΩ2 ^ dΩq

“ 3 trpdΩ^ Ω2q

“ 3 tr
`

pω ^ Ω´ Ω^ ωq ^ Ω2
˘

“ 3 trpω ^ Ω2q ´ 3 trpΩ^ ω ^ Ωq

“ 3 trpω ^ Ω2q ´ 3 trpω ^ Ω2q

“ 0
�

Lemma 14. It ∇1 and ∇0 are connections on the vector bundle E Ñ M
with curvature forms Ω0 and Ω1 and k is a positive integer, then is a p2k´1q-
form such that

trpΩk
1q ´ trpΩk

0q “ dα.

Problem 14. Prove this. Hint: Here is the calculation when k “ 3. As
before let ∇t “ p1´ tq∇1 ` t∇1. Again let

η “ ω1 ´ ω0.

Under a change of frame e1 “ Ae we have that the curvature forms Ωt and
the form η transform by

η1 “ AηA´1, Ω1t “ AΩtA
´1

and therefore the form

βt “ trpη ^ Ω2
t q

is defined independently of the fame e and thus βt is globally defined on M .
By the generalized Bianchi identity

dβt “ d trpη ^ Ω2
t q

“ trpdη ^ Ω2
t q ´ trpη ^ dΩ2

t q

“ trpdη ^ Ω2
t q ´ trpη ^ pωt ^ Ω2

t ´ Ω2
t ^ ωtqq

“ trpdη ^ Ω2
t q ´ trpη ^ ωt ^ Ω2

t q ` trpη ^ Ω2
t ^ ωtq

“ trpdη ^ Ω2
t q ´ trpη ^ ωt ^ Ω2

t q ´ trpωt ^ η ^ Ω2
t q

“ tr
`

pdη ´ η ^ ωt ´ ωt ^ ηq ^ Ω2
t

˘

(You should check that what looks like a sign error (i.e trpη ^ Ω2
t ^ ωtq “

´ trpωt ^ η ^ Ω2
t q) is really an application of Lemma 11.) Now note

d

dt
ωt “

d

dt

`

p1´ tqω0 ` tω1

˘

“ ω1 ´ ω0 “ η
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and therefore

d

dt
Ωt “

d

dt

`

dωt ´ ωt ^ ωt
˘

“ dη ´ η ^ ωt ´ ωt ^ η.

Using this and the formula for dβt we find

d

dt
trpΩ3

t q “ tr

ˆˆ

d

dt
Ωt

˙

^ Ω2
t

˙

` tr

ˆ

Ωt ^

ˆ

d

dt
Ωt

˙

^ Ωt

˙

` tr

ˆ

Ω2
t ^

ˆ

d

dt
Ωt

˙˙

“ 3 tr

ˆˆ

d

dt
Ωt

˙

^ Ω2
t

˙

“ 3 tr
`

pdη ´ η ^ ωt ´ ωt ^ ηq ^ Ω2
t

˘

“ 3 dβt.

This can be integrated to give

trpΩ3
1q ´ trpΩ3

0q “

ż 1

0

d

dt
trpΩ3

t q dt

“

ż 1

0
3 dβt dt

“ 3 d

ż 1

0
βt dt

“ dα

where

α “ 3

ż 1

0
βt dt “ 3

ż 1

0
trpη ^ Ω2

t q dt. �

All of this works for either real or complex vector bundles. In the case of
complex vector bundles we choose the frames

e “

»

—

—

—

–

e1
e2
...
em

fi

ffi

ffi

ffi

fl

to be complex frames (so that for each x in the domain of the fame the
vectors e1pxq, . . . , empxq are a basis for Ex over the complex numbers) and
the connection forms ωjk and curvature forms Ωjk will complex rather than
real valued.

Remark 15. For real vector bundles there is a complication. If E Ñ M is
a smooth real vector bundle over a smooth manifold, then (and I do not
know an elementary proof of this) there is smooth choice of inner product
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x , y on the fibers of E and a connection ∇ that is compatible with this inner
product in the sense that if s1 and s2 are sections of E than

Xxs1, s2y “ x∇Xs1, s2y ` xs1,∇Xs2y.

Anther way to say this is that e is a local frame that is pointwise an orthog-
onal basis of Ex, then the connection forms ωjk and the curvature forms Ωjk

of ∇ are skew symmetric functions of the indices j and k. In particular this
implies that Ωjj “ 0 for all j. Thus

trpΩq “ 0

and so the cohomology class rtrpΩqs is zero, which is not very interesting.
More generally the skew symmetry implies that for all odd positive integers
k that

trpΩkq “ 0.

But on the positive side when k is even trpΩkq need not vanish and the co-
homology classes rtrpΩkqs P Hk

dRpMq are non-trivial topologically invariants
of the vector bundle E ÑM . �

For complex bundles there is no problem with the forms trpΩkq vanishing
for odd k. In terms of geometry the forms trpΩq are not the most natural
choice. Let E ÑM be a complex vector bundle over M with connection ∇
and let ω and Ω be the connection and curvature forms of ∇ relative to a
complex frame e. Define forms ckpE,∇q by

det

ˆ

I ` t
i

2π
Ω

˙

“ 1` tc1pE,∇q ` t2c2pE,∇q ` ¨ ¨ ¨ ` tmcmpE,∇q

where m is the fiber dimension of E and i, as usual, is i “
?
´1.

Problem 15. Show that the definition of the forms ckpE,∇q is independent
change of frame e1 “ Ae and therefore the forms ckpE,∇q are globally
defined on M . �

Proposition 16 (Newton’s identities). Let x1, x2, . . . , xm be elements of any
commutative ring with identity. Define two sets of polynomials in these ele-
ments. First the elementary symmetric functions, σ0 “ 1, σ1 ,. . . ,σm
by in these elements are defined by

p1` tx1qp1` tx2q ¨ ¨ ¨ p1` txmq “ 1` σ1t` σ2t
2 ` ¨ ¨ ¨ ` tmσm

with the convention that σk “ 0 for k ą m. Define s0 “ m, s1, s2, . . . by

sk “ xk1 ` x
k
2 ` ¨ ¨ ¨ ` x

k
m.

Then

kσk “
k
ÿ

j“1

p´1qj´1σk´jsj .
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Problem 16. Prove this. Hint: Consider the case where the ring is R “

Zrx1, . . . , xms and the elements x1, . . . , xm are variables. If the result holds
on this case, then in holds over all commutative rings with unit by special-
ization. Let fptq P Rrrtss (the ring of formal power series over R) by

fptq “ p1` tx1qp1` tx2q ¨ ¨ ¨ p1` txmq “ 1` σ1t` σ2t
2 ` ¨ ¨ ¨ ` tmσm.

Then

f 1ptq

fptq
“

m
ÿ

j“1

xj
1` txj

“

m
ÿ

j“1

8
ÿ

k“0

p´1qkxk`1j tk

“

8
ÿ

k“0

ˆ 8
ÿ

k“0

xk`1j

˙

p´1qktk

“

8
ÿ

k“0

ˆ m
ÿ

j“1

xk`1j

˙

p´1qktk

“

8
ÿ

k“0

p´1qksk`1t
k.

Therefore

f 1ptq “ fptq
8
ÿ

k“0

p´1qksk`1t
k.

Compare the coefficients of t in this to complete the proof. �

Proposition 17. Let A be an m ˆ m matrix with elements in a commu-
nicative ring with unit R. Define two sets of polynomials the elements of A
by

detpI ` tAq “ σ0pAq ` tσ1pAq ` ¨ ¨ ¨ ` t
mσmpAq.

and

skpAq “ trpAkq

with the convention that s0pAq “ m. Then

kσkpAq “
k
ÿ

j“1

p´1qj´1σk´jpAqsjpAq.

Problem 17. Prove this. �

Theorem 18. Let E ÑM be a complex vector bundle over a smooth man-
ifold M with a connection ∇. Then the Chern forms

ckpE,∇q
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are closed and the cohomology class rckpE,∇qs is independent of the connec-
tion. Thus the Chern class

ckpEq “ rckpE,∇qs
is an topological invariant of the vector bundle E ÑM .

Problem 18. Prove this. Hint: One way is to use induction on k. For k “ 1
we have

c1pE,∇q “
i

2π
trpΩq

where Ω is the curvature form of ∇ relative to a complex frame. We have
already seen that this is closed and the resulting cohomology class is inde-
pendent of the connection.

We now do the induction step from k “ 2 to k “ 3 and leave the general
case to you. From Proposition 17 we have

3c3pE,∇q “
ˆ

i

2π

˙3

σ3pΩq

“

ˆ

i

2π

˙3
`

σ2 ^ trpΩq ´ σ1pΩq ^ trpΩ2q
˘

“

ˆ

i

2π

˙

c2pE,∇q ^ trpΩq ´

ˆ

i

2π

˙2

c1pE,∇q ^ trpΩ2q.

By the induction hypothesis this a product of closed forms and thus it is
closed.

If ∇0 and ∇1 are both connections on E then we have already seen that

rc1pE,∇1qs “
i

2π
rtrpΩ1qs “

i

2π
rtrpΩ0q “ rc1pE,∇0qs

where rαs is the de Rham cohomology class of the closed form α. We again
use induction on k. And again here is the step from k “ 2 to k “ 3 with the
general case left to you. Using the induction hypothesis and that by Lemma

14 we have rtrpΩj
1qs “ rtrpΩ

j
0qs for all positive integers j. Therefore

3rc3pE,∇1qs “

ˆ

i

2π

˙

rc2pE,∇1qs ^ rtrpΩ1qs ´

ˆ

i

2π

˙2

rc1pE,∇1qs ^ rtrpΩ
2
1qs

“

ˆ

i

2π

˙

rc2pE,∇0qs ^ rtrpΩ1qs ´

ˆ

i

2π

˙2

rc1pE,∇0qs ^ rtrpΩ
2
1qs

“ 3rc3pE,∇0qs.
�

Let E Ñ M be a complex vector bundle over the smooth manifold M .
Then a Hermitian metric on E is a choice of Hermitian inner product
x , yx on each fiber Ex such that if s1 and s2 are sections of E, then the
function x ÞÑ xs1pxq, s2pxqyx is smooth.

Proposition 19. Every smooth complex vector bundle over a smooth man-
ifold has a Hermitian metric.
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Proof. Prove this. Hint: Locally this is easy. Let e1, . . . , em be a local
frame for E over the open set U . Then let x , yx be the unique Hermitian
inner product on Ex that makes e1pxq, e2pxq, . . . , empxq into a Unitary (the
complex version of orthonormal) basis of Ex. Now use a partition of unity
argument to get a global metric on E. � �

Let ∇ be a connection on E Ñ M and assume that E has a Hermitian
metric x , y. Then the connection is a metric connection if and only for
all smooth sections s1 and s2 of E that the following version of the product
rule holds

dxs1, s2y “ x∇s1, s2y ` xs1,∇s2y

holds.

Proposition 20. Let E Ñ M be a complex vector bundle with Hermitian
metric x , y. Then there is a metric connection for x , y.

Proof. Let U ĎM be an open subset of M and assume that ∇1, . . . ,∇r are
metric connections for the restriction of E to U . Let ρ1, . . . , ρr be smooth
functions on M such that

ř

k ρk “ 1. Then ∇ “
ř

k ρk∇k is a metric
connection on the restriction of E to U . To see this note that as each ∇k is
metric we have

x∇ks1, s2y ` xs2,∇ks2y “ dxs1, s2y

for any smooth sections s1 and s2. Therefore

x∇s1, s2y ` xs1,∇s2y “
ÿ

k

xρk∇ks1, s2y `
ÿ

k

xs2, ρk∇ks2y

“
ÿ

k

ρkx∇ks1, s2y `
ÿ

k

ρkxs2,∇ks2y

“
ÿ

k

ρk
`

ρkx∇ks1, s2y ` xs2,∇ks2y
˘

“
ÿ

k

ρk dxs1, s2y

“ dxs1, s2y.

The rest of the proof is a standard partition of unity argument. �

We now look at the special case of complex line bundles. Let LÑM be
a complex line bundle over M . We assume that L has a Hermitian metric
x , y and a metric connection ∇. Let e be a unitary frame for L. Let ω be
the connection form for ∇ and this frame. Then

∇e “ ωe



15

where, as L is a line bundle, ω is a 1 ˆ 1 matrix, that is just a C valued
1-form. As xe, ey ” 1 we have

0 “ d1

“ dxe, ey

“ x∇e, ey ` xe,∇ey

“ xωeey ` xe, ωey

“ pω ` ωqxeey

“ ω ` ω

and therefore
ω “ ´ω.

Thus ω takes its values in the pure imaginary numbers. Also as ω is 1-from
we have we have that ω ^ ω “ 0 and thus the curvature form in this frame
is

Ω “ dω ´ ω ^ ω “ dω.

If e1 is anther unitary frame for L, as both e and e1 have length 1 we have

e1 “ eiθe

for some smooth real valued function θ. It follows that

ω1 “ ω ` i dθ

where ω1 is the connection form for ∇ and e1.

Problem 19. Verify the last equation and convince yourself that θ is just
the angle between e and e1. �

Proposition 21. Let L Ñ M be a complex line bundle over a two dimen-
sional oriented manifold M . Let U ĎM be an open subset of M with smooth
boundary and let

We now assume that M is a oriented two dimensional manifold and that
LÑM is a complex line bundle over M . Let s be a section of L such that
s ‰ 0 in some punctured neighborhood of p0. At p0 the section s may vanish
or be undefined. By choosing a coordinate system centered at p0 and a local
trivialization of L near p0 we can assume think of s as a function from a
neighborhood of 0 in C to C with sp0q “ 0. That is s can be represented
geometrically as a vector field on the plane vanishing at the origin. An
example of this set up is given in Figure 1. Now let

e1 “
s

}s}

be s normalized to be zero at points where s and defined an nonvanishing.
Let

e “ any unit length section of L defined near p0.

In particular e is defined at p0. As before

e1 “ eiθe.
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Figure 1. A section of a line bundle over a surface with an
isolated zero at the origin (which corresponds to the point x0
of M .)

Draw a simple closed curve γ around p0 which is positively oriented with
respect to the orientation of M . The set up now is represented by the picture
in Figure 2.

Proposition 22. Let M be a 2-dimensional oriented manifold and let LÑ
M be a complex line bundle over M and assume that L has a Hermitian
fiber metric. Let s be a section of L with defined and nonvanishing in a
punctured neighborhood of x0 P M . (The section may may vanish at x0.)
Let e be a local unit length section of L defined in a neighborhood of x0. Set
e1 “ }s}´1s. Also choose a smooth simple closed curve γ in M that bounds
a disk in M containing x0. (This setup is pictured in Figure 2.) Then the
winding number , Ipx0, sq, of e1 with respect to e is well defined and is
the number of times that e1 rotates around e as a point on γ moves once
around γ once in the positive direction. (This is illustrated in Figure 3).
The number Ipx0, sq is an integer and is independent of the choice of the
fiber metric on L, the choice of the nonvanishing section e1 and the choice
of the curve γ. Therefore, as the notation indicates, Ips, x0q only depends
on the section s and the point x0. Finally if M has a complex structure and
ω is the connection form of of the Chern connection with respect to e and
ω1 is the connection form with respect to e1 then, as we have seen above,

ω1 “ ω ` i dθ
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for a smooth function θ (which can be thought of as the angle between e and
e1). Then

ż

γ
ω1 ´

ż

γ
ω “ i

ż

γ
dθ “ 2πiIps, x0q.

Problem 20. As good exercise in reviewing your algebraic topology class
prove this. �

Theorem 23. Let LÑM be a complex line bundle over a compact oriented
2-dimensional surface. Let x0, x1, . . . , xm be a finite collection of points on
M and let s be a nonvanishing section of L on M r tx1, . . . , xmu. Let Ω be
the curvature for of some connection on L. Then

ż

M
Ω “ 2πi

m
ÿ

j“1

Ips, xjq.

Problem 21. Prove this. Hint: Since
ş

M Ω is independent of the connection

(as the cohomology class rΩs P H2
dRpMq is independent of the connection)

Figure 2. The red is the section e1 “ }s}´1s. The blue is
the nonvanishing section e. And we have the simple closed
curve γ which encloses the point p0 where s is zero or unde-
fined.
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we can put a fiber metric on L and assume that the connection ∇ is the
Chern connection. Around each point xj choose a small disk Dj with smooth
boundary. By making the disks smaller we can assume that Dj XDk “ ∅
for j ‰ k and that we can choose a unit length section, e, of L restricted to
Ťm
j“1Dj . Let ω be the connection form of ∇ with respect to the section e.

Let e1 “ }s}´1s. This is a unit length section of L over M r tx1, . . . , xmu.
Let ω1 be the connection form of ∇ with respect to e1. Then the curvature
form Ω can be expressed in terms of either ω or ω1 as

Ω “ dω “ dω1.

Figure 3. The red is the section e1 “ }s}´1s. The blue
is the nonvanishing unit length section e. And we have the
simple closed curve γ which encloses the point p0 where s
is zero or undefined. In this figure the vector field e1 rotates
twice in the negative direction with respect to the vector field
e as a point makes one circuit around the curve γ. Therefore
Ips, x0q “ ´2



19

Now explain why the following calculation works:
ż

M
Ω “

ż

Mr
Ťm

j“1Dj

Ω`

ż

Ťm
j“1Dj

Ω

“

ż

Mr
Ťm

j“1Dj

dω1 `

ż

Ťm
j“1Dj

dω

“ ´

m
ÿ

j“1

ż

BDj

ω1 `
m
ÿ

j“1

ż

BDj

ω

“

m
ÿ

j“1

ż

BDj

pω ´ ω1q

“ ´2πi
m
ÿ

j“1

Ips, xjq.

This calculation uses Stokes’ Theorem for surfaces with boundary and the
tricky part is keeping track of orientations and signs. �


