More about Series.

Consider two power series

flz) = Z ajz"
k=0

glx) =) bpat
k=0

It we assume that we can multiply these the same way we would polynomials
we get,

f(x)g(x) = (a1 +a1r + asr® + adzd + - ) (b1 + b1z + box® + 0323 + - )
= agby + (agby + a1bo) = + (agba + arby + agbo) x* + - - -

00 k
= Z ( Z akbkj) J}k
k=0 *j=0

Problem 1. Here is anther way to see this. Let
h(x) = f(z)g(z).

Then the first couple of derivatives of h are

W(z) = f'(z)g(z) + f(z)g (x)

h'(z) = f"(z)g(2) f'(2)g' (z) + f(z)g" (x)

W) = £ (2)g(@) + 31" (@)g (1) + 319" (@) + g ()
which reminds use of the Binomial Theorem.
(a) Prove that k-th derivative of h(z) is

k
1@ =3 (£) 190 o)

i=o ™
(b) Let
(k)(0) (k)(0)
ak:fk! and bk:gk!
and use the formula for h(*)(0) to show
AR 0) &
Ko ; 450k O

If we assume that both series for f(z) and g(z) both converge for z = 1
we can let x = 1 the result is

0o [ee) [e'e) k
(o) () =22 (B ns)
k=0 n=0 k=0 ;=0

This motivates:
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Definition 1. Let
oo oo
D D b
k=0 k=0
be two series then the Cauchy product of these series is the series
o
>
k=0
where

k
Cr = Zajbk_j = Z aibj.
J=0

i+j=k O

Theorem 2. Let
o o0
A=>"ar B=)_b
k=0 k=0

we convergent series with at least one of the two absolutely convergent. Let

k
Cp = E ajbk,j.
J=0

o0
Then the series E ¢ converges and
k=0

i c, = AB.
k=0

Problem 2. Prove this along the following lines. Let

A= ap  By=) b Co=> o
k=0

be the partial sums. Note that the product
ApBp = (ag + a1+ -+ an)(by + by + - + by)

is the sum of the (n + 1)? products a;by with 0 < j,k <n. For n = 10 these
terms are shown in the following figure.



aObIO .alblo .a2b10 .a3b10 .a4b10 .a5b10 .aﬁbl() .a7b10 élelO ‘110510 ‘lleO b1o(z;gl (1])

b (2052 ay)
bs (X525 04)
b7 (3232, a5)
bo (X525 04)
b (0526 aj)
ba( 32327 ay)
bs( 3125 a))
ba(ag + aio)

braig

(a) Using the figure above as a guide show for all n = 1,2,--- that

AanCn:Zbk( > aj>.
k=1

j=n—k+1

(b) Let 0 < m < n (the integer m will be chosen later). Explain why

n n
yAan—cn|=Zbk< > aj>
k=1 j=n—k+1
n n
SZ’bH Z aj
k=1 j=n—k+1
m n n n
=Z!bk| Z aj| + Z |br| Z a;
k=1 j=n—k+1 k=m-+1 j=n—k+1



(c) Without loss of generality we may assume that ), _ by is absolutely
convergent. Explain why there is constant S > 0 such that for all m

> bkl < 8.
k=1

(d) The series Z(;il a; is convergent. That is lim,_,. A, exists. Show
this implies there is a constant C' such that |A,| < C for all n and

then use
n

Y aj=An— Ay
j=n—k+1
to show there is a constant « > 0 such that

n
>
j=n—k+1

for all n and k with 0 < k < n.
(e) Combine parts (b), (c), and (d) to show

<«

n

|Aan_'C%’§/3 E: aj'+C¥ z: IMJ
j=n—k+1 k=m+1
= BlAn — Ap_p| + @ Z ||

k=m+1

when 0 < k <m <n.
(f) Let € > 0. Explain where are are Nj, No > 0 such that

€
> N7 impli br| < —,
m > N; implies Z || -

and
n>Noand n—k > Ny implies |Ap, — Ap—i| < %
(g) Let n > Ny + Na + 2, set m = Ny, and show that for any & with
0 < k < m that the inequalities

m>Ni, n>Noyy n—k>No
all hold and that this in turn yields
n > Ny + Na+2 implies |A4,B, —C,| <e.
(h) Conclude from part (f) that
lim (ApBp — Cy) = 0.

n—o0

(i) Complete the proof by showing
lim C,, = AB. 0

n—oo
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Problem 3. Here is an example to show that it is important that in Theo-
rem 2 at least one of the two series is absolutely convergent. Let Y 72 ja, =

S obk =Y o o(—=1)*/vk + 1. The Cauchy product is Y5 ¢ where

1

k
cr = (=1)" ; . :
; Vi+ Dk —j+1)
Show
- 1
x| = . : > 1
jz:% Vi+Dk—j+1)
and therefore the series >~ ¢, diverges. O

Theorem 3. Let

f@) =S aa,  g@) = bt
k=0 k=0

be power series with radius convergence at least R. Let

n
Cp — E ajbn_j
3=0

then the power series
o0

h(zx) = Z ez

n=0

also has radius of convergence at least R and
h(z) = f(z)g(x)
for |z| < R.
Proof. This follows easily form Theorem 2. [l

We now give a short indication of how to divide power series. Assume
that we wish to find the power series expansion of

b
where
h(z) = Z cpat g(z) = Z bra®.
k=0 k=0

and we wish to find the series for f(x). Assume that f(z) has an expansion

f(z) = Z apa®.
k=0
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Then h(x) = f(z)g(x) and so we have
k

Cr — Z ajbk_j.

§=0
Assume that g(0) # 0, that is by # 0. Then the last equation can be

rewritten as
= bo <ck jzoajbk j)

For small values of k£ these formulas are

o

ag = —

0 bo
bf (61 — aobl)
1
F(CQ — agby — aiby)
1
F(C3 — aobg — albg — agbl)
1
(64 — aob4 — a1b3 — agbg — a3b1)
This allows us to find the coefficients ag, ai, ag, ... of f(x) recursively. Un-

fortunately this method does not tell us anything about the radius of con-
vergence of f(z) in terms of the radii of convergence of g(x) and h(x). But
if we already know that all three have positive radius of convergence, it does
give us a method for finding the coefficients of f(z) from the coefficients of
g(z) and h(x).

Problem 4. Find the first three nonzero terms in the power series of

€2z

fla) = cos(x)’ u
Problem 5. Find the first couple terms of the power series of the follow-
ing and thus convince yourself that using series tells you more than using
L’Hospital’s rule.
sin(2x)
(a) 1 " -
— cos(bx
b) — 1\
v er $12 T
(c) 1 —cos(2z) -
Problem 6. Find the power series of the following functions around the
indicated points xg.

(a) f(x) =sin(z) around xy = 7/4.
(b) f(z) = €2 around the point z¢ = 1.
(¢) f(x) =+/4 — x around the point z = 4.



