Mathematics 552 Test 1 Name: Answer key

1. Compute the following and put the answers in the form a + bi:
(a) (B3—2i)(b+3i)=21—1

142 11 2.

I T

(c) (1—1d)°
Solution: There a several ways to do this. Maybe the most natural is to write in polar form:

(1—10) = (\/ﬁem'/‘*)8 =227 = 24(1) = 16.
A couple of you did the clever trick of repeated squaring:
(1—0)% = (1)) = (=20)* = ((—20)?)* = (-4)* = 16.
And for yet anther method use the general definition of z® = e°&(2).
(1- ,i)s — Blog(1=i) _ 8(In(vV2)+(=m/4+2mn) _ 8(3In(2)) (~2m+16mn) _ 16(1) = 16.

And finally a few of you used Pascal’s triangle to expand (1 —)®. This works, but involves way too
much work. 0

(d) V=24 2iV/3

Solution: Anther one where the polar form is most natural:

[ A 1 . . 1 3
—2+Z2\/§: (461(27r/3+27rn))2 — 26Z7T/3+n7rz — 49 <§ + \/7_) — + <1 —’—/L\/§>

0
(e) log(—1 —1)
Solution:
log(—1—1d) =1In(| =1 —i|) +iarg(—1 —4) = In(v/2) + 3 (%T + 27?71) .
0]
2. State Euler’s formula for e**. Solution: e = cos(z) + isin(z)
3. Find all solutions to 2* = —8.

Solution: The solutions are z = (—8)3.

1 . 1
(—8)3 — (867rz+2nm)3
(2n+1)mi
= 26 3
pii - 5mi
=2e'3 ,2e™, 2e 3

= 1+4+v3i, =2, 1 — V3.



4. Find the sum of the series

25 )" =552 455529 45212 —

Solution: This is a geometric series therefore the sum is

first 5 5
J(z) = I —ratio 1—(—23) 1423
This converges when |ratio| = | — 23| < 1. That is when |z| < 1. O

5. Give the series definitions of the following functions: e* and cos(z).

Solution.
3 4 5

z z z
¢ _Zn' —1+z+§+§+z+a+ =

n2n 2 4 6 8

- z¢  z 2z
cos( :Z = _§+E_a+§_...

n=

O

6. (a) Let f(z) be defined on the open set U and let zy € U. Give the limit definition of what it
means for f(z) to be differentiable at z.

Solution: f is differentiable at zy if the limit
f(z) = lim f(20 + Az) — f(20)

Az—0 Az

exists.

It is equally acceptable to write the limit in the forms:

£(z) = lim f(z0+h) — f(20) — lim f(z) = f(Zo)_

li
h—0 h z—20 Z— 2

(b) What is the definition of f(z) being analytic in the open set U.
Solution: f is analytic in U if and only if f’(z) exists at all points z € U. O



7. (a) Let f(z) = u+iv in the open set U. State what it means for f(z) to satisfy the Cauchy-
Riemann equations.

Solution: The Cauchy-Riemann equations are
Uy = Uy, Uy = —Uy

or if you prefer not using the subscript notation for partial derivatives

ou Ov ou v

gr ay’ oy o
U
(b) Let g(z) = (z* + y?) + i(3zy + 1). Explain why g(z) is not analytic.

Solution: It is a theorem that a function u + iv defined on an open subset of C is analytic if and
only if it satisfies the CR-equations on that set. In this case u = 22 +y? and v = 3zy + 1. Therefore

Uy = 2T Uy = 3y
Uy = 2y vy = 3T

and we see that u, # v, and u, # v,. Therefore neither CR-equation holds. Thus g is not
analytic. 0

(c) Let f(z) = (z* —y* — 22) +i(2zy — 2y). Explain why f(z) is analytic on C and give a formula
for its derivative.

Solution: If f = u + dv satisfies the CR-equations it is analytic and its derivative is ' = u, + v,.
Here u = 2% — y?> — 22 and v = 22y — 2y and

Uy = Vy = 20 — 2
Uy = =V = —2Y
Thus the CR-equations hold and therefore f is analytic on all of C. Its derivative is
f(2) = ug +vpi =22 — 2+ 2y .

Anther way to have done this is note that if z = = + 7y, then
22 =2z = (x+iy)® —2(x +iy) = (2 — y* — 22) + 20y — 2y)i = f(2).
Therefore f(z) = z? — 2z is a polynomial and therefore analytic and
f(z)=224+2=2x+2)+2yi

as before. U

(d) If f(2) = u+ v is analytic in the open set U show that v satisfies the equation

Vg + Vyy = 0.

Solution: This uses the CR-equations:

Vge T Uyy = (Ve)z + (Uy)y = (_uy>z + (Ux)y = —Ugy + Uy = 0.



8. Find the center and radius of the circle of convergence of the following series
o0 k

(@) 9) =3 gy

k=0

Solution: We use the ratio test:

, .| (B4 1)-st term
ratio = lim
k—o00 k-th term
) Zk-‘rl (k + 2)32k
lim
k—oo | ((k 4 1) + 2)32k+1 2k
k 2 3.k
= lim Q
k—oo (k + 3)32
_ A
2
The series converges when
S
tio=— <1
ratio = =
which is equivalent to |z| < 2. Thus
Center = 0, Radius = 2.

(0) () =3 MEE 2T

n=0

Solution: This time for convergence we want

ratio = lim (n+1)(z + 20)*+DH! 9"
n—00 gn+l n(z 4 2i)%n+1
|+ 1)(z+20)2
- nhj& In
|+ 24
9
< 1.

This is equivalent to |z + 2i|*> < 9 which in turn is equivalent to |z + 2i| < 3. Thus

Center = —2¢ Radius = 3.
. : 5
9. Find all solutions to cos(z) = 1

Solution: Using formula for cos(z) in terms of the exponential we have

(2) e + e 5
cos(?) = ———— = ——.
2 4

Multiply by 4e~% to get



which can be rearranged as an equation that is quadratic in e™*:
2(e%)? 4+ 5e”* +2 = 0.
By the quadratic formula

. —b+25—-4-4 —5++9 543 5 1
(& = _= =

4 4 4 Y
Solving €% = —2 gives

z= % (log(—2) = In(2) +iarg(—2)) = —iIn(2) + 7 + 2n7.

. 1
Solving e** = —3 gives

1 -1
z = -log <7> =1iIn(2) + 7 + 2nm.
7
Therefore the solutions are
z=2n+ 1)mr+iln2.



