Mathematics 552 Homework.

We have shown Euler’s formula
e = cos(z) + isin(z)
If we replace z by —z and use that cos(—z) = cos(z) (that is cos is an even
function) and sin(—z) = —sin(z) (thus sin(z) is an odd function) we get
e % = cos(z) —isin(z).
Problem 1. Use these equation to show
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cos(z) = 5
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sin(z) = — O]
Problem 2. Use the formulas of the previous problem to show that
cos? z +sin?z = 1. O

Problem 3. Let a = —6 + 6.

(a) Write a in polar form a = re'.

(b) Use the polar form to find a” and write the result in the form 7y.

(¢) Use the polar form to fin all cube roots of a, where are three, and write
the results in the form x + 7y. O

Let U be an open subset of the complex plane U and let f: U — C be a
complex valued function defined on U. Then, in analogy with the definition
in calculus, it is natural to define f to be differentiable at z € U if and

only if the limit
A7) = f(2) _
N

exits.
It is easy to check that many of the functions are are familiar with, such
as polynomials, are differentiable at all points. Here is an example

Problem 4. Let f(z) = 2*. Use the Binomial Theorem to expand (z+ Az)?
in the difference quotient

fz+Az) = f(2)

Az

simplify the result and cancel the Az out of the denominator to show that
fl(z) = 423 O
Problem 5. For a function that takes a bit more work let

1

f(z) = 2

and show directly from the limit definition of f’(z) that
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f'(z) =
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at all points where z # 0. Hint: One way to start is to compute

flz+Az) — f(2) 1( 1 1) 1(22—(2+Az)2>

Az T Az \(z+ 022 22) 7 Az \ 22(z+ Az)2
and expand the numerator. You should then be able to cancel out the Az
in the denominator so that taking the limit as Az — 0 becomes easy. ([

Problem 6. Now let f(z) be the function
f(z) = e
where a is a complex constant. Then
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In this problem you will compute the derivative of f(z) at z = 0. Verify

that the difference quotient for f at z = 0 can be simplified as follows:

fO+Az) = f(0) _ f(Az) -1
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And use this to show that
f(0+Az) - f(0)
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The main point of the previous problem can be summarized as
eaAz -1
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Problem 7. Let f(z) = e**. Use the Limit to show that
f(z) = ae®.

Hint: We know that the exponential function satisfies e*17%2 = e*1e*2. Use

this to show
f(Z—I—AZ)—f(Z)_ eaAZ_l az
Az Az c




and hopefully it is clear what to do from here. ([

So we now have that for any complex constant that

d
geaz — aeaz
Problem 8. Use this and
eiaz _ efiaz eiaz + efiaz
sin(az) = , , cos(az) =
21 2
to find formulas for the derivatives of sin(az) and cos(az). O

Let f(z) = u(x,y) + iv(x,y) where z = x + iy be defined in an open set
U where u and v are the real and imaginary parts of f. Recall from vector
calculus that the partial derivatives of u and v are defined by
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Problem 9. Letting f(z) = u(x, y)+iv(x,y) as above and letting z = z+1iy
and Az = Az +iAy. Show that (f(z + Az) — f(z))/Az can be written as

f(z+Az) = f(z) _ u(z+ Az,y+ Ay) — u(z,y)
Az N Az + 1Ay
Lot Ayt Ay) — v(@,y)
Az +iAy
Problem 10. Let f(z) be as in the previous problem and assume that f is
differentiable at some point of U. We now compute
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Az—0 Az

in two ways.

(a) First we let Az — 0 through real values, that is let Ay = 0 so that
Az = Az and compute f/(z) by the formula

f/(Z) — lim f(z + Ax) — f(Z)

Axz—0 Ax

and use the formula of Problem [0 to show
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(b) Now take the limit as Az — 0 through imaginary values. That is we let
Az =0 so that Az = iAy. Then

/ RT [z +iAy) — f(2)
Fa=m™ iy

Now use the formula of Problem [9] to show using this limit that we also
have the formula
10u ov
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f'(2) iy (z,y) + ay(ﬂﬂ,y)
(c) If f is differentiable at a point, these two formulas for the derivative
must be equal. Use this to show
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You have just proven one of the most basic and important results in
complex analysis:

Theorem 1. If f(z) = u+ v is defined on an open subset of C, then at
any point where the complex derivative f'(z) exists the Cauchy-Riemann
equations

ou  Ov
dz Oy
ou v
oy Oz
hold. O

Therefore at any point where the Cauchy-Riemann equations do not hold
the function is not complex differentiable.

Problem 11. Show that f(z) = (z 4 2y) +i(—3x + 7y) is not differentiable
at any points. Hint: In this case u = x + 2y and v = —3x + Ty. Show that
the Cauchy-Riemann equations do not hold at any point. ([



