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1. THE DERIVATIVE.

1.1. The derivative at a point.

Definition 1. Let (a, 3) be an open interval, f: («, ) — R a function, and
a € (a, ). Then f is differentiable at if and only if the limit

o @) = f(a)

Tr—a Tr—a
exists. When this limit exists it is the derivative of f at a and is denoted
by f'(a). O

The limit defining f’(a) can be rewritten in several ways. For example if
we do the change of variable x = a + h in the limit it becomes

fla) — tn LB =S Jat )~ Ja)

r—a Tr—a h—0 h

which is the way it is often presented in calculus books. And sometimes,
especially in older books, h is replaced by Az and the limit is written as

fl@) — i T@T D)~ (@)

- Az—0 Ax

And finally f(a+ Ax) — f(a) can be abbreviated as Ay = f(a+ Az) — f(a)
and then the limit becoves

f'(a) = lim Ay

o Az—0 Az

d
a notation meshes well with the Leibniz notation ) for the derivative.

I am now obligated to draw the standard pictua;e that shows that the
difference quotient (f(a + h) — f(a))/h is the slope through the points
(a, f(a)) and (a + h, f(a + h)) and therefore taking the limit as A — 0 of
this difference quotient is a reasonable definition of the slope of the tangent
line to the graph of y = f(x) at the point (a, f(a)).
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(a, f(a))

Ay = f(a+h) = f(a)

(a+h, f(a+h)) ¥

Ay _ fla+h) - f(a)
Az h
through (a, f(a)) and (a + h, f(a + h)).

= slope of line

We now do some examples of derivatives that you no doubt already know
from calculus.
Let f(x) = ma + b where m and b are constants. Then for any a € R
m(x — a)

f'(a) = lim 7}“(@‘) — fla) =lim ——~=m

T—a Tr—a r—a T —a

For a slightly more complicated example consider f(z) = 2

using that 22 — a? = (x — a)(z + a):

we have ,

) -t L) @)

T—a Tr— a
22 —a?
= lim
T—=a T —a
= lim(z + a)
r—a
= 2a.

Problem 1. Use the identities 2° —a® = (2 — a)(2? + az +a? and 2* —a* =
(x — a)(2® + ax?® + a®x + a3 to prove that the functions f(z) = 2% and
g(z) = 2* have the derivatives
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The classic example of a function that does not have a derivative at a point
is the absolute value function f(x) = |z| which does not have a derivative
at £ = 0. Here are some other examples

Problem 2. Let f: R — R be the function
f(x) = max{x,2 — x}.

Graph y = f(x) and show that it is differentiable at every point other than
x =1. What is f/(a) when a # 17 O

Problem 3. Let f: R — R be the function
f(x) = min{a?, 1}
Find the points where f is not differentiable and prove your result.

We now start proving the basic rules for derivatives you know from cal-
culus.

Proposition 2 (Sum rule for derivatives). Let f1 and fo be defined on an
interval containing the point a and assume that fi and fo are both differen-
tiable at a. Let ¢y and co be constants. Then the function g = c1f1 + cofs is
differentiable at a and

g'(a) = c1fi(a) + cafs(a).
Problem 4. Prove this. O
We extend this to sums with more terms:

Proposition 3. Let fi, fo,..., fn be functions defined on an interval con-
taining a and with each f; differentiable at a. Let c1,ca,. .., c, be constants.
Then g = c1f1 + cafo+ -+ cnfn is differentiable at a and

g'(a) = c1fi(a) + c2f3(a) + - + cnfy(a).
Proof. This is an easy induction proof. U

Proposition 4. Let f be defined on an interval containing a and assume
that f is differentiable at a. Then f is continuous at a.

Problem 5. Prove this. Hint: To show that f is continuous at a we need
to show lim,_,, f(x) = f(a). As f is differentiable we know that

i f@) = 1)

fa) = lim =——
exists. To use this write f(x) as
1) = fla)+ 1T )

Now you can use standard results about limits (no e, 6 needed). O
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Proposition 5 (Product rule). Let f and g be defined in an interval con-
taining a and assume they are both differentiable at a. Then the product
p(z) = f(x)g(x) is differentiable at a and

p'(a) = f'(a)g(a) + f(a)g'(a).

Problem 6. Prove this. Hint: One way is to do some adding and subtract-
ing in the difference quotient for p:

p(x) —pla) _ fx)g(x) - fla)g(a)

_ f@)g(x) — f(x)g(a) + f(z)g(a) — f(a)g(a)
_ f(ﬂj‘)g(g:) _ g(a) + f(.f) — f(a)g(a)

As f is continuous at a (why?) we have lim,_,, f(z) = f(a). Finishing now
should be easy. ([

Proposition 6. Let g be defined in an interval containing a and assume g
is differentiable at a and g(a) # 0. Then h(zx) = 1/g is differentiable at a
and

Problem 7. Prove this. Hint: Write the difference quotient for h as

h(z) = h(a) _ 1 <(1 (1))
z—a z—a\g(x) gla

)
1 g(a) —g(x)
)

z—a g(x)g(a)

_ 1 g@) - gla)
g(z)gla) z—a
and now it should be easy to take the limit defining h'(a). O

Proposition 7 (Quotient rule). Let f and g be defined on an interval con-
taining a and with f and g differentiable at a. Also assume g(a) # 0. Then
the quotient q(x) = f(x)/g(x) is differentiable at a and

o f'la)g(a) — f(a)g'(a)
¢(@) = g9(a)? '

Problem 8. Prove this. Hint: We have already done most of the work for
this. Write ¢ as a product

o) =10 (1)

and use Proposition 6 and the product rule. (|
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Proposition 8 (The power rule for positive powers). Let f be defined on
an interval containing a and assume that f is differentiable at a. Then for
any positive integer n the function p(x) = f(x)" is differentiable at a and

P (@) =nf(a)" " f'(a).
In particular letting f(x) = x yields that the when p(x) = 2™, then p'(a) =
na™ 1.

Problem 9. Prove this. Hint: Induction. O
Proposition 9.
f(x) = anz™ +an 12"+ Farz +ap

is a polynomial (thus ag,ai,...,ay, are constants) then f is differentiable at
all points a and

f'(a) = napz™ ' + (n — Dap_12"" 2 + -+ + 2a9x + a;.
Proof. This follows by combining Propositions 2 and 8. (|
Proposition 10. The function f(x) = \/x is differentiable on (0,00) and

Mgy —
Problem 10. Prove this. Hint: The calculation
Fla+h) - f@) =vVath—a
(Tt h— VE) VI T R+ V)
vi+h+ .z
_ (z+h)—2
VTt ht+z
h

T Vathtyz

might be useful. Also useful is that we have shown the square root function
is continuous on (0, 00). O

The next result makes precise that the graph y = f(z) of a function has
a tangent line at the point (a, f(a)) if and only if the derivative f’(a) exists.

Theorem 11. Let f be a real valued function defined in a neighborhood of
a. Then the following are equivalent.

(a) f'(a) exists.

(b) There is a constant m such that

f(z) = f(a) +m(z —a) + p(z;a)

where p(x;a) satisfies

(1) lim 2859 _

T—a T — Q



Before going on with the proof, let us think a bit about what condition
(b) of the theorem says. Rewrite (1) as

@) = @)+ (m+ 25 ) o)

r—a

As limg_yq p(z;a)/(x —a) = 0 for any £ > 0 there is a § > 0 such that

0<|z—a]<d implies o3 a)l <e
|z —a
Therefore
0<|r—al<d implies m—€<m+M<m+€.
x—a

Problem 11. Show that these inequalities imply that on the interval (a —
d,a + §) that the graph of y = f(x) stays between the graphs of the lines
y = f(a)+(m+e)(x—a)and y = f(a)+(m—e)(x—a) as in the figure below.
Therefore by making e small we have that near z = a the graph y = f(z) is
sandwiched between two line that have slope very close to m. O

y=fla)+ (m+e)x
v = f(@)+ma

y=fla)+(m—e)x

a—90 a a+0
Problem 12. Prove Theorem 11. [l
Lemma 12. Let g be differentiable at a. Then there is a § > 0 such that
[z —al <& implies |g(x) —g(a)] < (lg'(a)] + 1)|z — a.
Problem 13. Prove this. O

Theorem 13 (The chain rule). Let g be defined on an interval containing a
and f defined and on an interval containing g(a). Assume that g is differ-
entiable at a and f is differentiable at g(a). Then the composition h = fog
is differentiable at a and

W(a) = (fog)'(a) = f'(9(a))g'(a).



Proof. As g is differentiable at a, by Theorem 11, we have
9(z) = g(a) = g'(a)(z — a) + p1(z;a)

where

lim PLL759)

r—a T — Q

= 0.
Likewise as f is differentiable at g(a) we have

fly) = flg(a)) = f'(9(a)(y — g(a))(z — a) + p2(y; g(a))
where

i P2W9(a)

=0.
y—g(a) Yy —g(a)

Therefore we have

flg(x)) = f(g(a))

f(g(a))(g(z) — g(a)) + p2(g(z); g(a))
f(g9(a) (¢'(a)(xz — a) + pr(x;a)) + p2(g(x); g(a))
f(g(a))gl(a)($*a)+f)2( (z);9(a))

where
p(z;a) = f'(9(a))g'(a)p1(z; a) + p2(g(x); g(a)).

Therefore, by Theorem 11, to finish the proof it is enough to show

lim plz:a)

rx—a T — Q

=0.
The first term in the definition of is easy to deal with:
!/ / . .
lim f (g(a))g (a)pl (ZL‘7CL) _ f/(g(a))g/(a) lim ,01(%', a)

T—a Tr—a r—=a T — Q

= f'(9(a))g'(a)0
-0

The second term takes a bit more work. Let ¢ > 0

o P2wigla) _
y—g(a) Yy —g(a)
there is a 61 > 0 such that

0<ly—g(a)l <d implies

p2(y; 9(a)) ’ _ £

y —g(a) 1+ 1]g'(a)l
and therefore
o _ ely — g(a)|
ly —g(a)| <6 implies |p2(y;g(a))| < T+ lg)|

Problem 14. If g is differentiable at x show that there is a d5 > 0 such that
|z —al <0y implies |g(z) — g(a)| < (lg'(a)] + 1)|z —al O



Getting back to the proof of the chain rule, there is a if |g(z) — g(a)| < 01
and |r — a| < d then

ely —g(a)| _ (1 +]g'(a)])]z — al

< =¢elz — al.
1+19(a)] I+ lg'(a)] v =al

lp2(y; 9(a))| <

and therefore

<e
r—a

p2(g(x); g(a)) ’

Finally, as ¢ is continuous at a, there is d3 > 0 such that
|z —a| <8 implies |g(z) — g(a)| < 1.
Whence if § = min{d, d2},

<eg

0<|z—a|l<d implies

p2(9(z); g(a))
T—a
and therefore
i P209(2); 9(a))
T—a T — a

which completes the proof. O

=0

1.2. Functions differentiable on an interval, the first derivative test,
and the mean value theorem.

Definition 14. Let f be defined on an open set U containing xg. Then f
has a local maximum (respectively a local minimum) at xq if and only
if there is a 6 > 0 such that

f(z) < f(xo) (respectively f(x) > f(xg)) for z with |z — x| <0

In this case zg is a local mazximizer (respectively a local minimizer) of
f- The point z¢ is a local extrema if it is either a local maximizer or a
local minimizer. O

Theorem 15 (First Derivative Test). If f is defined on an open U set
containing the point xo and

o f is differentiable at xg
e f has a local extrema at xy.
then
f'(zo) = 0.
Lemma 16. Let f be differentiable at xo and let (x,)2°, be a sequence with

lim z, =x9 and foralln =z, # xo.
n—o0

Then
i (o) = f(ao)

= f'(x0)
n—oo ,Zn — ,fo

Problem 15. Prove this. O
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Problem 16. Prove Theorem 15. Hint: You do not have to follow this hint,
but here is one way to start. Without loss of generality we can assume f

has a local maximum at zg. (If it has a local minimum, then replace f by
—f.) Let

1
Tp=x0—— and ¥y, =x0+ —.
n n

Then show
n—00 Tn — X0 n—oo In — 0
and use the lemma. O

Theorem 17 (Rolle’s Theorem). Let f be a function that is continuous on
[a,b] and differentable at all points of (a,b). Assume

fla) = f(b).
Then there exists a point § € (a,b) such that
fle=o.
Problem 17. Prove this. Hint: Start by showing that either (or both) of
the maximum or minimum of f occur in the open interval (a,b). O

Theorem 18 (Mean Value Theorem). Let f be a function that is continuous
on [a,b] and differentiable at all points of (a,b). There there exists a point
€ € (a,b) such that

f®) = fa) = £ (€)(b - a)

Problem 18. Prove this. Hint: One way to start is to show

f) — fla
o(@) = f@) - LU =T, )
—a
satisfies the hypothesis of Rolle’s Theorem. (]

Definition 19. Let x1, z2 and £ be three real numbers. Then £ is between
x1 and zo if and only if one of the following three cases holds:

1 <§ < T2

o <§ < T

r1 =& = T9. 0

Often we will use the Mean Value Theorem in the following slightly less
general form:

Theorem 20 (Mean Value Theorem). Let f be differentiable on the open
interval (a,b) and let x1,x2 € (a,b). There there is £ between x1 and x
such that

f(x2) = fz1) = f1(€) (22 — x1).
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Proof. If x1 = x4, then let £ = x1 and we have f(x2) — f(z1) = f'(§)(x2 —
x1) = 0. If x1 # x9, then by possibly changing the names of z1 and z9 we
can assume that z1 < xa. Then f is continuous on [z, x2] and differentiable
on I(x1,x2). Therefore we can use our first form of the Mean Value Theorem
to conclude there is a § € (1, z2) with f(x2) — f(z1) = f/(&)(z2 —z1). O

Before using the Mean Value Theorem to prove theorems let us note that
it can be use to prove interesting results about concrete functions. Here are
a couple of examples.

Ezample 21. Assume that we know that the derivative of sin(z) is cos(x).
Then for all a,b € R we have

|sin(b) — sin(a)| < [b — al.

To see this let f(z) = sin(z). Then the Mean Value Theorem tells us there
is a £ between b and a such that

|sin(b) —sin(a)| = |£(b) — f(a)| = |f'(€)(b— a)| = [cos(§) (b — a)| < [b—al
where at the last step we used that |cos(§)| < 1. O
Example 22. If a,b > 2, then

a—1 b—-1 2
——— | < =|b—al.
a+1 b+1 9
To see this let
r—1
Then if £ > 2 we have
2 2 2
f(€) =

ESEECE )

Thus if a,b > 2 the Mean Value Theorem gives us a £ between a and b (and
therefore £ > 2 such that

-1 b-1 , 2 2
| :]f(b)—f(a)]:|f(§)(b—a)]—m|b—a\§§|b—qﬁ

Problem 19. Use the ideas above to show the following

(a) For all z,y € R the inequality

| cos(4y) — cos(4x)| < 4|y — z|.
(b) If a,b > 1 then

V2 —1—-Va2—1|>|b—al
(c) If > 0 then

er —1>x.
Hint: ¢ — 1 =¢e* — €0, O
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Theorem 23. Let f be differentiable on the open interval (a,b) and assume
f'(x) =0 foral xc¢€ (a,b).

Then f is constant.

Problem 20. Use the Mean Value Theorem to prove this. U

Definition 24. If f is a function defined on an interval I, then f is in-
creasing if and only if for all z1,20 € 1

Ty <z2 =  f(x1) < f(22).

Theorem 25. Let f be a function on the open interval and assume that
I’ exists on all of (a,b) and that f'(x) > 0 for all x € (a,b). Then f is
increasing on (a,b).

Problem 21. Use the Mean Value Theorem to prove this. O
Problem 22. Show that f’(x¢) exists if and only if the limit
f(zo) — fzo — h)

lim
h—0 h
exists. When this limit exists what is its value? O

Problem 23. Show that if f/(xo) exists, then so does the limit
i £ @0+ 1) — flwo —h)
h—0 2h
and its value is f'(xg). O

Problem 24. Let a be a positive real number and set

_ flzltcos(1/a), @ #0:
J(@) = {0, z =0.

For what values of o does f/(0) exist. When it doses exist what is its
value? O

Theorem 26 (Cauchy Mean Value Theorem). Let f and g be functions that
are differentiable on the open interval (a,b) and continuous on the closed
interval [a,b]. Then there is a § € (a,b) such that

g E(f®) = f(a)) = F'(€)(g(b) - g(a)).

(Note when g is the function g(x) = x this reduces to the usual mean value
theorem.

Problem 25. Prove this. Hint: Let

h(x) = (9(b) — g(a))(f(x) = f(a)) = (f(b) — f(a))(g(x) — g(a))
and show h(a) = h(b) = 0. O
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We now wish to look at one of the other standard topics in differential
calculus, 'hopital’s rule. Recall this involves evaluating limits of the type

lim f@)

T—T0 g(:[j)
where f(zg) = g(xo) = 0 which leads to
flz) _ 0

im
z—zo g(x) 0
which, at least formally, does not make sense. Here is the basic result.

Theorem 27 (L’hopital’s rule). Let f and g be differentiable in a neighbor-
hood of xo with ¢'(x)] # 0 for x # xo. Assume that f(xg) = g(xo) =0 and

that
/
lim f'(@)
z—x0 g’(m)

exists. Then limg_,5, f(x)/g(x) exists and is given by

lim f(z)

T—T0 g(x

This is usually stated informally as that if f(xo) = g(z¢) = 0 then
!
lim 7f(a:) = lim f'(x)

w0 g(z) w0 g'(x)

The important part is that the existence of the limit lim, 4, % implies

the existence of the limit lim,_,,, %.

—~

/(I
g'(z)

—

Problem 26. Prove Theorem 27 as follows. Let € > 0 then as lim,_,,,
L there is a 6 > 0 such that

f'(@)
g'(x)
Let = be so that 0 < |r — z9| < 6. Then, by the Cauchy Mean Value
Theorem, there is a £ between z and x( such that

@) _ f@) =0 _ f@) - flao) _ £1E)

g(z) g(z)=0 g(x)—g(zo) g'(&)
Use this to show

O0<|z—z9|<d =

—L‘<£.

O0<|z—z9|<d = ‘x—L'<e

and thus limg_,,, % = L. (A main point is that 0 < |£ — z¢| < 4, so be
sure to explain why this holds.) O
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Here is a standard application of I’hopital’s rule:

sin(2z) .. sin(2z)’ . 2cos(2z)  2cos(0) 2
I Ty T T T Ty

It can also be applied several times in a row:

1 — cos(x sin(x d
lim 1= cos(z) = lim sin(z) (take — of top and bottom)
z—0 2 z—=0 2% dx
. cos(x) d
=1 ke — of
lim — (take 7 © top and bottom)
~ cos(0)
2
1
=3
So we have shown lim,_.q 1_(;)25 (@) _ % Note that in terms of showing this
limit exists, this should be read from the bottom up. That is I’hopital’s rule
shows that lim,_, 5135:) exists as lim,_,o = sg(x‘? = lim, . COSZ(O) = % exists.
Then anther application of I’hopital’s rule shows that lim, . 1—%25(93) =
. 1— / . i .
lim,_.q % = limg_.o Slgi‘r) exists.

Problem 27. Here are some problems to practice the use of 'hdpital’s rule.
Compute the following

(a) lim sin(z) — x

(0) dim  os@) + 1)

Now back to Rolle’s theorem. First a definition.

Definition 28. Let f be defined on an open integral I. Then f is twice
differentiable on I if f’ exsits at all points of I and the function f’ is
differentiable on I. We denote the derivative of f’ as f” or f and it is
called the second derivative of f. If f” exists at all points of I and f”
is differentiable on I its derivative is denoted by f” or f®) and is called
the third derivative of f and f is said to be three times differentiable.
Continuing recursively, if we have defined what it means for f to be n times
differentiable on I and the n-th derivative, f, is differentiable on I
then the derivative of £ is denoted by f"*Y and f is (n + 1) times
differentiable on I. O

Remark 29. For consistency’s sake we set f(O) = f and f(1) = f/ O
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Problem 28. Show that the function f on R defined by
x2, x> 0;
f(.’L‘) = { 2

-z, = <0.

is differentiable on R but not twice differentiable. Hint: Show f'(z) = 2|z|.
You may have to use the limit definition to compute f’(0). O

Problem 29. Find a function that is twice differentiable on R but not three
times differentiable. More generally can you give an example of a function
that is n times differentiable, but not n + 1 times differentiable. O

Proposition 30. Let I be an open interval and assume f is twice differen-
tiable on I. Let xg,x1 € I with xg # x1. Assume f(xo) = f'(z9) = 0 and
f(xz1) = 0. Then there is a point & between xo and x1 with f(£) = 0.

Proof. As f(xg) = f(x1) = 0 by Rolle’s Theorem there is a & between
xo and x1 with f/(£;) = 0. But the function f’ is differentiable on I and
f'(zo) = f'(&1) = 0 and thus anther application of Rolle’s Theorem gives us
a & between g and & with f”(&) = (f')(§) = 0. As & is between xy and
x1 and € is between xp and &£; we have that £ is between xg and x;. ([

This generalizes

Theorem 31. Let f be n+ 1 times differentiable on the open interval I.
Let xg,x1 € I with xg # x1. Assume that

o f(x0) = f'(wo) =+ = f"(x0) =0,
o f(z1)=0.
Then there is a point £ between xy and x1 with
reg =o. 0
Problem 30. Prove this. Hint: There are several ways to do this. One is
to look at the proof of Proposition 30 and meditate upon induction. [l

Proposition 32. Let f be twice differentiable on the open interval I and
let a,b € I with a #b. Then there is a £ between a and b with

£8) = F(@) + £ @b~ a) + T a2

Proof. Let h be defined on I by
h(z) = f(z) = f(a) = f'(a)(z — a) = c(z — a)®
where c is a constant to be chosen shortly. Note
h(a) =0

and

and thus
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With applying Theorem 31 in mind, we choose ¢ so that h(b) = 0. That is

h(b) = f(b) = f(a) = f'(a)(b—a) —c(b—a)* =0
which leads to
f() = fa) — f'(a)(b— a)
(b—a)? '
With this choice of ¢ we have h(a) = h'(a) = h(b) = 0 and thus by Theorem
31 there is a £ between a and b with

h'(§) = 0.

CcC =

By direct calculation
h'(z) = f"(x) — 2c.
Then A" (§) = 0 yields
7(€) = 2¢ = 0.
But using the formula for ¢ above we find

£ =2 <f(b) - f(zlb)_—j);(a)(b - a)) _ 0

which can be rearranged to give
2
f (5) (b o a)2

fb) = f(a) + f(a)(b—a) + —;
as required. O

As this was a more or less direct consequence of Proposition 30 it makes
sense to look for a generalization that depends on Theorem 31. To make life
a little easier on ourselves we first do the case of n = 4.

Lemma 33. Let f be a function that is four times differentiable on an open
interval I and let a € I. Let T'(x) be the polynomial

(2)
" 3 4
T(x) = f(a)—i—f’(a)(a;—a)—i—f 2(a) (x_a)2+f(;!(a) (x_a)3+f(;!(a) (z—a)",
and set
g(x) = f(z) - T(x)
Then
g(a) = g'(a) = g"(a) = ¢¥(a) = gW(a) = 0.
Problem 31. Prove this. ([l

Theorem 34. Let f be five times differentiable on the open interval I and
a,b eI with a #b. Then there is a & between a and b such that

£8) = F(@) + Fl@)b—a)+ T

(5)
f 5'(§> (b _ a)5'

18 (a W (a
(b—a)®+ 3!()(b—a)3—|— 4!()(b—a)4
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Or in different notation let T'(x) be the polynomial (2), then this is
(5)
76y =76+ Ty

Problem 32. Prove this. Hint: Let
h(z) = f(z) — T(x) — c(x — a)°

where we choose ¢ so that

h(b) = 0.
Show h(a) = K (a) = h"(a) = h®(a) = h®(a) = 0. Now use Theorem 31
and now proceed as in the proof of Proposition 32. U

Definition 35. Let f be n times differentiable on a neighborhood of a.
Then the degree n Taylor polynomial of fat xis

Zf(k x_a)k- O

Problem 33. Show that if f is n tlmes differentiable on an open interval I
and T), is its degree n Taylor polynomial at a, then for 0 < k <n

TM(a) = fP(a).
That is the k-th derivatives of T}, and f agree at a for 0 < k < n. O

Theorem 36 (Taylor’s Theorem with Lagrange’s form of the remainder).
Let f be (n+ 1) times differentiable on the open interval I and let a,b € I
with a # b. Let T, be the degree n Taylor polynomial of f at a. Then there
is a & between a and b such that

b—a)"t!
b) =T, (b (n+1) oy (0 — Q)"
£ = T(0) + 1000 T
(The term E,(b) = 1 (¢) (b(ni:+ = f(b) — T,,(b) is the error term or
remainder term when approximating f by its Taylor polynomial T,,.)
Problem 34. Prove this. O

We restate this with slightly different notation (just replacing a and b
with zp and x.)

Theorem 37 (Taylor’s Theorem with Lagrange’s form of the remainder,
form 2). Let f be (n+ 1) times differentiable on the open interval I and let
x,xo € I with x # xo There there is a & betweem x and xg such that

(k 530) (n+1) (z — o)™
Remark 38. In the case that n = 0 this becomes
f(@) = f(zo) + f'(&)(x — x0),

which can be rewritten as f(x) — f(zo) = f/(§)(z — xo). That is for n =0
we just get the mean value theorem. O
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One last restatement of Taylor’s theorem. If we let x = x¢ + h we get

hn+1
h (k (n+1) A
where £ is between zg and xg + h.
As an examples of Taylor’s theorem we have

22 23 efat

—1+x+—+§+ m (Used n = 3.)
2?2zt cos(€)a®

cos(z) =1— ETIRE T T (Used n =5.)
. 23 2% cos(€)x”

sm(a:):x—g—i—g—T (Used n = 6.)

where ¢ is between x and 0 (and of course the value of £ is different in each
of the three equations). Here are some graphs that show how closely Taylor
polynomials approximate some functions.

y=e’
7t y = Tu(z)
Wy =Ts(x)
6l /‘

y =Ty(x)

_y=Ti(z)

Graphs of y = e” and the Taylor polynomials y = T,,(z) for k =
1,2,3,4 on the interval [—2, 2]
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S| ="

Sy =Th()
5 T ; ; sy = sin(z)

y =Ts(x)

30

Graphs of y = sin(z) and the Taylor polynomials y = T3 (z), y =
To(xz) = T3(x), and y = Ty(x) = T5(x). on the interval [—m, «|. (If
f(z) = sin(z), then for odd positive integers n we have f™(0) = 0.
Therefore Tog(z) = Tor41(x).)

1.3. Some applications of Taylor’s Theorem. The next result is just
the second derivative test from calculus.

Theorem 39. Let I be an open interval and f: I — R twice differentiable
with " continuous. Assume that f'(zg) = 0 then,

o if f"(xo) <O then g is a local mazimizer of f.

o if f"(xo) > 0 then xg is a local minimizer of f.
Problem 35. Prove this. Hint: It is enough to prove in the case f”(zg) > 0.

(a) Use that f” is continuous to show that there is ¢ > 0 such that f” >0
on the interval (zg — 6,z + 9).
(b) Now use Taylor’s Theorem to show for z € (xg — J,zo + ) that

f(x) > f(zo)
and that equality holds if and only if x = xg. ([

If we know that the second derivative has the same sign on an entire
interval we can get a global maximum or minimum.

Theorem 40. Let I be an interval and xo € I in the interior of I. Assume
that " exists and f" > 0 at interior points of I. Then f'(x¢) = 0 implies
that

fx) = f(xo)
forallx € 1. (And if " <0 on the interior of I, then f(x) < f(zo) on I.)

Problem 36. Prove this in the case of f” > 0. O

The last result can be generalized to giving a condition for a function to
always be above its tangent line.
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This function is above all its tangent lines.

Theorem 41. Let f” > 0 on an open interval I. Then the graph of f is
above all its tangent lines. More precisely if a € I, then

fla) + f'(a)(z — a) < f(2)
forall x € 1.
Problem 37. Prove this. O

Let f: I — R where [ is an interval. Then f is convez if and only if for
all g, x1 € R and ¢ € [0, 1] the inequality

f(A=t)zo +toy) < (1 —1)f(zo) +tf(21)

holds. Geometrically this means that the graph of f lies below any of the
chords connecting two of the points on the graph as in the graph below.

In this figure z; = (1 — t)xo + tz1

(wo, (o))
(z¢, (1 —=t) f(wo) +tf(21))

(w1, f(@1))

xo Tt Z1

Theorem 42. Let I be an open interval and f: I — R be a function that is
twice differentiable and with f” > 0. Then f is convexr on I.

Problem 38. Prove this. Hint: To simplify notation let
xp = (1 —t)xg + L.
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By Theorem 41 we have that the graph of f is above its tangent line at x;,
which implies
f(@e) + (@) (w0 — ) < f(wo)
fl@) + fl(@e) (@1 — ) < ().
Show
xo — xp = —t(x1 — )
1 —xp = (1 —t)(z1 — z0).
And therefore
f@) = tf (ze) (21 — @0) < f(zo)
fl@e) + (L =) f' (@) (21 — 20) < fl1).

Now manipulate these inequalities to complete the proof. [l



