NOTES ON ANALYSIS.

RALPH HOWARD

CONTENTS
[I. More on limits of sequences.| 1
2. _The derivativel 5
[2.1." The derivative at a point.| )
(2.2.  The derivative of the inverse of a functionl 12
[2.3.  Functions differentiable on an interval, the first derivative test, |
[ and the mean value theorem. 14
[2.4.  Generalized Rolle’s Theorem and Taylor’s Theorem]| 19
[2.5. Some applications of Taylor’s Theorem.| 24
|3.  Riemann Integration| 31
4. The Fundamental Theorem of Calculus. 40
[5.  Definition of the logarithm and exponential functions.| 47
51
[6.1.  Basic definitions and results about series.l 51
[6.2.  Series with positive terms.| 54
16.3.  Tests for the convergence of series with monotone terms.| 55
[6.4. Comparison tests.| 59
[6.5. The root and ratio tests| 60
|6.6.  Absolutely and conditionally convergent series. 63
[6.7. Power series)] 65
|6.8.  The product of two series| 68
[7. Uniform convergence| 75
[7.1.  Uniftorm Convergence and unitorm limits of continuous |
[ functions 75
[7.2. Uniform approximation of continuous functions by polynomials |
[ and other smooth functions| 79

1. MORE ON LIMITS OF SEQUENCES.
To make a definition we used more or less implicitly last semester:
Definition 1.1. Let (a;);2; be a sequence of real numbers. Then

lim a, = c©
n—oo
1
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means that for any real number M there is a N > 0 so that
n > N implies a, > M.

Likewise

lim a, = —oc0
n—o0

means that for any real number M there is a N > 0 so that
n > N implies a, < M.

(In this case think of M as be a negative number very far to the left on the
number axis.)

Example 1.2. As a more or less obvious example let p be a positive integer
and a > 0 then lim,, ., an? = co.

To prove this let M > 0 and let N = (M/a)%. Then if n > N we have

anpza((M/a)%y):M. O

Since it is easier to work in inequalities using positive numbers rather
than negative numbers the following is obvious, but nice.

Proposition 1.3. Let (a,)5%, be a sequence or real numbers. Then

lim a, = —oco
n—oo

if and only if

lim —a, = cc.

n—oo
Proposition 1.4. Let (a,)0%; and (b,)?2, be sequences of real numbers
with

lim a, =L
n—oo

(That is a usual finite limit) and

lim b, = oc.

n—oo
Then
lim (a, + by) = oc.
n—0o0
Problem 1.1. Prove this. O

Along the same lines we have

Proposition 1.5. Let (a,)0%; and (b,)>>; be sequences of real numbers
with
lim a, =L

n—oo

where L > 0
lim b, = oc.
n—oo

Then

lim a,b, = occ.
n—oo
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Problem 1.2. Prove this. O
Problem 1.3. Here is an example of Proposition [1.5]in action. Let
p(x) = amz™ + am_12™ - a1z + ag
be a polynomial with a,, > 0 with m > 1. Show
nl;ngop(n) = 00.
Hint: To start rewrite p(n) as

Ay — Qp— a a
p(n)znm(am+m71+ :;22+---+ : 0)

nm—l nm

Then
lim n™ = oo
n—oo
. Am—1 Ap—2 aj ap
nh—>nolo<am+ + 2 +'--+nm_1+nfm):am>0.
1
Problem 1.4. If lim,,_, a,, = 00, show lim,_,,, — = 0. .
a

n

Proposition 1.6. Let (a,);2; be a monotone sequence. Then lim,_, ar,
exists, but might have the value co or —oo.

Problem 1.5. Prove this. Hint: It is enough to prove this in the case the
case (an)22 1, otherwise replace the sequence with (—a,)5° ;, It the sequence
is bounded above, then his is some thing we have seen before. So you just
have to show that a monotone increasing sequence that is not bounded below

has oo as its limit. O

1
Problem 1.6. If a,, > 0 and lim,, ., = 0, show lim,,_,,c — = o0. O
Gnp
Let us extend our notation of supremum and infinitum a bit. If S is
a nonempty subset of R which is bounded above, then sup(S) is the least
upper bound of S. If S C R then set

—00, S =g
sup(S) = < sup(9S), S is bounded above;
0, S is not bounded above.

That sup(S) should be defined as co when S is not bounded above makes
sense. That sup(@) = —oo takes a bit more logic to seem reasonable. Let
b € R then the implication

s €@ implies s<b

holds. This is because an implication P = (@ is always true when the
hypothesis, P, is false. As s € @ is always false the implication s € & —>
s < b true. Thus b is an upper bound for @. This holds for all b € R and
therefore every real number is an upper bound for &. Viewed this way the
only reasonable definition of sup(@) is occ.
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Likewise we have

00, S = o,
inf(S) = < inf(S), S is bounded below;
—00, S is not bounded below.

Problem 1.7. Let (a,)5° is a sequence in R. For each n set

Ap = Sup{an’ Gp+1,0n+42, - - }

(Note that A,, may be infinite, for example for the sequence where a,, = n?

we have A, = oo for all n.)
(a) Show that the sequence (A4,)>°  is monotone decreasing.

(b) Show that lim,,_,~ A, exists (but might be either co or —oo.
Definition 1.7. Let (a,)52, be a sequence in R. Then define

lim sup a,, = sup{anhj, ant1, ani2, ...}
n—oo

(In the notation of the previous problem this is just lim, e Ap.

The number lim sup,,_, . ar, is the limit superior of the sequence, but is
generally just called the limn sup. Likewise we have

Definition 1.8. Let (a,)52 ; be a sequence in R. Then define

liminf a, = inf{a ap+1, ant2,...}.
n—oo

(In the notation of the previous problem this is just lim, e Ap.

Problem 1.8. Find the limsup and liminf for the following sequences.

(an)nZy

(a) ap = (—1)™

(b) a, = sin(n) (This requires the following fact which you can assume:
the set {sin(n) : n € N} is dense in [—1,1]. That is between any two
numbers o < S in [—1,1] there is a n (in fact infinitely many) with
a < sin(n) < 3.)

Problem 1.9. Let (a,)32; be a bounded sequence. Show lim,,_,o @y, exists
if and only if liminf, . a, = limsup,,_, an. U

Problem 1.10. Let (a,)52; and (b,)2 ; are sequences of real numbers prove
the following

(a) lim, 0o = L and limsup,,_,, = M then limsup,,_, . (an+by) = L+ M.
(b) lim, 00 = L > 0 and limsup,, ,., = M then limsup,,_, ., anb, = LM.

Problem 1.11. Let (a,)c; and (b,)>2; be bounded sequences. Prove

lim (a, + b,) < limsup a, + limsup b,

n—0o0 n—00 n—00
and given an examples both where equality holds and where the inequality
is strict. ]
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2. THE DERIVATIVE.

2.1. The derivative at a point.

Definition 2.1. Let («, 3) be an open interval, f: (o, ) — R a function,
and a € (a, B). Then f is differentiable at if and only if the limit

i £@) = £(@)

T—a Tr—a

exists. When this limit exists it is the derivative of f at a and is denoted
by f'(a). O

The limit defining f/(a) can be rewritten in several ways. For example if
we do the change of variable x = a + h in the limit it becomes

fa) — tn L0 = F@) _ Fat )~ fa)

T—a Tr—a h—0 h

which is the way it is often presented in calculus books. And sometimes,
especially in older books, h is replaced by Az and the limit is written as

fla+Az) — f(a)

Az—0 Ax

And finally f(a+ Ax) — f(a) can be abbreviated as Ay = f(a+ Azx) — f(a)
and then the limit becoves

d
a notation meshes well with the Leibniz notation Y9 for the derivative.

I am now obligated to draw the standard pictuﬁe that shows that the
difference quotient (f(a + h) — f(a))/h is the slope through the points
(a, f(a)) and (a + h, f(a + h)) and therefore taking the limit as h — 0 of
this difference quotient is a reasonable definition of the slope of the tangent
line to the graph of y = f(x) at the point (a, f(a)).
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Ay = fla+h) = f(a)

(a+h, fla+h)) ¥

Ay _ fla+h) - f(a)
Az h
through (a, f(a)) and (a + h, f(a + h)).

= slope of line

We now do some examples of derivatives that you no doubt already know
from calculus.
Let f(x) = max + b where m and b are constants. Then for any a € R

) -t O I@ e —a)

T—a T —a T—a I —a

=m.

2

For a slightly more complicated example consider f(z) = x* we have ,

using that 22 — a? = (z — a)(z + a):

iy f(@) = fa)
fia) = lim ———
22— g2

= lim

r—a T —Q

= lim (x + a)

r—ra
= 2a.

Problem 2.1. Use the identities 2% —a® = (z—a)(2? +ax+a? and 2% —a* =
(z—a)(2®+ax®+a’x+a® to prove that the functions f(z) = 2° and g(z) = 2*
have the derivatives
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The classic example of a function that does not have a derivative at a point
is the absolute value function f(x) = |z| which does not have a derivative
at x = 0. Here are some other examples

Problem 2.2. Let f: R — R be the function
f(z) = max{z,2 — z}.

Graph y = f(x) and show that it is differentiable at every point other than
z =1. What is f’(a) when a # 17 O

Problem 2.3. Let f: R — R be the function
f(z) = min{2? 1}
Find the points where f is not differentiable and prove your result.

We now start proving the basic rules for derivatives you know from cal-
culus.

Proposition 2.2 (Sum rule for derivatives). Let f1 and fo be defined on an
interval containing the point a and assume that fi and fo are both differen-
tiable at a. Let c¢1 and co be constants. Then the function g = c1 f1 + cafs is
differentiable at a and

g'(a) = c1fi(a) + cafz(a).
Problem 2.4. Prove this. O
We extend this to sums with more terms:

Proposition 2.3. Let fi, fo, ..., fn be functions defined on an interval con-
taining a and with each f; differentiable at a. Let c1,ca,. .., c, be constants.
Then g =c1f1 + cofo+ -+ - + cpfn is differentiable at a and

g9'(a) = erfi(a) + c2fz(a) + -+ + cnfr(a).
Proof. This is an easy induction proof. ([l

Proposition 2.4. Let f be defined on an interval containing a and assume
that f is differentiable at a. Then f is continuous at a.

Problem 2.5. Prove this. Hint: To show that f is continuous at a we need
to show lim,_,, f(z) = f(a). As f is differentiable we know that

r—a Tr—a
exists. To use this write f(x) as
pr— (x — a).

Now you can use standard results about limits (no e, 6 needed). g
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Proposition 2.5 (Product rule). Let f and g be defined in an interval
containing a and assume they are both differentiable at a. Then the product
p(z) = f(z)g(z) is differentiable at a and

p'(a) = f'(a)g(a) + f(a)g'(a).

Problem 2.6. Prove this. Hint: One way is to do some adding and sub-
tracting in the difference quotient for p:

p(z) —pla) _ f(x)g(x) — fla)g(a)

_ f@)g(x) — f(x)g(a) + f(2)g(a) — f(a)g(a)
_ f(x)g(x) —9(a)  f(@) - f(a)g(a)

As f is continuous at a (why?) we have lim,_,, f(x) = f(a). Finishing now
should be easy. O

Proposition 2.6. Let g be defined in an interval containing a and assume
g is differentiable at a and g(a) # 0. Then h(x) = 1/g is differentiable at a

and
iy —9'(a)
ila) = g9(a)?®

Problem 2.7. Prove this. Hint: Write the difference quotient for h as
h(z) —h(a) 1 1 1
r—a w—a<g(w)_g(a)>
_ 1 gla)—g(x)
~z—a g(z)g(a)
—1  g(x)—g(a)
g(z)gla) z—a

and now it should be easy to take the limit defining h’(a). O

Proposition 2.7 (Quotient rule). Let f and g be defined on an interval
containing a and with f and g differentiable at a. Also assume g(a) # 0.
Then the quotient q(x) = f(x)/g(x) is differentiable at a and

o Fl@)gla) ~ fla)g ()
=

Problem 2.8. Prove this. Hint: We have already done most of the work
for this. Write ¢ as a product

o) =10 (1)

and use Proposition [2.6| and the product rule. O
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Proposition 2.8 (The power rule for positive powers). Let f be defined on
an interval containing a and assume that f is differentiable at a. Then for
any positive integer n the function p(xz) = f(x)™ is differentiable at a and

(@) =nf(a)" " f(a).
In particular letting f(x) = x yields that the when p(z) = 2™, then p'(a) =
na"l.

Problem 2.9. Prove this. Hint: Induction. U
Proposition 2.9.
flx) =apa™ + 12" P+ a4 ag

is a polynomial (thus ag, a1, ...,a, are constants) then f is differentiable at
all points a and

f(a) = napx™ 1 4+ (n — 1)an_1x"_2 + -+ 2a0x + ay.

Proof. This follows by combining Propositions [2.2] and O
Proposition 2.10. The function f(x) = \/x is differentiable on (0,00) and
1
fl(x) =

ﬁ.
Problem 2.10. Prove this. Hint: The calculation
fla+h) = flz)=vVo+h-Va
(Ve +h—z)Vz+h+T)
Vr+h+z
(x+h)—=z
TVt htyz
h

VTt ht+z
might be useful. Also useful is that we have shown the square root function

is continuous on (0, 00). O

The next result makes precise that the graph y = f(z) of a function has
a tangent line at the point (a, f(a)) if and only if the derivative f’(a) exists.

Theorem 2.11. Let f be a real valued function defined in a neighborhood
of a. Then the following are equivalent.

(a) f'(a) exists.
(b) There is a constant m such that
f(@) = fa) +m(z —a) + p(z;a)
where p(x;a) satisfies

(1) lim 2859 _

T—=a T — Q
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Before going on with the proof, let us think a bit about what condition
(b) of the theorem says. Rewrite as

) = @)+ (mo+ 250 o)

r—a

As limg_yq p(z;a)/(x —a) = 0 for any € > 0 there is a § > 0 such that

0<|r—al<d implies o3 a)] <e
|z — al
Therefore
0<|x—al<d implies m—<€<m—|—M <m+e.

Problem 2.11. Show that these inequalities imply that on the interval (a —
d,a + §) that the graph of y = f(x) stays between the graphs of the lines
y = f(a)+(m+e)(x—a)and y = f(a)+(m—e)(xr—a) as in the figure below.
Therefore by making e small we have that near z = a the graph y = f(z) is
sandwiched between two line that have slope very close to m. ([

y = fla) +(m+e)x
y = f(a) +mz

y=fla)+(m—e)x

a—90 a a+6
Problem 2.12. Prove Theorem 2.17] O
Lemma 2.12. Let g be differentiable at a. Then there is a 6 > 0 such that
[z —al <& implies |g(x) —g(a)| < (lg'(a)] + 1)|z —a.
Problem 2.13. Prove this. (]

Theorem 2.13 (The chain rule). Let g be defined on an interval containing
a and f defined and on an interval containing g(a). Assume that g is differ-
entiable at a and f is differentiable at g(a). Then the composition h = fog
is differentiable at a and

W(a) = (fog)'(a) = f'(9(a))g'(a).
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Proof. As g is differentiable at a, by Theorem we have

9(x) — g(a) = g'(a)(z — a) + p1(z;a)
where
lim L(x; e)

T—a I — Q

=0.
Likewise as f is differentiable at g(a) we have

) — f(g(a)) = f'(9(a))(y — g(a))(z — a) + p2(y; g(a))

where
i P2Wi9(@) _ o
y—g(a) Y —g(a)

Therefore we have

fg(@)) = f(g(a)) = f'(g9(a))(g(x) — g(a)) + p2(g(x); g(a))
= f'(9(a)) (¢'(a)(z — a) + p1(z;a)) + p2(9(x); g(a))
= f'(9(a))g'(a)(z — a) + p2(9(); g(a))
where
p(z;a) = f'(g(a))g'(a)pi(z;a) + pa(g(x); g(a)).
Therefore, by Theorem to finish the proof it is enough to show
lim plz:a)

T—a T —a

=0.

The first term in the definition of is easy to deal with:

il_rf,ll f’(g(a))f’EaC)LM(x;a) — o) (@) i%p;(f?z)
= f'(9(a))g'(a)0
=0

The second term takes a bit more work. Let € > 0
o P2ig(@) _
y—g(a) Y — g(a)
there is a 61 > 0 such that

0<ly—g(a) <d implies

p2(y; 9(a)) ’ _ €

y—g(a) 1+ [g'(a)l
and therefore
L ely — g(a)|
y—g(a)] <6 implies |[p2(y;9(a))| < — =
v g(a) pass(a)] < P4 T8

Problem 2.14. If g is differentiable at x show that there is a d; > 0 such
that

|z —al <d2 implies [g(x) - g(a)| < (lg'(a)| + D]z — al 0
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Getting back to the proof of the chain rule, there is a if |g(z) — g(a)| < &
and |r — a| < d2 then

ely —gla)| _ e(L+g'(a))]x —a
L+|g'(a)] — 1+ |g'(a)|

p2(y; 9(a))| < =elz —al.

and therefore

<e
r—a

mwuxmww

Finally, as ¢ is continuous at a, there is d3 > 0 such that
|z —a| < d; implies |g(z) — g(a)| < 01.
Whence if § = min{d2, d2},

<e

0<|z—a|l<d implies

p2(9(z); g(a))
T —a
and therefore

lim P209(@)i9(a))

T—a T —a

=0
which completes the proof. ([l

2.2. The derivative of the inverse of a function.

Theorem 2.14. Let f: [a,b] — [c,d] be onto, continuous and strictly in-
creasing (or strictly decreasing). Then the inverse f=1: [c,d] — [a,b] is also
continuous.

Problem 2.15. Prove this. Hint: (This is mostly going to be a review of re-
sults from last semester. At each place where I ask (why?) you should quote
a result form last term.) We are given that f is onto. As f is strictly increas-
ing it is also one-to-one. This implies that the inverse f~! exists. One of
the ways to shot that function g is continuous is to show that g~![closed set]
is a closed. In our case g = f~! and thus g~ = (f~1)~! = f. So we only
need show that for any closed subset C' of [a, b] that f[C] is a closed subset
of [¢,d]. As [a,b] is compact (why?) we have that C is compact (why?).
Therefore f[C] is the continuous image of a compact set and thus f[C] is
a compact subset of [c,d]. Therefore f[C] is compact (why?). Finally this
implies that f[C] is closed (why?) which finishes the proof. O

There is a generalization of this that has almost exactly the same proof.

Problem 2.16 (Extra Credit). If f: E — E’ is a continuous one-to-one
onto (that is f is bijective) between metric spaces with £ compact. Then
the inverse f~': E' — E is continuous. Hint: To start note that since f is
onto we have f[E] = E’ and thus E’ is the continuous image of a compact
set and thus compact. [l
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Theorem 2.15. Let f: [a, 8] — [¢,d] be onto, continuous and strictly in-
creasing (or strictly decreasing). Let x¢ € (o, ) and assume that f is dif-
ferentiable at xo with f'(x¢) #0. Then f~! is differentiable at f(zo) and

1
—1y/
z9)) = ——.
Proof. Let € > 0. Then by the definition of the derivative that is a §; > 0
such that

f(x) = f(o)

pr— — fl(mo)| <e.

By Theorem the function f~! is continuous and therefore there is a
0 > 0 such that
ly — f(wo)| <& implies |~ (y) — f7(f(xo)| < 1.

Let yo := f(wo) and for y with |y — yo| < 6 let z = f~1(y) in the inequality
to get

. . Y—1Y /
0<|y— < ¢ implies — f(xp)| < e.
Iy = ol )~ e T

(2) 0<|z—uz9| <6 implies

Therefore T
. — Y90 el
P FI) = f iy ) 07O
Thus
lim ') — ) _ 1 __ 1
y—>00 Y — Yo : Y—Y f’(.’Eo)

lim

v=vo f7H(y) — 7 (wo)
This shows (f~1)'(yo) exists and equals 1/f' (), which is just what we were
to prove. [l

Proposition 2.16. Let n be a nonzero integer. Then the function f(x) =

T is differentiable on (0,00) (and if n is odd also on the interval (—o0,0))

and

fl(@) = —an

Proof. The function f is the inverse of the differentiable function g(x) = z™.
Also ¢'(x) = na"~! # 0 for & # 0. Therefore by Theorem we know f is
differentiable on (0, c0). Then
fa) =a.
Taking the derivative of this gives
nf (@) (x) =1
so that

)=~ =~ = en
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Let r = p/q # 0 be a rational number with p and ¢ integers. Then for

z > 0 we can define
p 1
' =xrd = (xq)p,

This is the composition of two differentiable functions and therefore is dif-

ferentiable. Let f(z) = 2" = (z %)p with this definition. Then by the chain
rule
1 11 .
) = platy ! (S ) = ot <
q
We have just proven

Theorem 2.17. Let r be a rational number, say r = p/q with p and q

integers and with f(x) = x" as defined above. Then f is differentiable on
(0,00) and

! r—1

x)=rz" .

7'@) _

2.3. Functions differentiable on an interval, the first derivative test,

and the mean value theorem.

Definition 2.18. Let f be defined on an open set U containing zg. Then f
has a local mazximum (respectively a local minimum) at x¢ if and only
if there is a & > 0 such that

f(z) < f(xo) (respectively f(x) > f(xg)) for z with |z —xz¢| <0

In this case z¢ is a local maximizer (respectively a local minimizer) of
f. The point xg is a local extrema if it is either a local maximizer or a
local minimizer. O

Theorem 2.19 (First Derivative Test). If f is defined on an open U set
containing the point xo and

o f is differentiable at xg
e f has a local extrema at xy.

then
f/(l'o) =0.
Lemma 2.20. Let f be differentiable at xo and let (x,)0° | be a sequence
with
li_>m Tn =x9 and for allm x, # xo.

Then

lim f(xn) _ f(xO) _ fl(x())

n—00 Ty — X0
Problem 2.17. Prove this. U

Problem 2.18. Prove Theorem 2.19. Hint: You do not have to follow this
hint, but here is one way to start. Without loss of generality we can assume
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f has a local maximum at zg. (If it has a local minimum, then replace f by
—f.) Let

1
mn:wo—a and yn:woﬁ—ﬁ.

Then show
p F@D) =S @0) ) = @)
n—00 Tpn — X0 n—00 In — TQ
and use the lemma. O

Theorem 2.21 (Rolle’s Theorem). Let f be a function that is continuous
on [a,b] and differentable at all points of (a,b). Assume

fla) = f(b).
Then there exists a point £ € (a,b) such that
f§)=o.
Problem 2.19. Prove this. Hint: Start by showing that either (or both) of
the maximum or minimum of f occur in the open interval (a,b). (]

Theorem 2.22 (Mean Value Theorem). Let f be a function that is contin-
uous on [a,b] and differentiable at all points of (a,b). There there exists a
point £ € (a,b) such that

f() = fla) = f(E)(b—a)
Problem 2.20. Prove this. Hint: One way to start is to show

f(0) — f(a)
o) = f@) - L= ()
satisfies the hypothesis of Rolle’s Theorem. (]

Definition 2.23. Let z1, 22 and £ be three real numbers. Then £ is between
x1 and x2 if and only if one of the following three cases holds:
1 <§ < T2
o <§ < I
r1 =& = T9.
O

Often we will use the Mean Value Theorem in the following slightly less
general form:

Theorem 2.24 (Mean Value Theorem). Let f be differentiable on the open
interval (a,b) and let x1,x2 € (a,b). There there is £ between x1 and x2
such that

f(x2) = fz1) = f1(€) (2 — x1).
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Proof. If x1 = x4, then let £ = 1 and we have f(x2) — f(z1) = f'(§)(x2 —
x1) = 0. If 1 # x9, then by possibly changing the names of z; and zg we
can assume that x1 < xy. Then f is continuous on [z1, z2] and differentiable
on I(x1,x2). Therefore we can use our first form of the Mean Value Theorem

to conclude there is a § € (x1,22) with f(x2) — f(z1) = f/(&)(z2 —z1). O

Before using the Mean Value Theorem to prove theorems let us note that
it can be use to prove interesting results about concrete functions. Here are
a couple of examples.

Ezample 2.25. Assume that we know that the derivative of sin(x) is cos(x).
Then for all a,b € R we have

| sin(b) — sin(a)| < [b — al.

To see this let f(z) = sin(z). Then the Mean Value Theorem tells us there
is a £ between b and a such that

|sin(b) —sin(a)| = |£(b) — f(a)| = |f'(€)(b— a)| = [cos(§) (b — a)| < [b—al
where at the last step we used that |cos(§)| < 1. O
Ezample 2.26. If a,b > 2, then

a—1 b—-1 2
——— | < =|b—al.
a+1 b+1 9
To see this let )
T —
)= r+1
Then if £ > 2 we have
2 2 2
f(€) = < =

E+1)2 - (2412 9

Thus if a,b > 2 the Mean Value Theorem gives us a £ between a and b (and
therefore £ > 2 such that

a—1 b-1

/ - 2 —a g —a
aH_m:yf(b)—f(a)!=If(i)(b—a)!—w‘b =35l ﬁ

Problem 2.21. Use the ideas above to show the following

(a) For all z,y € R the inequality
| cos(4y) — cos(4x)| < 4|y — z|.
(b) If a,b > 1 then

Vb2 —1—+a2—1|>|b—al

(¢) If z > 0 then
et —1>x.
Hint: e — 1 =e* — €0, O
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Theorem 2.27. Let f be differentiable on the open interval (a,b) and as-
sume

f'(x)=0 forall z€ (a,b).

Then f is constant.
Problem 2.22. Use the Mean Value Theorem to prove this. U

Definition 2.28. If f is a function defined on an interval I, then f is
increasing if and only if for all x1, 29 € 1

ry<my =  f(x1) < f(z2).

Theorem 2.29. Let f be a function on the open interval and assume that
1’ exists on all of (a,b) and that f'(z) > 0 for all x € (a,b). Then f is
increasing on (a,b).

Problem 2.23. Use the Mean Value Theorem to prove this. O
Problem 2.24. Show that f’(z) exists if and only if the limit
1o F(@0) = f(wo = h)

h—0 h

exists. When this limit exists what is its value? O
Problem 2.25. Show that if f’(x¢) exists, then so does the limit

lim f(wo+h)— f(wo—h)
h—0 2h

and its value is f'(xg). O

Problem 2.26. Let « be a positive real number and set
x|%cos(1/x), x #0;
oy = Il eon(1/2),
0, z =0.

For what values of « does f/(0) exist. When it doses exist what is its
value? O

Theorem 2.30 (Cauchy Mean Value Theorem). Let f and g be functions
that are differentiable on the open interval (a,b) and continuous on the closed
interval [a,b]. Then there is a § € (a,b) such that

g€ () = f(a)) = F'(€)(g9(b) — g(a)).

(Note when g is the function g(x) = x this reduces to the usual mean value
theorem.

Problem 2.27. Prove this. Hint: Let

W) = (9(b) = g(a))(f(x) = f(a)) = (f(b) = f(a))(9(x) — g(a))
and show h(a) = h(b) = 0. O
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We now wish to look at one of the other standard topics in differential
calculus, 'hopital’s rule. Recall this involves evaluating limits of the type

lim @

v—ao g(x)

where f(xg) = g(xo) = 0 which leads to

lim M = 0
z=wo g(z) 0

which, at least formally, does not make sense. Here is the basic result.

Theorem 2.31 (L’hopital’s rule). Let f and g be differentiable in a neigh-
borhood of x¢ with ¢'(x)] # 0 for x # xg. Assume that f(xg) = g(xg) =0

and that
!
lim / (x)
v g'(x)

exists. Then limg_,5, f(x)/g(x) exists and is given by

limm L

v g(x)

This is usually stated informally as that if f(x¢) = g(z¢) = 0 then
/
PR CO R 1 C)

a:—)nmlo g(m) - :Ei)niﬂlg g/(x) )

The important part is that the existence of the limit lim,_,,, % implies

the existence of the limit lim, 4, %.

~

'(z)

Problem 2.28. Prove Theorem [2.31|as follows. Let ¢ > 0 then as lim,_,4, 7(2)

L there is a 6 > 0 such that

O<|z—z0]<d =

—L‘<5.

Let = be so that 0 < |x — 29| < 6. Then, by the Cauchy Mean Value
Theorem, there is a £ between x and x( such that

f@) _ F@) =0 f@) = flao) _ £1E)

g(x)  g(x) =0  g(z)—glzo) ()
Use this to show

O<|z—x0] <0 = ‘M—L' <e
9(x)
and thus limg_,, % = L. (A main point is that 0 < [£ — z¢| < 4, so be

sure to explain why this holds.) O
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Here is a standard application of ’hopital’s rule:

in(2 in(2x) 2 2 2 2
lim sin(2x) — lim sin(2x) ~ lim cos(2x) _ cos(0) _2
z—0 3x z—0 (313)/ z—0 3 3 3

It can also be applied several times in a row:

1-— i d
lim 1= cos(x) = lim sin(z) (take — of top and bottom)
x—0 2 z—0 2x dx
. cos(x) d
= lim (take — of top and bottom)
z—0 2 dx
~ cos(0)
2
1
=3
So we have shown lim,_,q I_C;; @) _ % Note that in terms of showing this
limit exists, this should be read from the bottom up. That is I’hopital’s rule
shows that lim,_,q Slgf) exists as lim,_,g = Sgg? = lim,_.o COZ(O) = % exists.
Then anther application of I'hopital’s rule shows that lim,_sq 1_‘;)25(’6) =
. 1— / . i .
lim 0 ((C;# = lim, o S”;Ef) exists.

Problem 2.29. Here are some problems to practice the use of I’hopital’s
rule. Compute the following

. sin(z) —x
o iy

. et —e?
o) iy
(c) Tim sin3(x)

g— x(cos(z) + 1)
[l

2.4. Generalized Rélle’s Theorem and Taylor’s Theorem. Now back
to Rolle’s theorem. First a definition.

Definition 2.32. Let f be defined on an open integral I. Then f is twice
differentiable on I if f’ exists at all points of I and the function f’ is
differentiable on I. We denote the derivative of f’ as f” or f and it is
called the second derivative of f. If f” exists at all points of I and f”
is differentiable on I its derivative is denoted by f” or f®) and is called
the third derivative of f and f is said to be three times differentiable.
Continuing recursively, if we have defined what it means for f to be n times
differentiable on I and the n-th derivative, f, is differentiable on I
then the derivative of £ is denoted by f"*Y and f is (n + 1) times
differentiable on I. O

Remark 2.33. For consistency’s sake we set fO) = f and f(1) = f/ O
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Problem 2.30. Show that the function f on R defined by
z2, x> 0;
f($) = { 2

—z¢, x <0.

is differentiable on R but not twice differentiable. Hint: Show f'(z) = 2|z|.
You may have to use the limit definition to compute f/(0). O

Problem 2.31. Find a function that is twice differentiable on R but not
three times differentiable. More generally can you give an example of a
function that is n times differentiable, but not n+ 1 times differentiable. [

Proposition 2.34. Let I be an open interval and assume f is twice differ-
entiable on I. Let xg,x1 € I with g # x1. Assume f(xg) = f'(xz¢) =0 and
f(z1) = 0. Then there is a point £ between xo and x1 with f"(£) = 0.

Proof. As f(xg) = f(x1) = 0 by Rolle’s Theorem there is a £ between
xo and z1 with f/(&) = 0. But the function f’ is differentiable on I and
f'(xo) = f'(&1) = 0 and thus anther application of Rolle’s Theorem gives us
a & between zp and & with f”(£) = (f')(§) = 0. As & is between zy and
x1 and £ is between xy and & we have that £ is between zg and x;. ([l

This generalizes

Theorem 2.35 (Generalized Rolle’s Theorem). Let f be n+ 1 times dif-
ferentiable on the open interval I. Let xg,x1 € I with xo # x1. Assume
that

o f(xo) = f'(zo) =+ = f™(x0) =0,
o f(z1)=0.

Then there is a point & between xy and x1 with

(n+1) _
frE) = 0. .

Problem 2.32. Prove this. Hint: There are several ways to do this. One is
to look at the proof of Proposition [2.34 and meditate upon induction. [

Proposition 2.36. Let f be twice differentiable on the open interval I and
let a,b € I with a #b. Then there is a £ between a and b with

£(8) = f(@) + F@0—a)+ L0 a2

Proof. Let h be defined on I by
h(z) = f(z) - f(@) - ['(@)(z — a) — c(x — a)?
where c is a constant to be chosen shortly. Note
h(a) =0

and

W(xz) = f'(z) = f'(a) — 2c(z — a),
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and thus
h'(a) = 0.
With applying Theorem in mind, we choose ¢ so that h(b) = 0. That is

h(b) = f(b) = f(a) = f'(a)(b—a) = ¢(b—a)* =0
which leads to

F(b) = f(a) = f(a)(b — a)
(b= a) |

With this choice of ¢ we have h(a) = h'(a) = h(b) = 0 and thus by Theorem
there is a & between a and b with

h"(§) = 0.

CcC =

By direct calculation
h'(z) = f"(x) — 2c.
Then h”(£) = 0 yields
7€) —2¢c = 0.

But using the formula for ¢ above we find

£1(6) - 2 <f(b) - f(?g:ci;’Q(a)(b - a)> _0

which can be rearranged to give

f) = f(a) + f'(a)(b—a) +

as required. ([l

As this was a more or less direct consequence of Proposition [2.34] it makes
sense to look for a generalization that depends on Theorem [2.35} To make
life a little easier on ourselves we first do the case of n = 4.

Lemma 2.37. Let [ be a function that is four times differentiable on an
open interval I and let a € I. Let T(x) be the polynomial

3)

"a 3)(q o
T(2) = f(a)+ f@)a—a)+ D amap+ D a0y
and set
9(2) = ()~ T(x)
Then

gla) = g'(a) = ¢"(a) = g (a) = ¢ (a) = 0.
Problem 2.33. Prove this. O
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Theorem 2.38. Let f be five times differentiable on the open interval I and
a,b € I with a # b. Then there is a & between a and b such that

"(a ®3)(q
16) = f(@) + S )b~ a) + T2 b a2 T

(5)

Or in different notation let T'(x) be the polynomial , then this is

(®)
f 5'(5) (b _ a)E).

(b—a)®+

+

F0) =T() +
Problem 2.34. Prove this. Hint: Let
hz) = f(z) = T(z) — c(x — a)’

where we choose ¢ so that

h(b) = 0.
Show h(a) = b (a) = h"(a) = h®)(a) = h¥(a) = 0. Now use Theorem m
and now proceed as in the proof of Proposition [2.36 (I

Definition 2.39. Let f be n times differentiable on a neighborhood of a.
Then the degree n Taylor polynomial of f at x is

N o (@ —a)"
To(x) :=>_ f*(a) o
k=0 ’ ([

Problem 2.35. Show that if f is n times differentiable on an open interval
I and 7T, is its degree n Taylor polynomial at a, then for 0 < k <n

T (a) = fM(a).
That is the k-th derivatives of T}, and f agree at a for 0 < k < n. U

Theorem 2.40 (Taylor’s Theorem with Lagrange’s form of the remainder).
Let f be (n+ 1) times differentiable on the open interval I and let a,b € I
with a # b. Let T, be the degree n Taylor polynomial of f at a. Then there
18 a & between a and b such that

(b— a)n+1
(n+1)!°

(The term En(b) = {0 (€)=l = f(b) — T, (b) is the error term. or

remainder term when approximating f by its Taylor polynomial T,,.)

F(b) = T (b) + F D (€)

Problem 2.36. Prove this. O

We restate this with slightly different notation (just replacing a and b
with zp and z.)
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Theorem 2.41 (Taylor’s Theorem with Lagrange’s form of the remainder,
form 2). Let f be (n+ 1) times differentiable on the open interval I and let
x,x0 € I with © # xg. There there is a £ betweem x and xy such that

n

2= S 0 () E 20" gy g (@ = 20)"
f() kZOf (w0) = IO .

)n+1

Remark 2.42. In the case that n = 0 this becomes

f(@) = f(xo) + f'(&)(z — xo),

which can be rewritten as f(x) — f(xz¢) = f'(§)(z — xp). That is for n = 0
we just get the mean value theorem. O

One last restatement of Taylor’s theorem. If we let x = g + h we get
n ) hk (nt1) ptl
h) = — " —
floo+ ) = 32 1000 + 1Oy
where £ is between xg and xg + h.
As an examples of Taylor’s theorem we have

2 .CE3 651'4

- x
e :1+$+§+§+T (Used n = 3.)
v xt cos(€)a®
cos(x) =1— ST T (Used n =5.)
_ 3 x5 cos(&)a”
sm(:v):$—§—|—a—T (Used n = 6.)

where ¢ is between x and 0 (and of course the value of £ is different in each
of the three equations). Here are some graphs that show how closely Taylor
polynomials approximate some functions.

7k
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Graphs of y = e” and the Taylor polynomials y = T, (z) for k =
1,2,3,4 on the interval [—2, 2]
30 y = T]- (‘T)

- y =T5(x)
5 1 N : >y = sin(z)

y =Ts(x)

3l

Graphs of y = sin(z) and the Taylor polynomials y = T} (z), y =
To(z) = Ts5(x), and y = Ty(x) = T5(x). on the interval [—m, «]. (If
f(z) = sin(z), then for odd positive integers n we have f™(0) = 0.
Therefore Tog(z) = Tor41(x).)

2.5. Some applications of Taylor’s Theorem. The next result is just
the second derivative test from calculus.

Theorem 2.43. Let I be an open interval and f: I — R twice differentiable
with f" continuous. Assume that f'(xo) =0 then,

o if f"(x0) <O then g is a local mazimizer of f.

o if f"(xo) > 0 then x¢ is a local minimizer of f.
Problem 2.37. Prove this. Hint: It is enough to prove in the case f”(x¢) >
0.

(a) Use that f” is continuous to show that there is & > 0 such that " >0
on the interval (zg — 6,29 + 0).
(b) Now use Taylor’s Theorem to show for x € (zg — d,z9 + J) that

f(z) = f (o)
and that equality holds if and only if x = xg. O

If we know that the second derivative has the same sign on an entire
interval we can get a global maximum or minimum.

Theorem 2.44. Let I be an interval and xg € I in the interior of I. Assume
that " exists and f" > 0 at interior points of I. Then f'(x¢) = 0 implies
that

f(@) = f(0)
forallz € I. (And if f" <0 on the interior of I, then f(z) < f(xo) on I.)

Problem 2.38. Prove this in the case of f” > 0. O
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The last result can be generalized to giving a condition for a function to
always be above its tangent line.

This function is above all its tangent lines.

Theorem 2.45. Let f” > 0 on an open interval I. Then the graph of f is
above all its tangent lines. More precisely if a € I, then

fla) + f'(a)(z —a) < f(x)
forallz e 1.
Problem 2.39. Prove this. O

Let f: I — R where [ is an interval. Then f is convez if and only if for
all zg,z1 € R and ¢ € [0, 1] the inequality

f((A=t)zo +tay) < (1 —1)f(zo) +tf(21)

holds. Geometrically this means that the graph of f lies below any of the
chords connecting two of the points on the graph as in the graph below.

In this figure z; = (1 — t)xo + tz1

(wo, f(wo))
(z¢, (1 =) f(wo) +tf(21))

(w1, f(21))

Zo Tt I

Theorem 2.46. Let I be an open interval and f: I — R be a function that
is twice differentiable and with f” > 0. Then f is conver on I.
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Problem 2.40. Prove this. Hint: To simplify notation let
xp = (1 —t)xg + txy.

By Theorem [2.45] we have that the graph of f is above its tangent line at
x¢, which implies

f(@e) + f(ze)(@wo — 2¢) < f(xo)
Flae) + f/(ae) (21 — 20) < flan).
Show
xo — xp = —t(x1 — 20)

x1 — ¢ = (1 —t)(x1 — xp).
And therefore
f@) = tf (ze) (@1 — @0) < f(x0)
flxe) + (1= t) f'(2¢) (x1 — w0) < fla1).
Now manipulate these inequalities to complete the proof. O

Proposition 2.47. Let x < y be real numbers and o, 8 > 0 with o+ 5 = 1.
Then the linear combination ax + By is between x and y. That is v <
ar + By < y.

Proof. Write ax + fy =z —z+arx+Py=oz— (1l —a)x+ Sy =z — Bz +
By=xz+Py—x). Btz <yso(y—x) >0and 0 < 8 < 1 and thus
0<fB(y—=x) < (y—x). There

r<ar+py=z+py—z)<z+(y—x)=y
as required. O

Remark 2.48. If we do not make the assumption that x < y we can just
say that ax 4+ By is between z and y. That is, when =z # y, we have
min{z,y} < az + fy < max{z,y}. O

Definition 2.49. Let z,y be real numbers. Then a convex combination,
also called a weighted average, of x and y is a linear combination of the
form ax + Sy where o, 8 > 0 and a + 8 = 1.

Thus Proposition tells us that the convex combination of two real
numbers z and y is between x and y. We can make a more general definition

Definition 2.50. Let z1,...,z, be real numbers. Then a convex com-
bination (and again this is often called a weighted average) of these
numbers is a linear combination of the form

n
a1r1 + -+ oy = E QT
k=1

where

n
at,...,an >0 and al—{—---—l—an:Zak:l.
k=1
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The following is useful in the induction step of a couple of the proofs
below.

Lemma 2.51. Let ay,...,qn11 > 0 with aq + -+ 4+ apy1 = 1. Then for
any real numbers x1,...,xy+1 we have
n+1 n a
k
Z AT = (1 - Oén+1) Z (17)% + Qn1Tnt1-
k=1 =1 - Onl
and
S ()
el 1 —apg
Problem 2.41. Prove this. O

Remark 2.52. One way to think about the last lemma is that if = is a convex
combination of x1,...,xp+1, then & can be written as

T =ay+ Brni

where @« = 1 — 41 > 0, B = apy1 > 0 (so that o+ = 1) and y is a convex

combination of x1,...,x,. This is exactly the set up needed for induction

proofs. O

Proposition 2.53. Let x be a conver combination of x1,...,x,. Then
min{zy,...,2,} <z < max{zy,...,Tp}.

(The reason that we have “<” rather than “<” is to cover the case when
X1 =x9 =+ =xy. In all other cases the inequalities are strict.)

Problem 2.42. Prove this. Hint: See Remark (for the base case) and
Remark (for the induction stop).

Definition 2.54. A function f defined on an interval I is convex iff for all
a,B >0 with a+ 8 =1 and all 2,y € I the inequality

(4) flaz + By) < af(x) + Bf(y)
holds. O

Definition 2.55. A function f defined on an interval I is strictly convex
iff for all o, 8 > 0 with a+ =1 and all x,y € I with x # y the inequality

flaz + By) < af(z)+ Bf(y)
holds. O

Remark 2.56. Anther way to say that f is strictly convex is that equality
holds in the inequality if and only if x = y. O

Problem 2.43. Show that f(z) = x and g(x) = |z| are convex on R. Hint:
For the absolute value, use the triangle inequality. [l

Next is a basic result about convex functions.
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Theorem 2.57 (Jensen’s inequality). If f is conver on the interval I,
Ti1,...,Tn €1 and aq, ...,y >0 with ay +-- -+ a,, = 1, then

floazy + -+ apan) < arf(x1) + -+ anf(xn).
If f is strictly convex, then equality holds if and only if t1 =19 = -+ = x,.
Problem 2.44. Prove this. Hint: See the hint to Problem [2.42] U

If would be nice to have an easily checked criterion that implies that f is
convex. You most likely recall from calculus that a function is concave up,
that is convex, if its second derivative is positive. As a first step in toward
proving this we have

Proposition 2.58. Let f be twice differentiable on the open interval I with
f"(x) >0 for allx € I. Then for any a € I

(5) f(@) > f(a) + f(a)(z — a)
for all x € I. If the stronger condition f"(x) > 0 holds for all x € I then
equality holds in if and only if x = a.

Proof. This is a straightforward application of Taylor’s theorem. From Tay-
lor’s theorem with Lagrange’s form of the remainder we have

r—a 2
@) = f@) + @) —a)+ ©F =D > fa) + f(a)e —a)

2
(l' B G)Q 2 : "
——— > 0 because (x —a)® > 0 and we are assuming f” > 0. If

as f"(£)
f"” > 0 then equality can only hold if z = a. O

Recall that y = f(a) + f/(a)(x — a) is the equation of the tangent line
to the graph of y = f(z) at the point (a, f(a)). Therefore Proposition [2.58]
tells us that if f” > 0, then the graph of y = f(x) lies above all its tangent
lines. See Figure

Theorem 2.59. Let f be twice differentiable on the open interval I and
with f” >0 on I. Then f is convex on I. If f""(x) > 0 for all x € I, then
f is strictly convex.

Problem 2.45. Prove this. Hint: Let z,y € I. If z = y there is nothing to
prove (as the inequality reduces to f(z) = f(z)). So assume z # y. Let
a, 8 >0 with o+ 8 =1 and set

a = ax + Py.
Then we wish to show
(6) fla) < af(z)+Bf(y).

From Proposition [2.58 we know

f@) > fla) + f(a)(z —a),  f(y) > fla) + f'(a)(y —a).
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(a, f(a))

FIGURE 1. If f” > 0, then the second order Taylor’s theorem tells us
2
£@) = F(@) + (@) - o) + () TS
> f(a) + f’(a)(az —a)

As y = f(a) + f'(a)(x — a) is the equation of the tangent line to the
graph of y = f(z) at (a, f(a)) the graph of f is lies above all of its
tangent lines. If f”(£) > 0 then equality can only if x = a, that is the
graph y = f(z) is strictly about the tangent line except at the point of

tangency.

Multiply the first of these by a and the second by § and add to get an
inequality for af(z) + 8f(y) and show that this simplifies to (6). Then
show if f” > 0 that this inequality is strict. O

It is now easy to check (just by computing the second derivative and
noting it is positive) the following

Proposition 2.60. The following are strictly convex on the indicted inter-

vals.

(a) f(x) = x™ where n is an integer with n > 2 and I = (0,00).

(b) f(x)=¢e* on I =R.

(c) f(x) =—=In(z) on I = (0,00).

(d) f(x) = 2°" where n > 1 is an integer on I = R. (Showing this is
strictly convex takes a bit of work.) g

We recall the Arithmetic-Geometric mean inequality. This is that
if a, b are positive real numbers, then

(1) x/%gagb

and equality holds if and only if a = b. The proof is simple
2
— — Vb

and equality can only hold if /a = V/b. That is if only if @ = b. The number

Vab is the geometric mean of a and b, while “TH’ is the arithmetic mean
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of a and b, which is where the inequality gets its name. It can be greatly
generalized.

Theorem 2.61 (Generalized Arithmetic-Geometric Mean Inequality). Let

Q1y... 0 >0 with ay + -4+ an, = 1. Then for any positive real numbers
a1, -..,ay the inequality
aylay® - -ap™ < onag + azag + -+ apay

holds. Equality holds if and only if all the a;’s are equality.

Problem 2.46. Prove this. Hint: We know that the function f(z) = e” is
strictly convex on R. That is for any real numbers z1, ..., z, we have

f(alxl + - anxn) < Oélf(xl) +-+ anf(xn)

and equality holds if and only if all the x;’s are equal. Show this can be
rewritten as

(6332)061(6$2)Oé2 (e n)Otn g Oélexl +0[2€$2 + ... +Oén€$n

and equality holds if and only if all the x;’s are equal.

Now given positive numbers a1, ...,a, there are unique real numbers
Z1,...,%y with aj = €% for all j =1,2,...,n. (You can assume these z;’s
exist.) And you take it from here. O

Remark 2.62. In different notation the generalized Arithmetic-Geometric

inequality is
n n
o
H a,” < E oAy
k=1 k=1

with equality holding if and only if all the a;’s are equal. ([
The can you may have seen before is
na1a2...an§ u
n
coming form a; = ag = - -+ = a,, = 1/n and equality holds if and only if all

the a;’s are equal. The can of n = 2 is often useful. Then letting o = o
and 8 = as we have
a®b’ < aa + Bb
with equality holding if and only if @ = b. (And as usual «, 5 > 0 with
a+pB=1)
Here is an example of the use of the generalized arithmetic geometric
mean inequality

Example 2.63. For x,y,z > 0 maximize the product zyz subject to the
constraint © + y + z = ¢, where ¢ is a constant. We have

3 3 3
Tyz = ((a:yz)l/3> < (ThErE) o (E)
3 3
and equality holds if and only of z = y = z. Thus the maximum is (c/3)*
with equality if any only if z =y = 2z = ¢/3. O
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Here is a bit more challenging problem.

Problem 2.47. Show that if f: I — R is a continuous function on an
interval I, such that for all x,y € I the inequality

. () < S

2 2
holds, then f is convex on I. O

Remark 2.64. A function that satisfies the inequality is called midpoint
convex. So the problem is asking you to show that a continuous midpoint
convex function is convex. Without the assumption of continuity this is
false. That is there are midpoint convex functions that are not convex.
However they are not continuous. Examples of such functions are hard to
produce and require using some version of the Axiom of Choice. O

3. RIEMANN INTEGRATION
We start with some definitions.

Definition 3.1. Let [a, b] be a closed bounded interval. Then a partition
of [a,b] is a list of points a = xg < 11 < 22 < - -+ < 2, = b. We denote it by
P ={xo,x1,...,2,}. We also use the notation

Aﬂ?j =T; —Tj-1-

(See Figure [2]) O

| | | | | | |
a = xg T T T3 T4 5 T =0
FIGURE 2. A partition of the interval [a, b] into n = 6 pieces.

The j-th interval [x;_1,z;] has length Az; = z; — x;_1.

Definition 3.2. The function ¢ is a step function on [a,b] so that there

is a partition P = {xg,x1,...,2,} of [a,b] and ¢ is constant on each open
interval (x;—1,2;) for j =1,2,...,n. We denote the set of all step functions
on [a,b] by S[a,b]. O

Proposition 3.3. The set S[a, b] is a vector space. That if if o1, p2 € S|a, b
and ¢y, ¢y € Sla,b], then cro1 + capa € Sla,b).

Problem 3.1. Prove this. If ¢ is a step function with respect to the parti-
tion P; and (o is a step function with respect to the partition Po, then show
c1p1 + caipo is a step function with respect to the partition P = Py UPy. [
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.
—_
—_
.
—_ & .
—_
.
1 1 1 1 1 1
a=xy IT1 T T3 Ty 5 =10
-— -

FIGURE 3. A step function, ¢, for the interval [a,b] parti-
tioned into five subintervals. By definition ¢ is constant on
each of the open intervals (z;_1,z;) for j = 1,2,3,4,5. No
assumption is made about the values at the points ;.

Definition 3.4. Let ¢ € Sa,b] and let P = {a = xo,21,...,2, = b}
be a partition such that ¢ has the constant value c¢; on the open interval
(zj—1,2;). Then the integral of ¢ on the interval [a, b]

b n
/ p(x)de =" cj(x; —z51).
a j=1 0

Setting Az; = x; — xj_1 (the length of the interval (x;j_1,z;)) this can

also be written as
b n
/ o(z)de = chAa:_
a j=1

When a all the ¢;’s are positive, this is just the area under the graph of ¢
computed by adding up the area rectangles. In the general case (where the
¢;’s can be negative) this is the area where the area below the graph x-axis
counted as negative.

Proposition 3.5. The integral is linear on Sla,b]. That is if p1,p2 €
Sla,b], and c1,co € R, then

b b b
/ (c1p1 + cap2) do = 1 / o1(z) dx + 02/ o) dx.
a a a O

Problem 3.2. Prove this. Hint: If ¢; is defined by the partition P; and
2 is defined by the partition Py then let P = Py U Pa. If P is the list
g < 1 < --- < x, then both ¢ and g9 will be constant on each of the
open intervals (zj_1,z;) for j = 1,2,...,n. Thus are constants a1, as, ..., an
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and by, b, ..., by, such that 1 = a; and p2 = b; on (x;_1,x;) and
b n b n
/ v1(x)dx = ZajAa:j / po(x)dx = Z bjAx;
a j=1 a j=1
and the rest should be easy. O

Proposition 3.6. If ¢ € stepla,b] and p(x) > 0 for x € [a,b], then

b
/ o(z)dx > 0.
Problem 3.3. Prove this. ]
Corollary 3.7. If ¢, € S[a,b] and ¢ < ¢ on [a,b] then

[ o< [ v

Problem 3.4. Prove this. O

Definition 3.8. Let f: [a,b] — R be a bounded function. Then define the
upper integral of f to be

/ f(x)dx = inf {/ Y(x)dr 9 € Sa,b] and f(z) < Y(z) all z € [a, b]}
Likewise the lower integral of f is

b b
/ f(z)dx = sup {/ o(x)dz : ¢ € S[a,b] and f(z) > ¢(z) all = € [a, b}}

O

Definition 3.9. The bounded function f: [a,b] — R is Riemann inte-

grable if and only if
b —=b
/ flx)dx = / f(z)dx.

In this case the integral of f is the common value of the upper and lower

integral
—b
/abf(x) dx :/Zf(:c) dx = /af(ac) dx.

We denote the set of all Riemann integrable functions on [a, b] by R[a,b]. O

Proposition 3.10. For any bounded f: [a,b] — R we have

/Zf(:c) dr < /Zf(x) da
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Proof. If ¢, ¢ € S[a,b] with ¢ < f < on [a, b], then

/abgo(:c) do < /abw(g;) dz

This holds for all ¢ € S[a,b] with ¢ < f, and so ffw(a:) dx is an upper

bound for the set {ff o(x)dx : ¢ € Sla,b] and f(z) > ¢(z) all z € [a,b]}
and therefore, by the definition of sup as the least upper bound

!Kﬂ@wséwwww

Thus fl;f(x) ds is a lower bound for 1) € {ffip(m) dz : 1) € Sla,b] and f(z) <
Y(x) all z € [a,b]} and therefore

/Zf(:c) dr < /Zf(x) da

as required. O

The following gives a method for showing that a function is Riemann
integrable without having to compute the upper and lower integrals.

Theorem 3.11. The bounded function f: [a,b] — R is Riemann integrable
if and only if for all € > 0 there is are step functions @, € Sla,b] with

p< f<v

on [a,b] and
b
/Xmm¢@»m<a

Proof. Let € > 0. Then there are ¢, 1) € S[a,b] with
e(x) < f(z) < ¥(x)

for x € [a,b].

b
/kww—ww»m<a

/(lbw(x)dxﬁlif(ﬂﬁ)S/Zf(w)dwﬁ/abib(fv)dﬂf

which implies

0< /f(fﬂ) dr — /if(l‘) dr < /ab(@ﬁ(w) —p(x))dr <e.

Then

. b 0 .
This holds for all ¢ > 0 and so [* fz)dx = [ f(x)dz, that is f € RR]a,b].
< a ‘:’
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Lemma 3.12. Let f,g: [a,b] — R be bounded functions. Then

—b —b

[ )+ gtan o < /Zf(x) ot [ ga)as

a

/b(f(m)Jrg(w))d:cZ/Zf(w)dwr/bg(w)dw

—Q —Q

Problem 3.5. Prove this. Hint: It is enough to prove the first of these, as
the proof of the second is similar. Let ¢ > 0 and choose 1,92 € Sla, b] with
f§w179§w2 and

b —b b —b
/ 1 (z) dx §/ f(z)dx+¢/2, / o (x) dx S/ g(x)dz +¢/2,
Use this and f + g < 91 + 92 to show

—=b

/if(:z:) dx + /ig(w) dx < /if(x) dx + /ag(:):) +e.

Since this holds for all £ > 0 the result follows.

Problem 3.6. This problem shows that equality need not hold in Lemma
?7?7. Let

)1, zeQ o) = 0, re€Q
f(x)_{o, x ¢ Q. 9(x) {1, x ¢ Q.

Then f + g =1. Show

—b

/;f(a:) do = /;g(x) dr = /a(f(x) g de =1,

Thus TZ(f(ZL‘) +g(x))dr=1<2= TZf(:c) dx —i—TZg(x) dx. O

Lemma 3.13. If f,g € R[a,b] then f + g € Rla,b] and

/ab(f(:v) + g()) dx = /abf(:p) do + /abg(x) d.
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Proof. As f,g € R[a,b] we have TZf(x) de = ﬁf(a:) dr = fff(m) dzx and

—b
J9(x)dx = fZg(x )dx = fbg (z) dz We now use Lemma [3.12
b —b

[ i@+ ate) dw</f o+ [ olo)ds
:/ f(z dx—i—/ g(x)dx
:/af(x)d$+/ag(x)d:n

b
< / (f(z) + g(x)) da

—a

—b

< / (f(z) + g(x)) da.

So all the inequalities are equalities and we have
b

| G+ ganao= [ (@) + o) d = / @) do+ / ' (),

a

as required. O
Lemma 3.14. If f € R[a,b], then —f € Rla,b] and

b
[[senar= [ s
Problem 3.7. Prove this. O
Lemma 3.15. If f € R[a,b] and ¢ € R then cf € Rla,b] and

/abcf(m) dz = c/abf(x)dx

Problem 3.8. Prove this. Hint: You may have to consider the cases ¢ > 0
and ¢ < 0 separately. O

Theorem 3.16. The set Rla,b] is a vector space and the integral is linear
on Rla,b].

Problem 3.9. Use the lemmas and propositions above to prove this. O

If f is a monotone increasing function on [a,b] and P = {zg, x1,...,z,}
is a partition of [a, b] define two step functions by ¢ p(b) = f(b),

orp(x) = f(xj—1) for z;1 <z <
and ¥y p(b) = f(b)

Yrp = flz;) for zexj_ <x<uay.
See Figure [4]
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FIGURE 4. A monotone increasing function on [a,b] and a
partition, P, with n = 3 showing the lower step function
@¢p (in green) and the upper step function 17 p (in red).

Proposition 3.17. If f is monotone increasing on [a,b] then for any par-
tition, P, of |a,b], with the notation above,

orp < f<Yrp
on [a,b).
Problem 3.10. Prove this. O

Definition 3.18. Given a positive integer n and a closed bounded interval
[a,b] the uniform partition of [a,b] into n sub-intervals is the partition

P = {zo,x1,...,2n} with
()
Z; =a-+)
n

for 5 =0,1,...,n. Note in this case all the lengths, Az; of the sub-intervals
[j—1,x;] have the same value Az = Ax; = (b—a)/n. O

Now let us consider the monotone increasing function f on the interval
[a,b] with the uniform partition, P, of [a,b] with n = 4. Then Az = Az; =
(b—a)/4and pyp < f < Yypp. Also

b
/ prp(r)dr = (f(ﬂUO) + fx1) + fx2) + f(:Ug))Aa:

and
b

Vpp(x)de = (f(z1) + f(z2) + f(a3) + f2a)) Az

a
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Thus

b
/ (Wyp(x) — bpp(a)) dz = (f(za) — f(z0) Az = (f(b) — f(a) Az

There is nothing special about n =4 in this:

Problem 3.11. Show that if f is monotone increasing on [a, b], n is a positive
integer and P = {xg, x1,...,Z,} is the uniform partition of [a, b] into n sub-
intervals, then, with the notation above,

(f(b) = f(a))(b—a)
n O

b
| Gip(a) = orp(@) do = (1(0) - fla)) Ao =

Theorem 3.19. If f is a monotone function on the closed bounded interval
[a,b], then f is integrable on [a,b).

Problem 3.12. Prove this. Hint: With out loss of generality assume f is
monotone increasing (if f is monotone decreasing replace f by —f). Let
€ > 0 and let n be a positive integer such that

(f(b) — f(a))(b—a)
n
and use Proposition and the last problem. O

<e€

Theorem 3.20. Let f be a continuous function on [a,b]. Then f is inte-
grable on [a,b].

Proof. Let ¢ > 0. As f is continuous on the closed bounded set [a,d] it
is uniformly continuous on [a,b]. Thus there is an 6 > 0 such that for
z,y € la,b].

p-yl<d = @) - )< —.
Let n be a positive integer such that
b-a =Az <)
and let P = {zo,x1,..., 25} be the uniform partition of [a,b] into n sub-

intervals. Set
mj = inf{f(z) : x € [xj_1, 2]} = min{f(z) : © € [x;_1,2,]},
M; =sup{f(z) : x € [xj—1, 2]} = max{f(z) : x € [xj—1, 2]}

where the infimum is achieved as a minimum and the supremum is achieved
as a maximum because continuous functions on closed bounded sets achieve
their maximums and minimums. Define step functions ¢ and v on [a, b]

p(b) =9(b) = f(b) and
o(x) =m; for zj_1 <z <z
1/J(.%') = Mj for Tj—1 <z < ;.
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Then
p< f<
and , .
[ (et = vtanae = Yoo - mp (P
a =1

As f is continuous on the closed bounded interval [z;_1,x;], f achieves its
maximum and minimum on this interval. Thus there are o, 3; € [z;-1, %]
with f(a;) = m; and f(8;) = M;. But then |o; — 3| < Az < ¢ and
therefore

15
Mj —mg = [f(B;) = flog)l < —-
Thus
b " b—a - € b—a
(o(x) — (@) do = > (M; —m;) - <Zb_a — | =¢
a j=1 j=1
and the result now follows from Theorem B.111 O

Lemma 3.21. Let o, 5 € R, then
| max{a, 0} — max{3,0}| < |a — j|.

Problem 3.13. Prove this by splitting it into the four cases (i) a, 8 > 0,
(ii)) « > 0,5 <0, (i) a < 0,8 >0, and (i) a, < 0. This is not to be
handed in. (|

Proposition 3.22. If f € R[a,b] then so is g = max{f,0}.
Proof. Let € > 0 Let ¢ and v be step functions on [a, b] such that ¢ < f <1
and f;(w — ¢)dx < e. Then

Yo = maX{O, @}7 ¢0 = maX{O, ¢}

are step functions, po < max{f,0} < 1yp and 0 < 19 — 9 < b — ¢. Thus,
using Lemma |3.21

b b
/ (?/)o—sﬂo)dfﬁé/ (¥ —p)de <e
a a
and so max{ f,0} is integrable by Theorem O
This implies a good deal more because of the following elementary result.
Lemma 3.23. For real numbers a,b the following hold
min{a,0} = —max{—a,0},
la| = max{a,0} + max{—a,0},
max{a,b} = a + max{0,b — a},
min{a, b} = a + min{0,b — a}.

Proof. Left to reader (and you don’t have to turn these in). We did enough
of this type of thing last term that I believe you can do it. O
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Proposition 3.24. If f and g are integrable on [a,b] then so are |f|,
min{f, g} and max{f,g}.

Proof. This follows easily from Proposition [3.22] and Lemma [3.23 (]
Lemma 3.25. If f is integrable on [a,b] then so is f2.

Problem 3.14. Prove this. Hint: As f? = |f|? and |f] is also integrable by
replacing f by |f| we can assume f > 0. As f is integrable it is bounded,
say 0 < f < B on [a,b]. Also as f is integrable on [a,b] for € > 0 there is
are step functions ¢, 1) such that

p<f<v

and

b &
JICEDEE=

By replacing ¢ by max{0, ¢} and ¢ by min{, B} we can assume 0 < ¢ and
1) < B. Then ¢? and v? are step functions and

? < f2 <
and

0<p*—@* =W+ @) —9) < W@+9) (Y — ) < (B+B)(¥— ).

You should now be able to show

b
JAGEEEE
a
so that Theorem |3.11] applies. O

Proposition 3.26. If f and g are integrable on [a,b] then so is the product
/9.

Problem 3.15. Prove this. Hint: Show

2 p N2
j@:<f+m 4U 9)

and use Lemma [3.25] O

4. THE FUNDAMENTAL THEOREM OF CALCULUS.

Proposition 4.1. Ifa < b < c and f is integrable on [a, c| then the restric-
tions f‘[a 0 and f‘[b g are integrable on [a,b] and [b, c] respectively and

/:f(:c)da:: /abf(m)d:v+/bcf(m)d:v.
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Proof. We have shown in class that for any bounded function on [a, ¢] that

tﬁwmm-/}wm+/%mm,

c b c
Lf(x))dz:/af(:n)d:c+/bf(m)d:v.

As f is integrable on [a, c|

[ tir=[ s

= [ f(z)dx
b ‘
= / flx)dz+ [ f(x)dx
a b
b c
< | flz)dze+ bf(x) dx
= [ f(z)dx
= Cf(gzﬁ) dx

Thus equality must hold at all the intermediate inequalities. Therefore

/Zf(m)da::/zf(x)dx and /:f(a:)da::/:f(x)dx

which implies the restrictions f ‘[a 1] and f{[b [ are integrable. The rest fol-

lows from
b —b c ¢
/ f(x)dx:/ f(x)dx and / f(x)dx:/ f(x)dx
a a b b
and that equality holds in the displayed inequality. ([

Proposition 4.2. Let f be integrable on [a,b] and let [, B] C [a,b]. The f
is integrable on |a, [].

Problem 4.1. Prove this. Hint: [a, 8] = [a, 8] N o, b] and Proposition [4.1]
]

It is useful to define fab f(z) dx even in the cases where ¢ = b and b < a.

Definition 4.3. For any function f define

/aaf(m)d:c:().
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If b < a and f is integrable on [b, a] define

/abf(x)dx:—/baf(x)dx. .

Proposition 4.4. If f is integrable on the interval [z1,x2] and a,b,c €
[x1, z2] then, with the definitions above,

/acf(x)d:c: /abf(x)dx—i—/bcf(:v)dx.

Proof. This is just checking case by case (i.e. a <b<¢, a <c<betc) and
is left to the reader. And please do not hand it in. O

Proposition 4.5. Let f(x) be integrable on [a,b] and let F: [a,b] — R be
defined by

Flz) = / " r) dt

then F is Lipschitz. That is there is a constant M such that for all x1,xo €
[a, 0],

|F(x2) — F(z1)] < M2z — 21
and therefore F' is continuous on [a,b.

Problem 4.2. Prove this. Hint: As f is integrable on [a,b], it is bounded
on [a,b], say |f(z)| < M on [a,b]. Without loss of generality we can assume

that x1 < 9. Then
To o
[ dt\ < [Tl
1 T

/;2 £(t) dt—/:l (1) dt‘ -

and it should be easy from here. O

|F(22) = F(21)] =

Theorem 4.6 (Fundamental Theorem of Calculus Form 1). Let f be inte-
grable on [a,b]. Define new function F: [a,b] — R by

Pla) = / ") dt.

If f is continuous at the point x € (a,b), then the derivative of F exists at
x and

F'(z) = f(x).
Problem 4.3. Prove this. Hint: First note

Multiply by f(z) to get
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Also note

z+h T z+h
F(a:—i—h)—F(a:):/ ' f(t)dt—/ f(t)dt:/ )t

Combining some of these formulas we get

. _ T z+h z+h
F( —|—h})L F()_f(x):flb/x f(t)dt_flL/x f(x)dt

z+h
—i [ uw - raa

Let € > 0. As f is continuous at = there is a § > 0 such that
t—z|<d = |f(t)— f(z)|<e.
Put this all together to show

F - F
h| <6 = (“hg (x)—f(x) <e
and explain why this shows F'(z) = f(x). O

Theorem 4.7 (Fundamental Theorem of Calculus Form 2). Let f be con-
tinuous on [a,b] and let F be continuous on [a,b] and differentiable (a,b)
with F' = f on (a,b). Then

b

b
/ F(t)dt = F(b) — F(a) = F
Problem 4.4. Prove this. Hint: Let
G) = [ f)dt - Fla)
and show G'(z) =0 for x € (a,b). O

a

Corollary 4.8. If f is continuous on [a,b] and F' is any anti-derivative of
f on[a,b] (that is F'(x) = f(z) for x € [a,b]), then

b
/ f(z)dz = F(b) — F(a).
Problem 4.5. Prove this. O
Definition 4.9. Let f be integrable on [a,b]. Then the average value of

f on [a,b] is
b
bia/a f(z)dz. 0

Theorem 4.10 (The First Mean Value Theorem for Integrals). If f is
continuous on [a,b], then it achieves its average value. That is there is a
¢ € (a,b) with

b
1 =5 [ fa)dn
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Problem 4.6. Prove this. Hint: As f is continuous on the closed bounded
set [a, b], it achieves its maximum and minimum on this interval. Let m =
min{f(z) : € [a,b]} and M = max{f(z) : « € [a,b]} and let o, f € [a,b]
such that f(a) =m and f(8) = M. Now

f(a):m:bia/abmdxg bia/abf(x)dx

and

1 b 1 b
p— pr— >
fB)=M b_a/aMd:z_b_a/af(x)dx
and recall the intermediate value theorem. O

We now prove a somewhat stronger version of the second form of the
Fundamental Theorem of Calculus.

Theorem 4.11. Let F' be continuous on [a, b] assume that F is differentiable
on (a,b) and let
f(a) = F'(z)
on [a,b]. Then
b
[ @y de=rFit) - Fl@).

(This differs from Theorem as we are only assuming that f is integrable
rather than continuous.)

Proof. Let € > 0. As f is integrable there are step functions ¢ and ¥ on
[a, b] with

9) ¢<f<v¢ and /abfd:c—eg/abcpdxg/ab1/}dx§/abfd:n+e.

We can assume there is a partition P = {zg,21,...,2,} such that if I; =
[l‘jfl,l’j) then
n n
o= _mixy,, Y=Y Myxi,.
j=1 j=1

We write F'(b) — F(a) as a telescoping sum:
F(b) = F(a) = F(w) = Flao) = Y (F(a)) = F(xj-1))
j=1
As F is differentiable on [z;_1, ;] we can apply the mean value theorem to
get that there is a §; € (zj_1,2;) with
F(z)) = Flaj1 = F/(&) (@) — 25-1) = [(§) (5 — z5-1) = ()]
Combining these equations gives

n n

F(b) = Fla) =) (Flxj) = Fzj-1) = Y _ f(&)IL].

j=1 7=1
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But ¢ < f <1 which implies m; < f(§;) < M; and thus

b
[ e =Y it < F0)- Zféj \I|<ZM|I|—/M9:

7=1

Combining this with the inequalities @ gives

/fd$—€<F /fdx—i—&?

As € > 0 was arbitrary this gives F'(b) — F(a) = fa f dz as required. O

Problem 4.7. To see that Theorem really is stronger than Theorem
we need to show that there is a function F' on an interval [a, b] such that
f = F’ exists and is integrable on (a, b) but with f not continuous on (a, b).
Let

F(z) = {52 cos(1/x), i i 8;

Show that F' is differentiable at all points of R, and f = F” is bounded on
[—1,1], but f is not continuous at = 0. As f is continuous at all points
other than 0 it is integrable on [—1,1]. O

We can now give the familiar integration by parts formula.

Theorem 4.12 (Integration by Parts). Let u and v continuous on [a,b],
differentiable on (a,b), with u' and v' integrable on [a,b]. Then

- / ’ o (2)v(z) da.

Problem 4.8. Prove this. Hint: This follows from the product rule and the
Fundamental Theorem of Calculus in the form

r=a
You do have to worry a bit about if the integrals involved exist. Theo-
rem [3.26] should help here. O

We now use integration by parts to give another form of the remainder
in Taylor’s Theorem.

Lemma 4.13. Let f be k+ 1 times differentable on an open interval (., [3)
and assume that f* 1) is integrable. Then for a,z € (a, 8) we have

T (g —t)k1 &) (q T (e )k
/ ((k_t)l)'f(k)(t)dt— f k‘( )(x_a)k+/ (k!t)f(k+l)(t>dt.

Problem 4.9. Prove this. Hint: Use integration by parts with v'(t) =

i and u = (1), 0
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Theorem 4.14 (Taylor’s Theorem with Integral form of the Remainder).
Let f be n+ 1 times differentable on («, 8) and assume that FD) s inte-
grable. Then for a,z € («, 3)

"(a (n) a
1) = f@) + P @ -0+ T @ a1 LDy )

where the remainder term R, (x) is given by
T (e )P
Ra(z) = / (n,) £ () dt.

Problem 4.10. Prove this. Hint: Note that Lemma [4.13] can be rewritten
as

*) (g
Reate) = 120

and by the Fundamental Theorem of Calculus and integration by parts

(x — a)k + Ry (z)

x

f(@) — fla) = / ‘(1) dt
—— [nrwa

a

— [ (Gle-0)roa

=—ge=0r0| + [(@-orwa

= f(a)(x —a) + Ri(x).

Now use induction. O

Theorem 4.15 (Change of Variable Formula). Let the map x = u(t) map
the interval [c,d] into the interval [a,b] and assume that u'(t) is integrable
on [c,d]. Then for any continuous function f on |a,b]

u(d) d
x)dr = w(t)) ' (t) dt.
/u @ / Flu(t))d (t)

Problem 4.11. Prove this. Hint: Do this in steps

(a) Explain why both the integrals exist.
(b) Define F on [a,b] by

Fo) = [ " f(y) dy

and explain why

u(d)

Fl(x) = f(z) and / , @)l = Fluld) = P().
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(c¢) On [c,d] define

By the chain rule
G'(t) = F'(u(t)u/(t) = f(u(t))'(t)
and so by Theorem

d d
/ Flu(®)d (t) dt = / G'(t) dt = G(d) — Gle).
(d) Put the pieces above together to finish the proof. O

5. DEFINITION OF THE LOGARITHM AND EXPONENTIAL FUNCTIONS.
Define a function L: (0,00) — R by
* dx
L(x) = —.
1 X
We know this should be the natural logarithm, but we now verify directly
from its definition that it has the correct properties.

Proposition 5.1. The derivative of L is
1
L'(x) =~
(0) =~
and thus L is strictly increasing. Therefore L is one-to-one (that is injec-
tive).
Proof. By the Fundamental Theorem of Calculus
1
L'(z)==>0
(0) =2
as > 0 which implies L is strictly increasing. (]

Proposition 5.2. Let a,b > 0 then
b
d
T L(b/a).

a X

Problem 5.1. Prove this. Hint: In the integral f; d?”” do the change of
variable x = at to get
/b dj B /b/a @
a T N 1 t ' (]
Proposition 5.3. Ifa,b > 0 then

L(ab) = L(a) + L(b).
Problem 5.2. Prove this. Hint:

ab a ab
d d d
1 X 1 X a T

and use Proposition [5.2 O
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The last Proposition and induction yield:

Corollary 5.4. If a > 0 and n is a positive integer
L(a"™) =nL(a).

Proposition 5.5. The function L: (0,00) — R is a bijection.

Problem 5.3. Prove this. Hint: Recall the saying that L is a bijection is
just saying that it is one-to-one and onto. We have already seen that L is
injective. To see that it is surjective (that is onto) note that L(2) > 0 and
L(1/2) < 0. Also for a positive integer n

L(2™") =nL(2) and L(1/2™) =nL(1/2).

If yo is any real number we can find (by Archimedes’ principle) a positive
integer n such that

nL(1/2) < yo < nL(2).
Also we know that L is continuous (why?). Now you should be able to show
that there is a o € (0, 00) with L(zo) = yo. O

Because the function L: (0,00) — R is bijective, it has an inverse E: R —
(0,00). As L is strictly increasing, continuous, and differentiable with
L'(x) # 0 for all  theorems from earlier this term imply that F is strictly
increasing, continuous, and differentiable.

Proposition 5.6. The function E satisfies E(0) =1 and
E'(z) = E(x).

Problem 5.4. Prove this. Hint: L(1) = 0. And as L and E are inverses of
each other L(E(z)) = z for all z € R. Therefore L L(E(z)) = 1. Use the
chain rule and that we know the derivative of L. ]

Proposition 5.7. For all real numbers x
E(—z)= ——.

Problem 5.5. Prove this. Hint: There are several ways to do this. One is
to take the derivative of E(z)E(—z) and show it is zero. Anther is to note
that L(a) + L(1/a) = L(1) =0 O

Proposition 5.8. For all real numbers a,b

E(a+b) = E(a)E(b).
Problem 5.6. Prove this. Hint: One way is to deduce this from the property
L(aB) = L(a) + L(B) of L. Anther is to show that the derivative of the

function
f(z) = E(x+a)E(—x)
is zero and therefore f is constant. O
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Proposition 5.9. Ifn is any integer, positive or negative, and t is any real
number

E(nt) = E(t)"
If m is a positive integer then

E (1 t)m — B()

m
and thus E(=t) is the positive m-th root of E(t).
Problem 5.7. Prove this. (]

In light of Proposition If r is a rational number, say r = n/m with
m,n integers and m > 0, then for a positive number a we can define

a’ = an/m _ (an)l/m

where (a”)l/ " is the positive m-th root of a™. We would also like to define
a” when r is irrational. Note that when r = m/n and a = E(t), then
Proposition [5.9 shows us that

(10) o =E®)Y™ = (EQY™ = Emt)/™ =E (;m) = E(rt).

But E(rt) makes sense for all real numbers . We now formalize all this.

Definition 5.10. We now officially define logarithm of a positive number
x to be

vdt
In(r) = L() = | =,
1 ¢
the number e to be
e=E(1)
and for any real number x we define the power e” by
e’ = E(z).
(@) _
Definition 5.11. Let a > 0. Then for any real number r define
a" = e" ln(a).
(Note if a = E(t) = €' then In(a) =  and this becomes a” = ") = ¢ =
E(rt) which agrees with our preliminary definition (10J).) O
Proposition 5.12. Ifa > 0 and r = n/m is a rational number with m > 0,

then
a” = (an)l/m

so that our definition agrees with what it should be on the rational numbers.
In particular a*/? is the square root of a, al/3 is the cube root of a etc.

Problem 5.8. Prove this. U
Proposition 5.13. With these definition the following hold
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(a) If a > 0 then for all r,s € R

a’a® = ar—&-s’ Z=q"s
O/S
and,

(aT)S — a"’S'

(b) If r € R and a,b > 0 then
a"b" = (ab)".

(c) If r,s € R and a > 0, then
(ar)s — a/TS'

Problem 5.9. Prove this. [l

Proposition 5.14. Let r be a real number and on define f: (0,00) — (0, 00)
by
flx)=2".
Then f is differentiable and
f'(x) = ra"L.

Problem 5.10. Prove this. Hint: We know that E(z) = e” is differentiable
with derivative E’(z) = E(x) and that In(z) is differentiable with % In(z) =
1/z. Thus f(z) = ¢"®) = E(rln(z)) is a composition of differentiable
functions. Use the chain rule to derive the formula for f'(z). O

Proposition 5.15. Let a be a positive real number and define g: R — (0, 00)
by

g(x) =a”.
Then g is differentiable and

T

¢ (z) =In(a)a”.
Problem 5.11. Prove this. O
There is is anther way define e* based on the following
Proposition 5.16. For any x € R
€T n
lim <1 + 7) =e".
n—00 n

Problem 5.12. Here is one method of proving this.

(a) Use Taylor’s theorem with the Lagrange form of the remainder to
show that for |y| < 1/2 that

In(1+y) =y+ R(y)
where
IR(y)| < 2y°.
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(b) Let z € R and note that if |z/n| < 1/2, we have
In (1 +z/n) = % + R(z/n)

and )
2z
|R(x/n)| < v

(c) Use (b) to show
lim nln(l1+4+z/n) = z.

n—oo

(d) Now use that
(1 + E)n — enln(ler/n)
n

to show that
X n
lim (1 n 7> — et
n—00 n

holds. O

There are books that instead of defining the In(z) as [{" dt/t, and then

defining e® as the inverse of In(x), first define e* as

T\ "

e’ = (1 + —) ,

n
show that this behaves like e should and then define In(x) as the inverse of
e® and finally a” = "™ This takes more work than what we have done,
but has the advantage that it is possible to define e”, In(x), and a” before
defining the derivative and integral.

6. SERIES
The material here corresponds to parts of Chapter VII Rosenlicht.

6.1. Basic definitions and results about series. We now wish to make

sense out of infinite sums
oo

Z:a1+a2+a3+---
k=1

Definition 6.1. Let (ax)72, be a sequence of real numbers. The corre-

sponding infinite series is (or just series) is the sum

o
E Ak = Qg + Qg1 + Qg2 + -+ -
k=ko

The n-th partial sum of the series is

n
An:ano+an0+1+an0+2+"'+an—l+an: § ag.

k=ng
We say the series converges and has sum A if and only if
lim A, = A.

n—o0



NOTES ON ANALYSIS 52 SECTION 6

If 377, ai does not converge, it diverges. ([l

To make notation easier, when proving results about series we will usually
let ng =0 or ng = 1.

Here is a result that follows at once from the facts about limits of se-
quences.

Theorem 6.2. If Y 7, ap and Y po, by both converge, then for any con-
stants ¢1 and co the series Ziozl (crap + coby) also converges and

oo

[oe) o0
(clak + Czbk) =cC Z ap + co2 Z bi
k=1 n=1 n=1

Proof. Let
Ap = (a1 +---ay)
B, = (b1 +---by)
Cp = ((cr1a1 + c2b1) + -+ + (cran + c2a4))
be the partial sums of the series. We are given that
lim A, = A, lim B, =B

n—oo n—oo

exist and want to show lim,,_voo C;, = ¢c1A + caB. Note
C, = ((clal +coby) + -+ + (crapn + CQan))
— Cl(a]. +an) +C2(b1 +bn)

=14, + B,
and therefore
lim C, = lim (c1A, + c2Bp) =c1A+ 2B
n—oo n—oo

as required. O

Before going on we note that for any series Y p- ; a; with partial sums
A, =>"1_, a we have the elementary relation
Ap = An—1 + ap,
or equivalently
an = Ay, — An_1.
This will come up several times in what follows starting with the following;:

Theorem 6.3. If the series Y ,_, ay converges, then

lim a, = 0.
n—oo

Proof. If Ay, =Y _; aj, then lim,_,., A, = A exists as the series converges.
But then also lim,, .. A,—1 = A and so

lim a, = lim (4, — A,—1)=A—A=0.
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Remark 6.4. Often the previous theorem is used in its contrapositive form:
If limy_yoo ag, # 0, then >"77 | ai diverges. From this it is not hard to give
lots of examples of series that do not converge. For example none of the
following converge

0o 3] X 2_9
DT SO Sy
k=1 k=1 o2t O

Proposition 6.5. The series y -, ax converges if and only if for all e > 0
there is a N such that

N<m<n - |Gmt1 + Gmao -+ an| < e.
Problem 6.1. Prove this. Hint: What is the Cauchy condition for the
sequence (Ap)>° , of partial sums? O

Proposition 6.6. Let > ;| ai and > - by, be two series such that ai, = by,
except for a finite number of values k. Then either they both converge or
both diverge. (An informal way so state this is that changing a finite number
of terms of a series does not effect whether it converges or diverges.)

Proof. By the hypothesis there is an ng such that such that
ap = by, for all k > nyg.
If n > ng then

n
Bn - Bno + Z bk
k=no+1

n
= Bp, + Z ak (as ax = by, when k > ng)
k=no+1

n
= Bno - Ano + An() + Z ag
k=no+1
= (Bpy — Ang) + An.
Letting ¢ = By, — Ay,, which is a constant, we have that B, = A, + ¢ for

n > ng. Thus the sequences (Ay)o°; and (B,)>2 either both converge or
both diverge. O

Lemma 6.7. If r #£ 1 then

n
9 " A a— ar™tt
a+ar—+ar”+---ar :E ar =1,
-
k=0

Proof. Let S,, = a4+ ar + ar? + ---ar™. Then

(1-7)Sy,=a+ar+ar®+---+ar™ —r(a+ar+ar® + -+ ar™)

=a+ar+ar’+---ar” —ar —ar® — - —ar" — ar™!

=a—ar"™.
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As r # 1 we can divide by (1 — r) to get the desired result. O
Lemma 6.8. If |r| <1 then

lim |r|" = 0.
n—oo

Proof. One way to do this is to note that (|r|™)2°; is a monotone decreasing
sequence that is bounded below (as all the terms are positive). Therefore the
sequence has a limit, say L = lim,_,~ |r|". But then L is also the limit of
(Jr|"*1) and so L = limy,—e0 |7 ™! = limy, o0 |7| 7| = |r|L. Thus L = |r|L
and as |r| # 1 this implies L = 0.

Here is anther proof using what we have recently covered. Let € > 0 and
set N =In(e)/In(|r|). If n > N it is not hard to check ||r|" — 0| = |r|" <,
which shows lim,,_,~ |7|* = 0. O

One of the most basic examples of convergent series is a geometric series
with ratio less than one. Many results about series involve comparison to
such a series.

Theorem 6.9 (Infinite Geometric Series). Let a,r be real numbers with
a # 0. Then the series

[e.9]
a+ar+ar®+--- ZZark
k=0
converges if and only if |r| < 1 in which case its sum is
> a
k
;Oar =1
Proof. If |r| > 1 then the n-th term ar™ satisfies |ar™| > |a] > 0 and so
limy,_, o ar™ # 0 and thus the series diverges.

Now assume |r| < 1. We have seem in Lemma that the nth partial
sum is

a — ar™t!
Sp=—"—"—
1—r
Now by the last lemma,
—ar™tl —a-0
limSnzlima ar _a-en_ 4
n—00 n—oo 1 —r7r 1—r 1—r
as required. O

6.2. Series with positive terms.

Theorem 6.10. Let ZZO:1 ar be a series with ap > 0 for all k. Then
Y peq ak converges if and only if the sequence, (Ap)o2, (with A, = a1 +
-+ -ap) of partial sums is bounded.

Proof. If Y72 | ay, converges, then lim,_,», A,, = A exists by definition. But
a convergent sequence is bounded. If (A,)°°; is bounded, then A,1; =
Ap 4+ ant1 > A, so the series is monotone increasing. A bounded monotone
sequence is convergent. O
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Remark 6.11. When talking about series, > 7~ ax, of non-negative terms
we will use the following suggestive notation.

[e.e]

E ap < 0o <= The series converges

k=1

o0

E ar = o0 <= The series series diverges.
k=1

This notation is not appropriate when talking about series with terms of
mixed signs. For example the series Y ro,(—1)**! has bounded partial
sums, but is not convergent. O

6.3. Tests for the convergence of series with monotone terms. In
general it is easier to understand the convergence of series with monotone
decreasing terms. As a first example.

Theorem 6.12 (Cauchy Condensation Test). If (axr);, s a sequence of
non-negative numbers that are monotone decreasing, then

zz:ak < o0
k=1
if and only if

o
Z 2ka2k < 0.
k=0

Proof. Let the partial sums of the two series be

n n
A, = Z ak, B, = Z2ka2k.
k=1 k=0

We will show
(11) Agnt1i_1 < By
(12) By, < 2Agn.

If these hold the result is easy. If Y 5o 2%asr < oo then for any positive
integer m choose n such that m < 2"*1 — 1. By ,
[e.e]

Am S A2n+1_1 S BTL S Z2ka2k < 0
k=0
and therefore the partial sums of > 77, aj are bounded above and thus

Yo ak < 0.
Conversely if Y77 | aj, < co then for any positive integer n we use (12)) to
get

[ee]
B, <2450 <2 ap < o0
k=1
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which shows the partial sums of Y .7, 2ayr, are bounded above and thus
S 2%agk converges.
We now prove (11)). Using that the terms are monotone decreasing,

Agnii_g = a1+ (a2 +az)+(as+ - +ag)+- -+ (agn + -+ agni1_)
—_—

21 terms 22 terms 2™ terms
<a1+ (a2 +az)+ (as+ - +ag)+-- -+ (agn + -+ - + agn)
—_— ——
21 terms 22 terms 27 terms
= a1 + 2%2a92 + 2293 + - - + 2"aon

= B,.
The proof is similar
Agn = a1 +ag + (a3 +aq) + (a5 +---ag) +- -+ + (agn-149 + - + agn)
—_—

21 terms 22 terms 2n—1 terms
> a1 +ag+ (a4 +ag) +(ag +---ag) +- -+ (agn + - + agn)
—_— — —
21 terms 22 terms 2n—1 terms

= a1 4 as + 2'ag + 2%a9s 4+ -+ + 2" Lagn
=27ta 4+ 27 a; + as + 2tage + 2%a9s + - + 2" Lagn
=2"1ay + 271 (2% + 2'ay + 2%ag2 + 2%ags + -+ + 2"agn)
=2"'a;+27'B,

1
> §Bn.
Multiplication by 2 completes the proof. O

Theorem 6.13. For any real number p > 0 the series
N |
>
k=1

converges if and only if p > 1.

Proof. We use the Cauchy-Condensation Test, which applies as the terms of
the series are decreasing. The given series converges if and only if

gyc @ - > (;)k

k=1

converges. This is a geometric series with ratio
2
r=—.
op

Therefore the series converges if and only if » = 2/2P < 1, that is if and only
if p> 1. O
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Anther method of dealing with series with monotone terms is by compar-
ison with an integral. Let us start with an example. Let f(x) be monotone
decreasing on the interval [0, 6] and let

ar = f(k) for 1<k<6

and
Ay=art - tan=f1)+ -+ f(n).

Then, see Figure 5| we can compare the integral |, 16 f(z) dx with some of the
Riemann sums for the partition P = {1,2,3,4,5,6} to get

6 6
/ f(fU)d%'SA5§A6Sf(1)+/ f(z)dz.
1 1

Graph of y = f(z) on [1,6].

i

1 2 3 4 5 6
FIGURE 5. The area under the tall (with red tops) rectangles

is As = f(1) + f(2) + f(3) + f(4) + f(5). The area under
the short (with green tops) rectangles is Ag — f(1) = f(2) +
fB)+ f(4)+ f(5)+ f(6). The area of the integral is clearly
in between these two areas and therefore

Ag— f(1) < /Gf(x) dx < As.
This can be rearranged to give 1
/Gf(x)dac < A5 < A < f(l)+/6f(m)d:r:a1+/6f(x)dac
which isl a bit more aesthetic. 1 1

We could, and since this is a mathematics class, should be a bit more
formal. Note that on any interval [k, k+ 1] we have, because f is decreasing,
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that
f(k) =z f(z) = f(k+1).
Then integration over [k, k + 1] and using that ka (k)dx = f(k) and
[N f k1) de = f(k+1)
k+1
f0 = [ fa)de = flE+ ),
k

This can be summed it two ways to get

[ st —i/mﬂ e <3 F)
1 k=1"% et

Ag —a; = Zf <Z:/I€Jrl da::/IGf(x)da:

Of course there is nothlng special about n = 6 in this argument.

and

Proposition 6.14. Let f: [1,00) — [0,00) be a monotone decreasing non-
negative function. Let ap = f(k) and let

n
A, = Z ak
k=1

be the n-th partial sum of the series > po, ag. Then

/f Vo < A, < f(1 /f

Problem 6.2. Use a variation of the argument given for n = 6 to prove

Theorem 6.15 (The Integral Test). Let f: [1,00) — [0,00) be a monotone
decreasing non-negative function. Let ap = f(k) and let

n
An = § ag
k=1

be the n-th partial sum of the series Y ;- ar. Then

n

Zak < 00 = lim f(z)dx  exists and is finite.
n—o0 1
(Note that <f1 dac> _, s a monotone increasing sequence, thus the limit
exists, but nght be +00.)
Problem 6.3. Prove this. (]

Problem 6.4. Use the Integral Test to give anther proof of Theorem [6.13
O
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Problem 6.5. Use the Integral Test to show

o0

2 n(ln(n))?

converges if and only if p > 1. (]
6.4. Comparison tests.

Proposition 6.16. Let Let Y .-, ar and Y po by be two series of non-
negative terms. Assume there is a constant C > 0 such that

ap < Cby,

for all k. Then

oo (e e]
(a) Ibek converges, so does Zak.
k=1 k=1

(b) IfZak diverges, so does Z by,
k=1 k=1

Problem 6.6. Prove this. Hint: Consider partial sums. O

Theorem 6.17 (Limit Comparison Test). Let Y p-, ai and >~ by be two

series of positive terms. Assume that
a
L= lim -~
k—oco by,

exists. Then

(a) Zbk < oo implies Zak < o0

k=1 k=1
(b) If L #0 and Zak:oo, then Zbk = 0.
k=1 k=1

Often the following special case is enough.

Corollary 6.18. Let Y 2 ar and Y _po, by be two series of positive terms.
Assume that
L= lim ¢
k—oo by,

oo o
exists and L # 0. Then Z ap converges if and only ifz by converges. [
k=1 k=1

Problem 6.7. Prove Theorem Hint: Recall that a convergent sequence
is bounded. Thus (ay/by)3>, is bounded and therefore there is a constant
C such that ay/b; < C. Thus Proposition applies. O

Here some applications of these results.
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Ezample 6.19. Does the series > -, %’j;” converge? Let this series be
* ap and let S°2° b, be the p-series S °°, 5. Then it is not hard to
k=1 k=1 p k=1

ka .
check that

k—ro0 bk 3
Therefore, by Corollary > pe ay converges if and only if Y7 by con-
verges. But Y 7, by is a p series with p = 2 > 1 and so both series con-
verge. [l
Ezample 6.20. Does the series Y 72 = > 77, (¥/n+5 — V/n — 2) converge?
Let f(z) = &z = z'/3. Then for n > 2 by the mean value theorem there is
a &, between —2 and 5 such that

an = f(1+5) = (0 =2) = [+ &)((n+5) — (01— 2) = 5(n+ &) 2.

Therefore if 3 3%, by, is the divergent p-series 37> 1/n%3 we have

ag 7

So >"p2 ay diverges by limit comparison to Y-, b.

Problem 6.8. For practice in these ideas do Problems 10 and 11 on Page
161 of the text. Hint: For Problem 11 it might help to notice that
1 1 T . 1/ n2

n n+zx nn+z) e LB 1/(n(n+ x)) O

6.5. The root and ratio tests. These are basically just limit comparisons
with a geometric series. To get started here is a version of the comparison
were we only worry about the comparison for large values.

Lemma 6.21. Let > 72, ap and Y oo, by be series of positive terms. As-
sume there is an N such that

ar < by for all k>N
and that Y 32 1 by < 0o. Then Y 2 aj < 00.
Proof. Let A, and B,, be the partial sums of these series. Let
C) =max{4,:1<n <N}
If n > N then
Ap = (a1 +---an)+ (ang1 + - +ayn)
< (a1 +---an) + (bng1 + -+ bn)
= (a1 +---an) = (b1 + - +by) + (b1 + -+ by +byy1 + -+ by)
=Ax — By + B,

o0
SAN—BN+Zbk<oo.
k=1
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Therefore if

C:maX{Cl,AN —BN+Zbk}

k=1
we have
A, <C
for all n. Thus the partial sums of > 77, aj are bounded which implies that
it is convergent. U

The following is a dressed up version of doing a comparison with a geo-
metric series.

Theorem 6.22 (Root Test). Let Y ;- aj be a series of positive terms and
assume the limit

p:= lim (a)"".
k—o0

exists.
(a) If p < 1 then the series converges.
(b) If p > 1 then the series diverges.

Problem 6.9. Prove this. Hint: For (a) let r be any number such that
p<r <1 Then p= limk%m(ak)l/k < r implies there is a N such that
k>N — (ap)** < 1.
Then
ap < for all k> N.
Now consider Lemma [6.21] and Theorem [6.91
For (b) show that if p > 1 then limg_,o ax # 0. O

Here is anther dressed up version of comparison with a geometric series.

Theorem 6.23 (Ratio Test). Let > ;- ar be a series of positive terms
assume the limit

. Ak+1
p = lim +
k—oo ap

exists.

(a) If p < 1, then the series converges.
(b) If p > 1, then the series diverges.

Problem 6.10. Prove this. Hint: For (a) let r be a number such that
p <1 < 1. Then, by the definition of lim, there is a N such that

k>N = Gkl <r
ag
Thus for £k > N we have
k—1
G = GN+1 ONyo ONws 2l Tk (an+1) H aH.l <anyrPN!

a a Q92 Qf_ a
N+1 AN+42 k—2 (k-1 N1 Y
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The series
o [o@) o
k—N-1 —N-1\ ..k k
E (an41)T = E (an41r )t = E Cr
k=1 k=1 k=1

(where C' = (aN+17‘_N _1) ) is a convergent geometric series. You should
now be able to do a comparison by use of Lemma [6.21
For (b) show p > 1 implies limg_,o, ar # 0. O

The following shows that if the ratio test works, then the root test will
also work.

Proposition 6.24. Let (a,)52, be a sequence of positive real numbers such
that

.oap+1
lim =

n—co  dp

r

exists. Then also
1/n _

lim a,/

n—o0

r.

Problem 6.11. Prove this by filling in the details of the following outline
of a proof. Let € > 0. We start by using the same idea as the proof of
We choose an N such that

. . a €
n > N implies ‘ ntl —r‘ < -,
an 2
which implies
€ a €
r—- <2 oy
2 an 2

Show for n > N
B (CLN+1> <CLN+2> <aN+3> <an—1> < an )
anp = anN ce
an aN+1 AN +2 ap—2 an—1

and therefore
e\n—N e\n—N
aN<r—§> <an<aN(r—|—§)

Taking n-th roots

e (S L (o I

L e R
nl_)f{.loaN r 9 =an\r 9 =\r 9 .

This implies there is N1 > N such that

=3 (3)

But

n > N1 implies

which in turn implies

r—e<ay
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Do a similar argument to show there is a Ny > N such that

1-N/n
n > Ny implies a%n <r + %) <r+e.

Set N3 = max{Nj, Na} and put the inequalities above together to get

n > N3 implies ‘a,l/" —r

<eg
which finishes the proof. ([

Problem 6.12. Here are a couple of applications of Proposition
(a) For n a positive integer let

n!
an = ﬁ
Show
li an+1 1
im =,
n—oo  Qy e
Use this and Proposition to show
N1/n
lim (n!) = 1
n—00 n e
(b) Let
2n (2n)!
b, = = .
n n!n!
Show b
lim —* =4
n—oo by,
and use this to show
9 1/n
lim ( ”) — 4
n—oco \ N |

6.6. Absolutely and conditionally convergent series.

Definition 6.25. The series Y .-, ai is absolutely convergent iff the
series of absolute values Y27, |ak| is convergent. O

Theorem 6.26. If > 7, ai is absolutely convergent, then it is convergent

and
o0 o0
> ak| < |ak.
k=1 k=1

Problem 6.13. Prove this. Hint: Proposition|6.5and the triangle inequality
applied to partial sums. O

This, together with Proposition [6.16| implies

Proposition 6.27. Let Y 2, ar and > ;o by be series with |ax| < Cby
for some positive constant C. Assume Y pobr converges. Then Y po, a
converges absolutely. O
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Ezxample 6.28. The last proposition implies all the following

> cos(k) 2 (—1)F Nt 3+ (=D
=k ; n2n ’ ;(kﬂ)ln?(kﬂ)'

converge absolutely. ([

Definition 6.29. The series Y ;- | aj is conditional convergent iff > ;2 | aj,
converges, but Y7 |ag| = co. O

The following gives one of the main methods of producing conditional
convergent series.

Theorem 6.30. Let (ay);>, be a sequence of real numbers with

(a) ar > ag41 (that is it is monotone decreasing),
(b) limkﬁoo ap = 0.
Then

[e o]

Z(—l)k+1ak =a1—a2+a3—aqg+---
k=1
converges. If A=Y 32 (=1)k*1ay, is the sum and A,, = S_1_, ay, is the n-th
partial sum then
|A - An| < apy1-
That is the error at stopping at the n-th term is at most the (n+1)-st term.
Problem 6.14. Prove this. Hint: Note
A3:A1—a2+a3:A1—(a2—a3) SAl
as ao > ag. Likewise
As=A3 —as+as = A3 — (ag —a5) < A3
as a4 > as. In general
Aomrs = Aomi1 — (a2m — a2mt1) < Ao
Give an analogous argument to show
Agmi2 = Ao + (G2m41 — G2my2) > Ao
Now use this to show that if ¢ > n then for n odd
AnJrl < AK < An

and for n even

A, <Ay < Apya.
Therefore if £ > n the partial sum Ay is between A, and A,+;1. Also show
|Ap+1 — An| = ant1. It should not be hard to finish from here. O

Problem 6.15. Show if 0 < p < 1 the series

o~ (—D)F
>
k=1
is conditional convergent. O
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Therefore when 0 < p < 1 (which implies 7%, 2 diverges) the series
_1\k
Py % is conditionally convergent.

6.7. Power series.

Theorem 6.31. Let ag,a1,az,... be a sequence of numbers and let f(x) be
defined on R by
(o)
fz) = Z apz”
k=0

for all x where this converges. If the series converges for x = xg, then it
converges absolutely for all x with |x| < |xo].

Problem 6.16. Prove this. Hint: As
o0
flwo) = ax(wo)*
k=0

converges we have limg_,o az(20)* = 0 by Theorem [6.3] This implies that
(ak(z0)*)2°, is bounded. So there is a constant C' with

|ak(20)*| = |ag||zo|* < C.

Then for |z| < |zo| we have

k k
K = Jag||2|* = Jag||zol* (H> <C <|x|> = ok
|0 |0

|agx

where

Lemma 6.32. Let f(x) be as in the last theorem. If the series for f(x)
converges at x = xq, then the series

ff(zx) = Z kapaz*t
k=1

converges absolutely for all x with |x| < |zo|. We call f* the formal de-
rivative of f as it is what the derivative would be if we knew that we could
take it term at a time. (Shortly we will show that this the actual derivative.)

Problem 6.17. Prove this. Hint: With notation as in Problem [6.16] show

|kapzt 1| < kCrk—1
and then show » 7, kCr* ! converges by either the root or ratio test. [

Corollary 6.33. With the same hypothesis as in the last lemma for |x| <
|zo| the series

@)= k(k - 1)agah
k=2

converges absolutely. (This is the formal second derivative.)
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Proof. As |z| < |xg| there is a number ry such that |z| < ro < |z¢|. By the
lemma the series f*(rg) converges absolutely. But (with what I hope is not
confusing notation) (f*)*(z) = f**(z) so this corollary follows by applying
Lemma to f* (with rg replacing ). O

Lemma 6.34. Let k be a positive integer and x,x1,79 real numbers with
||, |zo| < ro. Then

ak — ok B k:xlf_l < k(k—1)

k—2
A r — Zo|.
= ot~ — o)

Problem 6.18. Prove this. Hint: This is yet anther opportunity to use
Taylor’s theorem. Let p(z) be any two times differentiable function. By
Taylor’s theorem

p(x) = p(z1) +p'(z1)(x — 21) + (z — x1)?
where £ is between x and x7. This can be rearranged as

p($) _p(xl) _p/(ﬂjl) — }&

')
2

T — T 2 (=)
and so "
p(x) _p(xl) —p/<$1)‘ _ |p (5)‘ ’x _ $1’~
T — T 2
Now consider the special case where p(z) = 2*. Then |p”(&)| = k(k —
D[EF2 < k(k — 1)rE~% as € is between z and z; and |z, |z1] < 7o. O
Theorem 6.35. Let ag,a1,az,... be a sequence of numbers and let f(x) be
defined on R by
oo
@) =3 apat
k=0

for all © where this converges. If the series converges for x = xg, then the
function f(x) exists and is differentiable for all x with |x| < |zo| and the
derivative is given by the formal derivative

fl(z) = f*(x) = Zkakxkfl.
k=1

Problem 6.19. Prove this. Hint: That f(z) exists for |x| < |z¢| follows from
Theorem We need so show that if |x1| < |zo| that f is differentiable at
x1 and the derivative is f*(z1). Choose a number ry such that |z1| < rg <
|zo|. Let x be such that |z| < 9. Explain why the following hold.

(a) The series for the following all converge absolutely.

f(x), flx),  fH(x1),  f7(ro).

(b) We have
flo) = fl@) o N, (2 a
pr—— —f(:pl)—Zak(x_xll_kxl 1)
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(¢) The inequality
‘ [z 1)

— — [*(z1)
T — x1

< Clx — 4|

holds, where

DN =

o0
72 k—1)|ag|re™ < oo
k=2

holds. (Part of the problem is explaining why C' < oo. The hint
here is that the series for f**(rg) converges absolutely.)
(d) To finish show

f'(z1) = lim f@) = fl@) _ F¥(x).

T—T] T — I O

Now that we have differentiated we wish to integrate. Note that by The-
orem if the series f(z) = Y 3o, axz® converges for & = z, then it is
differentiable on the interval (—|z], |]a;0|) and therefore also continuous on
this interval. Thus if |z| < |zo| this implies fo t)dt is the integral of a
continuous function and thus it exists.

Theorem 6.36. Let ag,a1,az,... be a sequence of numbers and let f(x) be
defined on R by
(o)
x) = Z apz”
k=0

for all © where this converges. If the series converges for x = xq, then for
any x with |z| < |zo
a = a
ko kel k=1 _k
= x®.
[ o= g =30

k=1

That is we can integrate the series for f(x) term at a time.

Problem 6.20. Prove this. Hint: Let F(z) be defined to be the formal
integral of f(x). That is

[e.e]
_ Ok k+1
x)—g P
k=0

Choose rg with |z| < ro < |z¢|. Then as the series for f(z) is convergent,
its terms are bounded. That is there is a constant C such that

lapzh| < C.
Then
k k k
a TISH _ rolakzg] o < roC o o] O ko
k+1 k+1 |xg k+1|xg k +1
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where
To
Ch =roC and r=|—

Zo
Now

(a) Explain why the series for F'(r9) converges absolutely. Hint: Com-
pare the the geometric series Y p- Cyrk.

(b) Explain why F(x) is differentiable on the interval (—rg,7¢). Hint:
Theorem [6.35 with z replaced by 7.

(c) The derivative of F(z) on (—rg,r) is f(z) Hint: Theorem [6.35]
again.

(d) Finish the proof. Hint: Fundamental Theorem of Calculus. g

Now that we know that we can integrate and differentiate power series
we can find new series form old ones.

Ezample 6.37. Find the series for (14+2)~2 on the integral (—1,1). We know

(1+x) = =l-z+2?—P+2* -2 +25—...

14
This can be differentiated term at a time to get

—(14+2)2=0-142¢ — 32 + 423 — 52" + 625 — - ..
so that

o0
(1+2) % =1-22+32" — 42 + 52" — 62" — - = > (~1)F(k + 1)2".
-0 O

Similar examples can be done by integrating term at a time. Here are
some for you to try.
Problem 6.21. (a) Find a series for In(1 + x) valid on (—1,1). Hint:
Todt
o 1+t
and you know how to expand 1/(1 +¢) in a series.

(b) For any positive integer n find the series for (1+xz)~" valid on (-1, 1).
(¢) On (—1,1) we have the convergent geometric series:

In(1+2x) =

1
=1-a? 4ot —ab 2% 204 ...
1+ 22
Use this to find a power series for arctan(x) valid on (—1,1). O

6.8. The product of two series. Consider two power series

o)

f@) =3 aat

k=0

g(x) = Z bra®
k=0
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It we assume that we can multiply these the same way we would polynomials
we get

f(x)g(x) = (a1 + a1z + asx® + oz + - ) (b1 + b1z + box® + 032 + - )
= agby + (agby + arbo) = + (agba + arby + agbo) 2% + - - -

%) k
= Z < Z akbk—j> Jfk
k=0 *j=0

Problem 6.22. Here is anther way to see this. Let
h(z) = f(z)g(x).

Then the first couple of derivatives of h are

W(z) = f'(z)g(z) + f(z)g (x)

h'(z) = f"(2)g(2) f'(2)g'(z) + f(z)g" (x)

W) = " @)glw) + 31" @) () + 379" (@) + o (2)
which reminds use of the Binomial Theorem.
(a) Prove that k-th derivative of h(z) is

k
WO (@) = S () FO (2) %) ().
()

j J
(b) Let
(k)(0) (k)(0)
ak:fk! and bk:gk!
and use the formula for h(*)(0) to show
h()

k
(0)
AR BULE
P

If we assume that both series for f(z) and g(z) both converge for z = 1
we can let x = 1 the result is

<§:ak> (;bn) = i (jko akbk—j>.

k=0 k=0

O

This motivates:

Definition 6.38. Let
o0 o0
doak D b
k=0 k=0

be two series then the Cauchy product of these series is the series

o0

>

k=0
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where

i+j=k

k
Cr = Zajbk,j = Z aibj.
J=0

Theorem 6.39. Let

o0 (e}
A:Zak B:Zbk
k=0 k=0

we convergent series with at least one of the two absolutely convergent. Let
k
C = Z ajbk,j.
j=0

o0
Then the series ch converges and
k=0

i C — AB.
k=0

Problem 6.23. Prove this along the following lines. Let

An:Zak Bn:Zbk C’n:ch

be the partial sums. Note that the product
ApnBy = (ag+ a1+ -+ an)(by + b2+ -+ by)

is the sum of the (n+1)? products a;by with 0 < j,k < n. For n = 10 these
terms are shown in the following figure.
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aObIO .alblo .a2b10 .a3b10 .a4b10 .a5b10 .aGbIO ‘17le ‘18b10 ‘MOblO ‘LleO blo(z;gl CL])

.a2b9 .asb9 .a4b9 .a5b9 gleg ‘171)9 ‘lsbg ‘191)9 ‘llobg bg(zm )

j=2aj
.agbs .a4b8 ‘151;8 ‘lﬁbg ‘l7b8 ‘lsbs ‘lgbs ‘llobs bs ( 2]10:3 aj)
.a4b7 ‘15b7 .aﬁb7 ‘171)7 ‘lsb7 ‘lgb7 g10b7 by ( 2;0:4 Gj)
.asbc .GGbG .a7b6 .asbs ‘lgbe globG be ( 2;0:5 Gj)
‘161,5 ‘171;5 ‘L3b5 ‘19b5 ‘110b5 bs ( 2;026 aj)
§rba  gsbs  gobs  gioba by ( Zlo 7 aj)
j=
‘18b3 ‘l9b3 ‘110b3 bs ( 2310:8 aj)

sba  goba  giob2 bg(a9+a10)

b
1001 biraqg

Co C1 C2 C3 Cq Cs Ce C7 &3] C9 C10

(a) Using the figure above as a guide show for all n = 1,2,--- that

Aan—Cn:Zn:bk< Zn: aj).
k=1

j=n—k+1

(b) Let 0 < m < n (the integer m will be chosen later). Explain why

|AnBy, — Cy| = Zbk< > aj>
k=1

j=n—k+1
n n
<D bl > a
k=1 j=n—k+1
m n n n
I D DRI S D U B DY
k=1 j=n—k+1 k=m+1 j=n—k+1
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(c) Without loss of generality we may assume that ), _ by is absolutely
convergent. Explain why there is constant 5 > 0 such that for all m

> bkl < 8.
k=1

(d) The series Z(;; a; is convergent. That is lim, o A, exists. Show
this implies there is a constant C' such that |A,| < C for all n and

then use
n

Z aj = An — An—k
j=n—k+1
to show there is a constant o > 0 such that

n
>
j=n—k+1

for all n and k& with 0 < k < n.
(e) Combine parts (b), (c), and (d) to show

<«

n

. 4

j=n—k+1

n

+ « Z ’bk|

k=m+1

|Aan - Cn’ S B

n

= BlAn — Ankl+a D> b
k=m+1

when 0 < k <m <n.
(f) Let € > 0. Explain where are are Ni, Ny > 0 such that

o €
m > N; implies Z |br| < %0

and
n>Noandn—k > Ny implies |Ap — Ap_i| < %
(g) Let n > Ny + No + 2, set m = Njp, and show that for any k& with
0 < k < m that the inequalities

m>Ni, n>Noyy, n—k>No
all hold and that this in turn yields
n> Ny + No+2 implies |A,B,—Cy,| <e.
(h) Conclude from part (f) that
lim (A, B, — Cp) = 0.

n—oo

(i) Complete the proof by showing
lim C,, = AB.
n—oo
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Problem 6.24. Here is an example to show that it is important that in
Theorem [6.39] at least one of the two series is absolutely convergent. Let
Yok =Y nobe = > 5o (—=1)k/v/k + 1. The Cauchy product is > 72 ck

where

k
Nk 1
«= (V'Y eSa e

7=0
Show
i 1
lek| = . . >1
JZ; VU+Dk—j+1)
and therefore the series Y7 ¢, diverges. O

Theorem 6.40. Let

flx) = Z apx”, g(z) = Z bpz®
k=0 k=0

be power series with radius convergence at least R. Let

n
Cp = E ajbn_j
=0

then the power series
[o¢]

h(zx) = Z ez

n=0

also has radius of convergence at least R and
h(z) = f(2)g(x)
for |x| < R.
Proof. This follows easily form Theorem [6.39 O

We now give a short indication of how to divide power series. Assume
that we wish to find the power series expansion of
h(z)
flx) = ——=
9(x)

where
h(z) = Z cpat g(x) = Z bra®.
k=0 k=0

and we wish to find the series for f(x). Assume that f(z) has an expansion

f(z) = Z apz®.
k=0
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Then h(z) = f(z)g(x) and so we have

k
Cp = E ajbk,j.
J=0

Assume that ¢g(0) # 0, that is by # 0. Then the last equation can be

rewritten as
ap = bo <ck—2a]bk j)

7=0
For small values of k£ these formulas are
Cco
ag = —
0 bo

1 — agbr)
o — aghy — a1by)

C3 — aobg — a1b2 — agbl)

(
(
-
3. (e1 = aobt — arbs — aabe — ash)

This allows us to find the coefficients ag, a1, ag, ... of f(z) recursively. Un-
fortunately this method does not tell us anything about the radius of con-
vergence of f(z) in terms of the radii of convergence of g(x) and h(x). But
if we already know that all three have positive radius of convergence, it does
give us a method for finding the coefficients of f(z) from the coefficients of
g(z) and h(z).

Problem 6.25. Find the first three nonzero terms in the power series of

2x
fz) =

e
cos(x)’ O

Problem 6.26. Find the first couple terms of the power series of the follow-
ing and thus convince yourself that using series tells you more than using
L’Hospital’s rule.
sin(2x)
(a) ——

1 i )
(b) — cos(5x)

.73‘2
et —1—zx

(c) 1 —cos(2z) U
Problem 6.27. Find the power series of the following functions around the
indicated points xzg.

(a) f(x) =sin(z) around xy = 7/4.

(b) f(z) = €2 around the point z¢ = 1.
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(¢) f(z) =+/4 — x around the point = = 4.
7. UNIFORM CONVERGENCE

7.1. Uniform Convergence and uniform limits of continuous func-
tions. For convergence of sequences of functions between metric spaces
there are (at least) two natural notions of convergence.

Definition 7.1. Let f1, fa, f2,... X — Y be a sequence of functions between
metric spaces and f: X — Y. Then lim,,_,~ fn = f pointwise (or f is the
pointwise limit of the sequence (f,)0° ; if and only if for for each x € X

Jim £,(@) = f(@). -

Definition 7.2. Let f1, f2, fo,... X — Y be a sequence of functions between
metric spaces and f: X — Y. Then lim,_,~ f, = f uniformly (or f is the
uniform limit of the sequence (f,,)"2 if and only if for all € > 0 there is
a N such that

n>N dy (fn(x), f(x)) <€ for all z € X. -

Problem 7.1. Prove that if a sequence converges uniformly, then it con-
verges pointwise. O

Theorem 7.3. Let f,: X — Y, n = 1,2,... be a sequence of continu-
ous functions which converge uniformly to the function f. Then f is also
continuous.

That is the uniform limit of continuous functions is continuous.

Problem 7.2. Prove this. Hint: Let zg € X and we want to show that f is
continuous at xg. Let € > 0 Then there is an integer n such that

dy (f(x), fa(x)) < % for all z € X.
As f, is continuous at x( there is a § > 0 such that

dx(x,x9) <0 implies dy (fu(2), fu(20)) <

Wl m

Use the triangle inequality to show
dy (f(x), f(wo0)) < dy (f (@), fn(x0)) + dy (fn(®), fu(x0)) + dy (fu(0), f(70))
and use this to complete the proof.

Theorem [7.3] makes is easy to give examples of pointwise convergent se-
quences that are not uniformly convergent.

Problem 7.3. Let f,: [0,1] = R be
fo(z) = 2"

Show this converges pointwise to a discontinuous function f. Therefore the
convergence can not be uniform as if it were the limit would be continuous.
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Problem 7.4. Here is a variant on the previous problem. Let arctanR —
(=m/2,7/2) be the inverse of the restriction of the tangent function to
(=m/2,7/2). Find the pointwise limit

f(z) = TLIL)II;O arctan(nz)

and show it is discontinuous and therefore this is also an example of pointwise
convergent sequence that is not uniformly convergent. (]

Here is anther nice property of uniform convergence.

Theorem 7.4. Let f1, fa, f3,... be a sequence of Riemann integrable func-
tions on [a,b] and assume that lim, o fn = f where f is also Riemann

integrable. Then
b

b
lim fn(x) da::/ f(x) dx.

n—oo a

Problem 7.5. Prove this. Hint: First note

/abfn(x) dx — /abfn(:v) dz| < /ab\fn(x) (@) da

so that it is enough to show

b
lim / (@) — f()|dz = 0.

n—oo

Toward this end let € > 0 and choose N so that
n >N implies |fp(x)— f(z)| < bi for all x € [a, b]
—a

and show for n > N that

b
/a |fu(x) — f(2)|dz < e. _

Definition 7.5. Let for each kK = 1,2,3,... let fr: X — R be a function.

o
Then the series Z fr(z) converges uniformly if and only if the sequence
k=1

n
of partial sums F),(x) := Z fr(z) converges uniformly. O
k=1

The following is probably the most used for showing a series of functions
is uniformly convergent.

Theorem 7.6 (Weierstrass M Test). Let X be a metric space and f1, fa, f3, . ..
be functions fr,: X — R. Assume there are constants M, so that

|fn(x)| < M, forallze X

and

[ee]
Z My, < 0.
k=1
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o0
Then the series Z fr(z) converges absolutely and uniformly.
k=1

Problem 7.6. Prove this. For each € X we have that the series > 72 | fr(2)
converges absolutely be comparison to the convergent series > 7 ; Mj. There-
fore the function

F(z) =) fu(x)
k=1

is defined on X. To show uniform convergence let ¢ >. Then as Y ;- My
is convergent there is a IV such that

ﬁ;i A4k<:&

k=N+1

Let F, = Y, fr be the n-th partial sum of the series > ;- fx. Let n > N
and justify the calculatioin

> @)
k=n+1

> fw@)]
k=n+1

oo

> M
k=n+1

oo

<2 M
k=N+1
< €.

|F(2) — Fn(z)| =

IN

IN

and explain why this completes the proof. ([
Problem 7.7. Use the Weierstrass M test show the series

o0

sin(4Fx
S(x) = Z L)

ok
k=1
converges uniformly and therefore is a continuous function. O

Remark 7.7. The function S(z) in the previous problem is an example,
due to Weierstrass, of a continuous that does not have a derivative at any
point. O

Theorem 7.8. Let f: [a,b] = R fork =0,1,2,... be continuous functions
such that the series

F(z) =Y fu(e)
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converges uniformly on [a,b]. Then F(x) is continuous and
/ x)dx = Z

k=0"¢%
Problem 7.8. Prove this. g

Theorem 7.9. Let f(x) be defined by a power series

o
= Z cr(x — xo)k
k=0

with a positive radius of convergence R. Let 0 < Ry < R. Then series for
f(z) converges absolutely and uniformly on the interval [xo — Ro,xo + Ro].

Problem 7.9. Prove this. Hint: Let Ry < Ry < R. Then Y 3o, cpRf
converges and therefore the terms of this series are bounded, say |cx R¥| < B
for some B > 0. Let M}, = B(Ro/R1)* and show

o0
ZMk < 00 and ||z — 2ol < M,

hold for all k and z € [xg — Ro, xo + Ro]. Now use some of the results above
to complete the proof. O

Theorem 7.10. Let f(x) be defined by a power series

oo
=Y exl(w —mo)
k=0

with a positive radius of convergence R. Show that for x with |z — xo| < R
that we can compute the integml of f by

ck(x — xo)Ft! 2 cp1(x — x0)F
t)dt = = _
[ =

Problem 7.10. Prove this using the results above. Note: We gave a different
proof of this when first talking about power series. This gives anther, and
maybe more natural, proof. O

Theorem 7.11. Let f(x) be defined by a power series

o0

Fl@) =Y cn(z —x0)*
k=0

with a positive radius of convergence R. Show that for |x — xg| < R the
derivative of f is given by

o0 o0
:chk(x—xo - Z (k+1) Ck+1£E
= k=0
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Problem 7.11. Prove this. Hint: This is anther one we have proven before,
but with a messy proof. Now that we have more machinery to use we can
give an easier proof. Let

Fr@) = kep(z — zo)h!
k=0

be the formal derivative of f(z). Then we have shown this has the same
radius of convergence as the original series (you can assume this without
proof). Now just use that we can integrate this term by term and that
by the Fundamental Theorem of Calculus and differentiation are inverse to
each other. O

Theorem 7.12. Let X be a compact metric space and for k = 1,2,3,...
let f, = X : R be continuous and assume for each x € X that (fir(x))32,
is monotone decreasing (that is fr11 < fx(x) for all k.) Assume there is a
continuous function f: X — R such that

lim fi(x) = f(z)
k—00
for all z € X. Then limy_,o fr = f uniformly.

Problem 7.12. Prove this. Hint: Since each sequence fi(x), f(2), f3(z),...
is monotone decreasing we have that fi(z) > f(z) for all x € X. Therefore
to prove uniform convergence we only need show that for each £ > 0 there is
a N such that fi(x)—f(x) <eforall k > N. (For then 0 < fi(x)—f(x) <e
which implies |f; — f(x)| < ).

Let € > 0 and let

Uy ={z€ X : fula) — f(x) <e).
Explain why Uy is open and show Uy C Ugy1. Use limg o0 fr(2) = f(x) to

show
o0
U =x.
k=1
Finally use compactness to finish the proof. ([l

7.2. Uniform approximation of continuous functions by polynomi-
als and other smooth functions. Given a function, f, if is often useful
to it is often useful to approximate it by “nicer” functions. For example give
a continuous function, f, it can be useful to find a sequence of differentiable
functions fi, fa, f3, ... that converge to f uniformly. Here we give one of the
basic methods for doing this.

Definition 7.13. A sequence of functions K1, Ko, K3, ... defined on R is a
Dirac sequence, or an approximation to the identity iff it satisfies the
following conditions.

(a) K, >0 for all k,
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(b) For all n
/OO Ko(x)dz = 1.
(c) Forall § >0
lim Ky (z)dx = 0.

The condition (c) say that all most all of the mass of K, is in (=, ).

|
5 0 3

For large n almost all of the area under the
graph of y = K, (x) is between —§ and 0.

Here is a standard method of constructing Dirac sequences.

Proposition 7.14. Let ¢: R — R be a Riemann integrable function with

w >0, and / o(z)dz = 1.

— 00

Then

1s a Dirac sequence.
Problem 7.13. Prove this. g
Theorem 7.15. Let f be a bounded continuous function on R and (K,)%°

n=1
be a Dirac sequence. Let

fulz) = / " @ ) Ka(y) dy

then
lim f,(z) = f(z)

n—oo

pointwise.
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Problem 7.14. Prove this. Hint: The basic trick is to note that as [0 K, (y) dy =
1 we have

@)= f() 1= 7o) [ " Kaly) dy = / 7 @) Kaly) dy.

Therefore for any & > 0 we have
@)= 1u0) = [~ @ Kali)dy~ [ o n)Eaw)dy

= [ t@) ~ fa =K. dy

- /y|<6(f(:v) ~ S DEa)dy+ [ (7(0) = S - ) Kaly) dy

ly|>6
(13)
= I&,n(x) + Jd,n(x)'

Now let € > 0. Then as f is continuous at x there is a § > 0 such that

y—ol<s = [f@)-f)l<s

Explain why the following holds
i@l < [ 1@~ e —ylawdy < [
yl<

i< (§> Kn(y)dy <

Using this in the displayed sequence of equalities gives

[f (@) = fu(@)] < Usn(2)] + [Jsn(2)] < %Jr | J5.n ().

This holds for all n. The function f is bounded thus there is a constant B
such that |f(z)| < B for all z. It follows that for all z,y € R that
[f(z) = fl@ —y)| < |f(@)| +|f(z —y)| < 2B.
Therefore
sl < [ 1) = flo = plKaw)dy <25 [ Kaly) dy
ly|>d ly|>6

If you now look back at the definition of a Dirac sequence you should be
able to use the last inequality to show

lim [Js5,(z)] =0
n—oo
and thus there is a IV such that n > N implies |Js,(z) < €/2. O
We can do a bit better.

Theorem 7.16. Let f function on R that is both bounded and uniformly
continuous and let (K,)>°, be a Dirac sequence. Define

fule) = / " @ y)Kaly) dy.



NOTES ON ANALYSIS 82 SECTION 7

Then
Jim fu(z) = f(2)
uniformly on R.
Problem 7.15. Prove this. Hint: This is just a matter of rewriting the

proof of Theorem and making sure that you can make the choices of
quantities such as § and N in a way that is independent of x. O

The following gives a large number of examples of functions where The-
orem [7.16| applies.

Proposition 7.17. Let f be a continuous function such that for some in-
terval o, B] we have f(x) = 0 for all x ¢ [, 5]. Then f is bounded and

uniformly continuous.

Problem 7.16. Prove this. Hint: This is a good problem to review several
of the results we have been working with. (Continuous functions on closed
bounded intervals are bounded and uniformly continuous). O

Proposition 7.18. Let f be bounded and continuous on R and let (K,)o°
be a Dirac sequence and

ful) = [ flo = pEaly) dy
Then fy can be rewritten as

fu@) = [ f@E(e =) dy
Problem 7.17. Prove this. Hint: As far as y is concerned, z is a constant.
So if we do the change of variable z = x — y we have dz = —dy. O

Remark 7.19. In what follows we will use whichever formula for f,, given by
Proposition that it convenient without refering Proposition [7.18]

We are now in a position to prove one of the most famous theorems in
analysis, the Weierstrass Approximation Theorem, which says that a contin-
uous function on a closed bounded interval can be uniformly approximated
by a polynomial. To start we need a Dirac sequence that is constructed from
polynomials.

Lemma 7.20. Let

cn(1—2?)", |z <1
K, =
n(@) {0, 2| > 0.

where

1
Cp = —3

/_1(1 —:EQ)”dw‘

Then (Ky)22, is a Dirac sequence.
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Proof. That K, >0 and [ K, (x)dx =1 are easy, so it remains to show
that for § > 0 the limit lim,, oo f‘x|>5 K, (x)dx = 0. We first give a bound
on ¢,.

/1(1—x2)”da::2/01(1+a:)"(1—:c)"dx22/01(1—;15)”033;:

1
Thus

2
n+1

1
cngn;— .

Let 0 < < 1. Then

K, (z)dr = 2¢, /61(1—:1;2)" dx < 2¢p, /51(1—5)" dr < (n+1)(1—86%).

|z[>8
But (1 —42%) < 1 50 lim,00(n + 1)(1 — §%)" = 0 which completes the
proof. O

The graphs of y = K, (z) for n =1,2,...,10.

Problem 7.18. While the exact value of f_ll(l — 2?)"dx is not needed in

the last proof, it is fun to compute it. So find fil(l — 2?)"dx. Hint: This
is a case where it pays to generalize. Let

1

I(m,n):= / (I—2)"(1+4x)" du.
-1

Then we are trying to compute I(n,n). Use integration by parts to show

I(m,n) = %I(m —1,n+1)

when m > 1 and n > 0 and note that 1(0,k) = f_ll(l + x)kF dx is easy to
compute. [l
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Proposition 7.21. Let f: R — R be a continuous function so such that
f(z) =0 for all x ¢ [0,1] and let K,, be as in Lemma[7.20, Set

1
pofe) = [ Ko = )iy
then p, — f uniformly and the restriction of py, to [0, 1] is a polynomial.

Proof. By Proposition f is bounded and uniformly continuous. Let
B be a bound for f, that is |f(x)] < B for all x € R. As f is uniformly
continuous for € > 0 here is a 6 > 0, such that

[z —y[<dandz,y €[0,1] = [f(z) - f(y)l <e

As f is bounded and uniformly continuous, Theorem [7.16] implies p, —
f uniformly. All that remains is to show that p, restricted to [0,1] is a
polynomial. If z,y € [0, 1], then x — y € [—1, 1] and therefore

Kn(z —y) = ca(l = (z = y)*)"
= g0(y) + 1 (V)T + g2 (Y) 2> + - - + gon (y) 2"

2n
=> ge(y)a”
k=0

where we have just expanded ¢, (1 — (z — y)?)" and grouped by powers of
x. (Each gi(y) is a polynomial in y, but this does not really matter for us.)
As f(y) =0 for y ¢ [0,1] if x € [0, 1] we have

n

fa(z) = ) Kn(z —y)f(y)dy
1 2n
- [ Y awatrw)ay
0 k=0
2n 1
= < / 9(y) dy> xk
k=0 /0
which is clearly a polynomial. O

Lemma 7.22. Let f: [a, 8] — R be a continuous function with f(z) = 0
for z ¢ [a, 5]. Define F: [0,1] — R to be the function

F(z) = f(a+ (8 — o))
and let P,: [0,1] — R be polynomials such that P, — F uniformly and set

Then each p, is a polynomial and p, — f uniformly.

Problem 7.19. Prove this. Hint: This is not hard, so don’t be long winded.
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Theorem 7.23 (Weierstrass Approximation Theorem). Let f: [a,b] —
R be continuous. Then there is a sequence of polynomial py,: [a,b] — R with
pn — [ uniformly.

Problem 7.20. Prove this. Hint: Extend f to R (we still denote the ex-
tended function by f) by

0, r<a-—1;
(x—(a—1))f(a), a—1<z<a;

f(z) =< f(2), a<z<b
(b+1)—2)f(b), b<zxz<b+1,;
\0, b+1<=x.

This is continuous (don’t prove this, just draw the picture and say it is clear).
Let & == a— 1 and 8 = b+ 1. Then use Proposition and Proposition
to complete the proof.

We now give some applications of these results.

Problem 7.21. Let f: [a,b] — R be continuous and assume that

/f )a" dz = 0

for all n = 0,1,2,3,.... Then show f(z) = 0 for all z € [a,b]. Hint:
Show that f: f(x)p(x)dx = 0 all polynomials. Then choose a sequence of
polynomials p,, — f uniformly. Use this sequence to conclude f; f(x)?dx =
0. ([

Problem 7.22. Let f,g: [a,b] — R be continuous functions such that

/f xdm—/ g(x)z" dx

for allm =0,1,2,3,.... Show that f(z) = g(z) for = € [a,b]. Hint: Reduce
this to the last problem. O

Convention. For the rest of this homework f: R — R is a function such
that for some b > 0 we have f(x) = 0 for all z with |x| > b and f is Riemann
integrable on [—b,b] and that there is a constant B such that |f(x)| < B for
all z. g

Theorem 7.24. If (Kj)2°, is a Dirac sequence and

/ Ko :c—y)dyZ/ooKn(x—y)f(y)dy

then at any point x where f is continuous
lim f,(z) = f(z).
n—oo

Problem 7.23. Prove this. Hint: This is an easier version of an earlier
theorem.
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Definition 7.25. A Dirac sequence (K,,)° , is differentiable iff for each
n K, is differentiable and

1 Kz 4 h) = Kn(x)
h—0 h

- K}(2)

uniformly. Explicitly this means that for each n and € > 0 thereisa 6 > 0
such that

Ky(x+h) — Ky(x)

. - K@) <2

(14) h| <6 = ‘

for all z € R O

Proposition 7.26. Let f be as in the convention and (Ki)S° | a differen-
tiable Dirac sequence. Then for each n

fu) = [ " Kale —y)f(y) dy

is differentiable and
fi) = | K- i) dy

(It is not being assumed that f is differentiable.)

Problem 7.24. Prove this. Hint: First show

<fn<x + h;)z - fn<w>> _ / Z K\ (x = y)f(y) dy

= [ (B E R ey )y
= [ (et D) o) sy ay

take absolute values and then use .

Lemma 7.27. Let f be as in the convention and also assume that [ is dif-
ferentiable with f" uniformly continuous and let (K)22, be a differentiable
Dirac sequence. Then the derivative of

ful) = [ Kalw - ) dy
can be written as

fuo) = [~ Kale =01 ) dy
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Problem 7.25. Prove this. Hint: Starting with Proposition 7 show

fuw) = [~ Ko = s dy

- [ (A ke ) 0y
- bb (e =)} 1)

and use integration by parts along with f(—b) = f(b) = 0. O

Theorem 7.28. Let f be as in the convention and also assume that f is dif-
ferentiable with f" uniformly continuous and let (K;)22, be a differentiable
Dirac sequence. Then if

) = [ Kol = 1) dy

the limit
lim f, = f'
n—oo
holds uniformly.
Problem 7.26. Prove this. O
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