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1. More on limits of sequences.

To make a definition we used more or less implicitly last semester:

Definition 1.1. Let 〈ak〉∞k=1 be a sequence of real numbers. Then

lim
n→∞

an =∞
1
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means that for any real number M there is a N > 0 so that

n ≥ N implies an ≥M.

Likewise
lim
n→∞

an = −∞

means that for any real number M there is a N > 0 so that

n ≥ N implies an ≤M.

(In this case think of M as be a negative number very far to the left on the
number axis.)

Example 1.2. As a more or less obvious example let p be a positive integer
and a > 0 then limn→∞ an

p =∞.
To prove this let M > 0 and let N = (M/a)1

p . Then if n ≥ N we have

anp ≥ a
(

(M/a)
1
p

)p
= M . �

Since it is easier to work in inequalities using positive numbers rather
than negative numbers the following is obvious, but nice.

Proposition 1.3. Let 〈an〉∞n=1 be a sequence or real numbers. Then

lim
n→∞

an = −∞

if and only if
lim
n→∞

−an =∞.

Proposition 1.4. Let 〈an〉∞n=1 and 〈bn〉∞n=1 be sequences of real numbers
with

lim
n→∞

an = L

(That is a usual finite limit) and

lim
n→∞

bn =∞.

Then
lim
n→∞

(an + bn) =∞.

Problem 1.1. Prove this. �

Along the same lines we have

Proposition 1.5. Let 〈an〉∞n=1 and 〈bn〉∞n=1 be sequences of real numbers
with

lim
n→∞

an = L

where L > 0
lim
n→∞

bn =∞.

Then
lim
n→∞

anbn =∞.
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Problem 1.2. Prove this. �

Problem 1.3. Here is an example of Proposition 1.5 in action. Let

p(x) = amx
m + am−1x

m−1 + · · ·+ a1x+ a0

be a polynomial with an > 0 with m ≥ 1. Show

lim
n→∞

p(n) =∞.

Hint: To start rewrite p(n) as

p(n) = nm
(
am +

am−1

n
+
an−2

n2
+ · · ·+ a1

nm−1
+
a0

nm

)
.

Then

lim
n→∞

nm =∞

lim
n→∞

(
am +

am−1

n
+
an−2

n2
+ · · ·+ a1

nm−1
+
a0

nm

)
= am > 0.

�

Problem 1.4. If limn→∞ an =∞, show limn→∞
1

an
= 0. �.

Proposition 1.6. Let 〈an〉∞n=1 be a monotone sequence. Then limn→∞ an
exists, but might have the value ∞ or −∞.

Problem 1.5. Prove this. Hint: It is enough to prove this in the case the
case 〈an〉∞n=1, otherwise replace the sequence with 〈−an〉∞n=1, It the sequence
is bounded above, then his is some thing we have seen before. So you just
have to show that a monotone increasing sequence that is not bounded below
has ∞ as its limit. �

Problem 1.6. If an > 0 and limn→∞ = 0, show limn→∞
1

an
=∞. �

Let us extend our notation of supremum and infinitum a bit. If S is
a nonempty subset of R which is bounded above, then sup(S) is the least
upper bound of S. If S ⊆ R then set

sup(S) =


−∞, S = ∅;

sup(S), S is bounded above;

∞, S is not bounded above.

That sup(S) should be defined as ∞ when S is not bounded above makes
sense. That sup(∅) = −∞ takes a bit more logic to seem reasonable. Let
b ∈ R then the implication

s ∈ ∅ implies s ≤ b
holds. This is because an implication P =⇒ Q is always true when the
hypothesis, P , is false. As s ∈ ∅ is always false the implication s ∈ ∅ =⇒
s ≤ b true. Thus b is an upper bound for ∅. This holds for all b ∈ R and
therefore every real number is an upper bound for ∅. Viewed this way the
only reasonable definition of sup(∅) is ∞.
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Likewise we have

inf(S) =


∞, S = ∅;

inf(S), S is bounded below;

−∞, S is not bounded below.

Problem 1.7. Let 〈an〉∞n=1 is a sequence in R. For each n set

An = sup{an, an+1, an+2, . . .}.
(Note that An may be infinite, for example for the sequence where an = n2

we have An =∞ for all n.)

(a) Show that the sequence 〈An〉∞n=1 is monotone decreasing.
(b) Show that limn→∞An exists (but might be either ∞ or −∞.

Definition 1.7. Let 〈an〉∞n=1 be a sequence in R. Then define

lim sup
n→∞

an = sup{anhj, an+1, an+2, . . .}.

(In the notation of the previous problem this is just limn→∞An.

The number lim supn→∞ an is the limit superior of the sequence, but is
generally just called the lim sup. Likewise we have

Definition 1.8. Let 〈an〉∞n=1 be a sequence in R. Then define

lim inf
n→∞

an = inf{a,an+1, an+2, . . .}.

(In the notation of the previous problem this is just limn→∞An.

Problem 1.8. Find the lim sup and lim inf for the following sequences.
〈an〉∞n=1

(a) an = (−1)n.
(b) an = sin(n) (This requires the following fact which you can assume:

the set {sin(n) : n ∈ N} is dense in [−1, 1]. That is between any two
numbers α < β in [−1, 1] there is a n (in fact infinitely many) with
α < sin(n) < β.)

Problem 1.9. Let 〈an〉∞n=1 be a bounded sequence. Show limn→∞ an exists
if and only if lim infn→∞ an = lim supn→∞ an. �

Problem 1.10. Let 〈an〉∞n=1 and 〈bn〉∞n=1 are sequences of real numbers prove
the following

(a) limn→∞ = L and lim supn→∞ = M then lim supn→∞(an+ bn) = L+M .
(b) limn→∞ = L > 0 and lim supn→∞ = M then lim supn→∞ anbn = LM .

Problem 1.11. Let 〈an〉∞n=1 and 〈bn〉∞n=1 be bounded sequences. Prove

lim
n→∞

(an + bn) ≤ lim sup
n→∞

an + lim sup
n→∞

bn

and given an examples both where equality holds and where the inequality
is strict. �



Notes on Analysis 5 Section 2

2. The derivative.

2.1. The derivative at a point.

Definition 2.1. Let (α, β) be an open interval, f : (α, β) → R a function,
and a ∈ (α, β). Then f is differentiable at if and only if the limit

lim
x→a

f(x)− f(a)

x− a

exists. When this limit exists it is the derivative of f at a and is denoted
by f ′(a). �

The limit defining f ′(a) can be rewritten in several ways. For example if
we do the change of variable x = a+ h in the limit it becomes

f ′(a) = lim
x→a

f(x)− f(a)

x− a
= lim

h→0

f(a+ h)− f(a)

h

which is the way it is often presented in calculus books. And sometimes,
especially in older books, h is replaced by ∆x and the limit is written as

f ′(a) = lim
∆x→0

f(a+ ∆x)− f(a)

∆x
.

And finally f(a+ ∆x)− f(a) can be abbreviated as ∆y = f(a+ ∆x)− f(a)
and then the limit becoves

f ′(a) = lim
∆x→0

∆y

∆x

a notation meshes well with the Leibniz notation
dy

dx
for the derivative.

I am now obligated to draw the standard picture that shows that the
difference quotient (f(a + h) − f(a))/h is the slope through the points
(a, f(a)) and (a + h, f(a + h)) and therefore taking the limit as h → 0 of
this difference quotient is a reasonable definition of the slope of the tangent
line to the graph of y = f(x) at the point (a, f(a)).
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(a, f(a))

(a+ h, f(a+ h))

∆x = h

∆y = f(a+ h)− f(a)

∆y

∆x
=
f(a+ h)− f(a)

h
= slope of line

through (a, f(a)) and (a+ h, f(a+ h)).

We now do some examples of derivatives that you no doubt already know
from calculus.

Let f(x) = mx+ b where m and b are constants. Then for any a ∈ R

f ′(a) = lim
x→a

f(x)− f(a)

x− a
= lim

x→a

m(x− a)

x− a
= m.

For a slightly more complicated example consider f(x) = x2 we have ,
using that x2 − a2 = (x− a)(x+ a):

f ′(a) = lim
x→a

f(x)− f(a)

x− a

= lim
x→a

x2 − a2

x− a
= lim

x→a
(x+ a)

= 2a.

Problem 2.1. Use the identities x3−a3 = (x−a)(x2 +ax+a2 and x4−a4 =
(x−a)(x3+ax2+a2x+a3 to prove that the functions f(x) = x3 and g(x) = x4

have the derivatives

f ′(a) = 3a2

g′(a) = 4a3.
�



Notes on Analysis 7 Section 2

The classic example of a function that does not have a derivative at a point
is the absolute value function f(x) = |x| which does not have a derivative
at x = 0. Here are some other examples

Problem 2.2. Let f : R→ R be the function

f(x) = max{x, 2− x}.

Graph y = f(x) and show that it is differentiable at every point other than
x = 1. What is f ′(a) when a 6= 1? �

Problem 2.3. Let f : R→ R be the function

f(x) = min{x2, 1}

Find the points where f is not differentiable and prove your result.

We now start proving the basic rules for derivatives you know from cal-
culus.

Proposition 2.2 (Sum rule for derivatives). Let f1 and f2 be defined on an
interval containing the point a and assume that f1 and f2 are both differen-
tiable at a. Let c1 and c2 be constants. Then the function g = c1f1 + c2f2 is
differentiable at a and

g′(a) = c1f
′
1(a) + c2f

′
2(a).

Problem 2.4. Prove this. �

We extend this to sums with more terms:

Proposition 2.3. Let f1, f2, . . . , fn be functions defined on an interval con-
taining a and with each fj differentiable at a. Let c1, c2, . . . , cn be constants.
Then g = c1f1 + c2f2 + · · ·+ cnfn is differentiable at a and

g′(a) = c1f
′
1(a) + c2f

′
2(a) + · · ·+ cnf

′
n(a).

Proof. This is an easy induction proof. �

Proposition 2.4. Let f be defined on an interval containing a and assume
that f is differentiable at a. Then f is continuous at a.

Problem 2.5. Prove this. Hint: To show that f is continuous at a we need
to show limx→a f(x) = f(a). As f is differentiable we know that

f ′(a) = lim
x→a

f(x)− f(a)

x− a
exists. To use this write f(x) as

f(x) = f(a) +
f(x)− f(a)

x− a
(x− a).

Now you can use standard results about limits (no ε, δ needed). �
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Proposition 2.5 (Product rule). Let f and g be defined in an interval
containing a and assume they are both differentiable at a. Then the product
p(x) = f(x)g(x) is differentiable at a and

p′(a) = f ′(a)g(a) + f(a)g′(a).

Problem 2.6. Prove this. Hint: One way is to do some adding and sub-
tracting in the difference quotient for p:

p(x)− p(a)

x− a
=
f(x)g(x)− f(a)g(a)

x− a

=
f(x)g(x)− f(x)g(a) + f(x)g(a)− f(a)g(a)

x− a

= f(x)
g(x)− g(a)

x− a
+
f(x)− f(a)

x− a
g(a)

As f is continuous at a (why?) we have limx→a f(x) = f(a). Finishing now
should be easy. �

Proposition 2.6. Let g be defined in an interval containing a and assume
g is differentiable at a and g(a) 6= 0. Then h(x) = 1/g is differentiable at a
and

h′(a) =
−g′(a)

g(a)2
.

Problem 2.7. Prove this. Hint: Write the difference quotient for h as

h(x)− h(a)

x− a
=

1

x− a

(
1

g(x)
− 1

g(a)

)
=

1

x− a
g(a)− g(x)

g(x)g(a)

=
−1

g(x)g(a)

g(x)− g(a)

x− a

and now it should be easy to take the limit defining h′(a). �

Proposition 2.7 (Quotient rule). Let f and g be defined on an interval
containing a and with f and g differentiable at a. Also assume g(a) 6= 0.
Then the quotient q(x) = f(x)/g(x) is differentiable at a and

q′(a) =
f ′(a)g(a)− f(a)g′(a)

g(a)2
.

Problem 2.8. Prove this. Hint: We have already done most of the work
for this. Write q as a product

q(x) = f(x)

(
1

g(x)

)
and use Proposition 2.6 and the product rule. �
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Proposition 2.8 (The power rule for positive powers). Let f be defined on
an interval containing a and assume that f is differentiable at a. Then for
any positive integer n the function p(x) = f(x)n is differentiable at a and

p′(x) = nf(a)n−1f ′(a).

In particular letting f(x) = x yields that the when p(x) = xn, then p′(a) =
nan−1.

Problem 2.9. Prove this. Hint: Induction. �

Proposition 2.9.

f(x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0

is a polynomial (thus a0, a1, . . . , an are constants) then f is differentiable at
all points a and

f ′(a) = nanx
n−1 + (n− 1)an−1x

n−2 + · · ·+ 2a2x+ a1.

Proof. This follows by combining Propositions 2.2 and 2.8. �

Proposition 2.10. The function f(x) =
√
x is differentiable on (0,∞) and

f ′(x) =
1

2
√
x
.

Problem 2.10. Prove this. Hint: The calculation

f(x+ h)− f(x) =
√
x+ h−

√
x

=
(
√
x+ h−

√
x )(
√
x+ h+

√
x )√

x+ h+
√
x

=
(x+ h)− x√
x+ h+

√
x

=
h√

x+ h+
√
x

might be useful. Also useful is that we have shown the square root function
is continuous on (0,∞). �

The next result makes precise that the graph y = f(x) of a function has
a tangent line at the point (a, f(a)) if and only if the derivative f ′(a) exists.

Theorem 2.11. Let f be a real valued function defined in a neighborhood
of a. Then the following are equivalent.

(a) f ′(a) exists.
(b) There is a constant m such that

f(x) = f(a) +m(x− a) + ρ(x; a)

where ρ(x; a) satisfies

(1) lim
x→a

ρ(x; a)

x− a
= 0.



Notes on Analysis 10 Section 2

Before going on with the proof, let us think a bit about what condition
(b) of the theorem says. Rewrite (1) as

f(x) = f(a) +

(
m+

ρ(x; a)

x− a

)
(x− a).

As limx→a ρ(x; a)/(x− a) = 0 for any ε > 0 there is a δ > 0 such that

0 < |x− a| < δ implies
|ρ(x; a)|
|x− a|

< ε.

Therefore

0 < |x− a| < δ implies m− ε < m+
ρ(x : a)

x− a
< m+ ε.

Problem 2.11. Show that these inequalities imply that on the interval (a−
δ, a + δ) that the graph of y = f(x) stays between the graphs of the lines
y = f(a)+(m+ε)(x−a) and y = f(a)+(m−ε)(x−a) as in the figure below.
Therefore by making ε small we have that near x = a the graph y = f(x) is
sandwiched between two line that have slope very close to m. �

(a, f(a))

y = f(a) + (m+ ε)x

y = f(a) +mx

y = f(a) + (m− ε)x

a− δ a+ δa

Problem 2.12. Prove Theorem 2.11. �

Lemma 2.12. Let g be differentiable at a. Then there is a δ > 0 such that

|x− a| < δ implies |g(x)− g(a)| ≤ (|g′(a)|+ 1)|x− a|.

Problem 2.13. Prove this. �

Theorem 2.13 (The chain rule). Let g be defined on an interval containing
a and f defined and on an interval containing g(a). Assume that g is differ-
entiable at a and f is differentiable at g(a). Then the composition h = f ◦ g
is differentiable at a and

h′(a) = (f ◦ g)′(a) = f ′(g(a))g′(a).
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Proof. As g is differentiable at a, by Theorem 2.11, we have

g(x)− g(a) = g′(a)(x− a) + ρ1(x; a)

where

lim
x→a

ρ1(x; a)

x− a
= 0.

Likewise as f is differentiable at g(a) we have

f(y)− f(g(a)) = f ′(g(a))(y − g(a))(x− a) + ρ2(y; g(a))

where

lim
y→g(a)

ρ2(y; g(a))

y − g(a)
= 0.

Therefore we have

f(g(x))− f(g(a)) = f ′(g(a))(g(x)− g(a)) + ρ2(g(x); g(a))

= f ′(g(a))
(
g′(a)(x− a) + ρ1(x; a)

)
+ ρ2(g(x); g(a))

= f ′(g(a))g′(a)(x− a) + ρ2(g(x); g(a))

where

ρ(x; a) = f ′(g(a))g′(a)ρ1(x; a) + ρ2(g(x); g(a)).

Therefore, by Theorem 2.11, to finish the proof it is enough to show

lim
x→a

ρ(x : a)

x− a
= 0.

The first term in the definition of is easy to deal with:

lim
x→a

f ′(g(a))g′(a)ρ1(x; a)

x− a
= f ′(g(a))g′(a) lim

x→a

ρ1(x; a)

x− a
= f ′(g(a))g′(a)0

= 0

The second term takes a bit more work. Let ε > 0

lim
y→g(a)

ρ2(y; g(a))

y − g(a)
= 0

there is a δ1 > 0 such that

0 < |y − g(a)| < δ implies

∣∣∣∣ρ2(y; g(a))

y − g(a)

∣∣∣∣ < ε

1 + |g′(a)|
and therefore

|y − g(a)| < δ implies |ρ2(y; g(a))| ≤ ε|y − g(a)|
1 + |g′(a)|

.

Problem 2.14. If g is differentiable at x show that there is a δ2 > 0 such
that

|x− a| < δ2 implies |g(x)− g(a)| ≤ (|g′(a)|+ 1)|x− a|
�
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Getting back to the proof of the chain rule, there is a if |g(x)− g(a)| < δ1

and |x− a| < δ2 then

|ρ2(y; g(a))| ≤ ε|y − g(a)|
1 + |g′(a)|

≤ ε(1 + |g′(a)|)|x− a|
1 + |g′(a)|

= ε|x− a|.

and therefore ∣∣∣∣ρ2(g(x); g(a))

x− a

∣∣∣∣ ≤ ε
Finally, as g is continuous at a, there is δ3 > 0 such that

|x− a| < δ1 implies |g(x)− g(a)| < δ1.

Whence if δ = min{δ2, δ2},

0 < |x− a| < δ implies

∣∣∣∣ρ2(g(x); g(a))

x− a

∣∣∣∣ ≤ ε
and therefore

lim
x→a

ρ2(g(x); g(a))

x− a
= 0

which completes the proof. �

2.2. The derivative of the inverse of a function.

Theorem 2.14. Let f : [a, b] → [c, d] be onto, continuous and strictly in-
creasing (or strictly decreasing). Then the inverse f−1 : [c, d]→ [a, b] is also
continuous.

Problem 2.15. Prove this. Hint: (This is mostly going to be a review of re-
sults from last semester. At each place where I ask (why?) you should quote
a result form last term.) We are given that f is onto. As f is strictly increas-
ing it is also one-to-one. This implies that the inverse f−1 exists. One of
the ways to shot that function g is continuous is to show that g−1[closed set]
is a closed. In our case g = f−1 and thus g−1 = (f−1)−1 = f . So we only
need show that for any closed subset C of [a, b] that f [C] is a closed subset
of [c, d]. As [a, b] is compact (why?) we have that C is compact (why?).
Therefore f [C] is the continuous image of a compact set and thus f [C] is
a compact subset of [c, d]. Therefore f [C] is compact (why?). Finally this
implies that f [C] is closed (why?) which finishes the proof. �

There is a generalization of this that has almost exactly the same proof.

Problem 2.16 (Extra Credit). If f : E → E′ is a continuous one-to-one
onto (that is f is bijective) between metric spaces with E compact. Then
the inverse f−1 : E′ → E is continuous. Hint: To start note that since f is
onto we have f [E] = E′ and thus E′ is the continuous image of a compact
set and thus compact. �
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Theorem 2.15. Let f : [α, β] → [c, d] be onto, continuous and strictly in-
creasing (or strictly decreasing). Let x0 ∈ (α, β) and assume that f is dif-
ferentiable at x0 with f ′(x0) 6= 0. Then f−1 is differentiable at f(x0) and

(f−1)′(f(x0)) =
1

f ′(x0)
.

Proof. Let ε > 0. Then by the definition of the derivative that is a δ1 > 0
such that

(2) 0 < |x− x0| < δ implies

∣∣∣∣f(x)− f(x0)

x− a
− f ′(x0)

∣∣∣∣ < ε.

By Theorem 2.14 the function f−1 is continuous and therefore there is a
δ > 0 such that

|y − f(x0)| < δ implies |f−1(y)− f−1(f(x0)| < δ1.

Let y0 := f(x0) and for y with |y − y0| < δ let x = f−1(y) in the inequality
(2) to get

0 < |y − y0| < δ implies

∣∣∣∣ y − y0

f−1(y)− f−1(y0)
− f ′(x0)

∣∣∣∣ < ε.

Therefore

lim
y→y0

y − y0

f−1(y)− f−1(y0)
= f ′(x0) 6= 0.

Thus

lim
y→∞

f−1(y)− f−1(y0)

y − y0
=

1

lim
y→y0

y − y0

f−1(y)− f−1(y0)

=
1

f ′(x0)
.

This shows (f−1)′(y0) exists and equals 1/f ′(x0), which is just what we were
to prove. �

Proposition 2.16. Let n be a nonzero integer. Then the function f(x) =

x
1
n is differentiable on (0,∞) (and if n is odd also on the interval (−∞, 0))

and

f ′(x) =
1

n
x

1
n
−1.

Proof. The function f is the inverse of the differentiable function g(x) = xn.
Also g′(x) = nxn−1 6= 0 for x 6= 0. Therefore by Theorem 2.15 we know f is
differentiable on (0,∞). Then

f(x)n = x.

Taking the derivative of this gives

nf(x)n−1f ′(x) = 1

so that

f ′(x) =
1

n

1

f(x)n−1)
=

1

n

1

(x
1
n

n−1

=
1

n
x

1
n
−1.

�
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Let r = p/q 6= 0 be a rational number with p and q integers. Then for
x > 0 we can define

xr = x
p
q = (x

1
q )p.

This is the composition of two differentiable functions and therefore is dif-

ferentiable. Let f(x) = xr = (x
1
q )p with this definition. Then by the chain

rule

f ′(x) = p(x
1
q )p−1

(
1

q
x

1
q
−1
)

=
p

q
x

p
q
−1

= rxr−1.

We have just proven

Theorem 2.17. Let r be a rational number, say r = p/q with p and q
integers and with f(x) = xr as defined above. Then f is differentiable on
(0,∞) and

f ′(x) = rxr−1.
�

2.3. Functions differentiable on an interval, the first derivative test,
and the mean value theorem.

Definition 2.18. Let f be defined on an open set U containing x0. Then f
has a local maximum (respectively a local minimum) at x0 if and only
if there is a δ > 0 such that

f(x) ≤ f(x0) (respectively f(x) ≥ f(x0)) for x with |x− x0| < δ

In this case x0 is a local maximizer (respectively a local minimizer) of
f . The point x0 is a local extrema if it is either a local maximizer or a
local minimizer. �

Theorem 2.19 (First Derivative Test). If f is defined on an open U set
containing the point x0 and

• f is differentiable at x0

• f has a local extrema at x0.

then

f ′(x0) = 0.

Lemma 2.20. Let f be differentiable at x0 and let 〈xn〉∞n=1 be a sequence
with

lim
n→∞

xn = x0 and for all n xn 6= x0.

Then

lim
n→∞

f(xn)− f(x0)

xn − x0
= f ′(x0)

Problem 2.17. Prove this. �

Problem 2.18. Prove Theorem 2.19. Hint: You do not have to follow this
hint, but here is one way to start. Without loss of generality we can assume
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f has a local maximum at x0. (If it has a local minimum, then replace f by
−f .) Let

xn = x0 −
1

n
and yn = x0 +

1

n
.

Then show

lim
n→∞

f(xn)− f(x0)

xn − x0
≥ 0 and lim

n→∞

f(xn)− f(x0)

xn − x0
≤ 0

and use the lemma. �

Theorem 2.21 (Rôlle’s Theorem). Let f be a function that is continuous
on [a, b] and differentable at all points of (a, b). Assume

f(a) = f(b).

Then there exists a point ξ ∈ (a, b) such that

f ′(ξ) = 0.

Problem 2.19. Prove this. Hint: Start by showing that either (or both) of
the maximum or minimum of f occur in the open interval (a, b). �

Theorem 2.22 (Mean Value Theorem). Let f be a function that is contin-
uous on [a, b] and differentiable at all points of (a, b). There there exists a
point ξ ∈ (a, b) such that

f(b)− f(a) = f ′(ξ)(b− a)

Problem 2.20. Prove this. Hint: One way to start is to show

g(x) = f(x)− f(b)− f(a)

b− a
(x− a)

satisfies the hypothesis of Rôlle’s Theorem. �

Definition 2.23. Let x1, x2 and ξ be three real numbers. Then ξ is between
x1 and x2 if and only if one of the following three cases holds:

x1 <ξ < x2

x2 <ξ < x1

x1 =ξ = x2.
�

Often we will use the Mean Value Theorem in the following slightly less
general form:

Theorem 2.24 (Mean Value Theorem). Let f be differentiable on the open
interval (a, b) and let x1, x2 ∈ (a, b). There there is ξ between x1 and x2

such that

f(x2)− f(x1) = f ′(ξ)(x2 − x1).
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Proof. If x1 = x2, then let ξ = x1 and we have f(x2) − f(x1) = f ′(ξ)(x2 −
x1) = 0. If x1 6= x2, then by possibly changing the names of x1 and x2 we
can assume that x1 < x2. Then f is continuous on [x1, x2] and differentiable
on I(x1, x2). Therefore we can use our first form of the Mean Value Theorem
to conclude there is a ξ ∈ (x1, x2) with f(x2)− f(x1) = f ′(ξ)(x2 − x1). �

Before using the Mean Value Theorem to prove theorems let us note that
it can be use to prove interesting results about concrete functions. Here are
a couple of examples.

Example 2.25. Assume that we know that the derivative of sin(x) is cos(x).
Then for all a, b ∈ R we have

| sin(b)− sin(a)| ≤ |b− a|.

To see this let f(x) = sin(x). Then the Mean Value Theorem tells us there
is a ξ between b and a such that

| sin(b)− sin(a)| = |f(b)− f(a)| = |f ′(ξ)(b− a)| = | cos(ξ)(b− a)| ≤ |b− a|

where at the last step we used that | cos(ξ)| ≤ 1. �

Example 2.26. If a, b ≥ 2, then∣∣∣∣a− 1

a+ 1
− b− 1

b+ 1

∣∣∣∣ ≤ 2

9
|b− a|.

To see this let

f(x) =
x− 1

x+ 1
.

Then if ξ ≥ 2 we have

f ′(ξ) =
2

(ξ + 1)2
≤ 2

(2 + 1)2
=

2

9
.

Thus if a, b ≥ 2 the Mean Value Theorem gives us a ξ between a and b (and
therefore ξ ≥ 2 such that∣∣∣∣a− 1

a+ 1
− b− 1

b+ 1

∣∣∣∣ = |f(b)− f(a)| = |f ′(ξ)(b− a)| = 2

(ξ + 1)2
|b− a| ≤ 2

9
|b− a|.

�

Problem 2.21. Use the ideas above to show the following

(a) For all x, y ∈ R the inequality

| cos(4y)− cos(4x)| ≤ 4|y − x|.

(b) If a, b > 1 then

|
√
b2 − 1−

√
a2 − 1| ≥ |b− a|.

(c) If x > 0 then

ex − 1 > x.

Hint: ex − 1 = ex − e0. �
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Theorem 2.27. Let f be differentiable on the open interval (a, b) and as-
sume

f ′(x) = 0 for all x ∈ (a, b).

Then f is constant.

Problem 2.22. Use the Mean Value Theorem to prove this. �

Definition 2.28. If f is a function defined on an interval I, then f is
increasing if and only if for all x1, x2 ∈ I

x1 < x2 =⇒ f(x1) < f(x2).

Theorem 2.29. Let f be a function on the open interval and assume that
f ′ exists on all of (a, b) and that f ′(x) > 0 for all x ∈ (a, b). Then f is
increasing on (a, b).

Problem 2.23. Use the Mean Value Theorem to prove this. �

Problem 2.24. Show that f ′(x0) exists if and only if the limit

lim
h→0

f(x0)− f(x0 − h)

h

exists. When this limit exists what is its value? �

Problem 2.25. Show that if f ′(x0) exists, then so does the limit

lim
h→0

f(x0 + h)− f(x0 − h)

2h

and its value is f ′(x0). �

Problem 2.26. Let α be a positive real number and set

f(x) =

{
|x|α cos(1/x), x 6= 0;

0, x = 0.

For what values of α does f ′(0) exist. When it doses exist what is its
value? �

Theorem 2.30 (Cauchy Mean Value Theorem). Let f and g be functions
that are differentiable on the open interval (a, b) and continuous on the closed
interval [a, b]. Then there is a ξ ∈ (a, b) such that

g′(ξ)
(
f(b)− f(a)

)
= f ′(ξ)

(
g(b)− g(a)

)
.

(Note when g is the function g(x) = x this reduces to the usual mean value
theorem.

Problem 2.27. Prove this. Hint: Let

h(x) = (g(b)− g(a))(f(x)− f(a))− (f(b)− f(a))(g(x)− g(a))

and show h(a) = h(b) = 0. �
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We now wish to look at one of the other standard topics in differential
calculus, l’hôpital’s rule. Recall this involves evaluating limits of the type

lim
x→x0

f(x)

g(x)

where f(x0) = g(x0) = 0 which leads to

lim
x→x0

f(x)

g(x)
=

0

0

which, at least formally, does not make sense. Here is the basic result.

Theorem 2.31 (L’hôpital’s rule). Let f and g be differentiable in a neigh-
borhood of x0 with g′(x)] 6= 0 for x 6= x0. Assume that f(x0) = g(x0) = 0
and that

lim
x→x0

f ′(x)

g′(x)
= L

exists. Then limx→x0 f(x)/g(x) exists and is given by

lim
x→x0

f(x)

g(x)
= L

This is usually stated informally as that if f(x0) = g(x0) = 0 then

lim
x→x0

f(x)

g(x)
= lim

x→x0

f ′(x)

g′(x)
.

The important part is that the existence of the limit limx→x0
f ′(x)
g′(x) implies

the existence of the limit limx→x0
f(x)
g(x) .

Problem 2.28. Prove Theorem 2.31 as follows. Let ε > 0 then as limx→x0
f ′(x)
g′(x) =

L there is a δ > 0 such that

0 < |x− x0| < δ =⇒
∣∣∣∣f ′(x)

g′(x)
− L

∣∣∣∣ < ε.

Let x be so that 0 < |x − x0| < δ. Then, by the Cauchy Mean Value
Theorem, there is a ξ between x and x0 such that

f(x)

g(x)
=
f(x)− 0

g(x)− 0
=
f(x)− f(x0)

g(x)− g(x0)
=
f ′(ξ)

g′(ξ)
.

Use this to show

0 < |x− x0| < δ =⇒
∣∣∣∣f(x)

g(x)
− L

∣∣∣∣ < ε

and thus limx→x0
f(x)
g(x) = L. (A main point is that 0 < |ξ − x0| < δ, so be

sure to explain why this holds.) �
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Here is a standard application of l’hôpital’s rule:

lim
x→0

sin(2x)

3x
= lim

x→0

sin(2x)′

(3x)′
= lim

x→0

2 cos(2x)

3
=

2 cos(0)

3
=

2

3
.

It can also be applied several times in a row:

lim
x→0

1− cos(x)

x2
= lim

x→0

sin(x)

2x
(take

d

dx
of top and bottom)

= lim
x→0

cos(x)

2
(take

d

dx
of top and bottom)

=
cos(0)

2

=
1

2
.

So we have shown limx→0
1−cos(x)

x2
= 1

2 . Note that in terms of showing this
limit exists, this should be read from the bottom up. That is l’hôpital’s rule

shows that limx→0
sin(x)

2x exists as limx→0 = sin(x)′

(2x)′ = limx→0
cos(0)

2 = 1
2 exists.

Then anther application of l’hôpital’s rule shows that limx→0
1−cos(x)

x2
=

limx→0
(1−cos(x))′

(x2)′ = limx→0
sin(x)

2x exists.

Problem 2.29. Here are some problems to practice the use of l’hôpital’s
rule. Compute the following

(a) lim
x→0

sin(x)− x
x3

(b) lim
x→0

ex − e−x

x

(c) lim
θ→π

sin3(x)

x(cos(x) + 1)

�

2.4. Generalized Rôlle’s Theorem and Taylor’s Theorem. Now back
to Rôlle’s theorem. First a definition.

Definition 2.32. Let f be defined on an open integral I. Then f is twice
differentiable on I if f ′ exists at all points of I and the function f ′ is
differentiable on I. We denote the derivative of f ′ as f ′′ or f (2) and it is
called the second derivative of f . If f ′′ exists at all points of I and f ′′

is differentiable on I its derivative is denoted by f ′′′ or f (3) and is called
the third derivative of f and f is said to be three times differentiable .
Continuing recursively, if we have defined what it means for f to be n times
differentiable on I and the n-th derivative , f (n), is differentiable on I
then the derivative of f (n) is denoted by f (n+1) and f is (n + 1) times
differentiable on I. �

Remark 2.33. For consistency’s sake we set f (0) = f and f (1) = f ′ �
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Problem 2.30. Show that the function f on R defined by

f(x) =

{
x2, x ≥ 0;

−x2, x < 0.

is differentiable on R but not twice differentiable. Hint: Show f ′(x) = 2|x|.
You may have to use the limit definition to compute f ′(0). �

Problem 2.31. Find a function that is twice differentiable on R but not
three times differentiable. More generally can you give an example of a
function that is n times differentiable, but not n+1 times differentiable. �

Proposition 2.34. Let I be an open interval and assume f is twice differ-
entiable on I. Let x0, x1 ∈ I with x0 6= x1. Assume f(x0) = f ′(x0) = 0 and
f(x1) = 0. Then there is a point ξ between x0 and x1 with f ′′(ξ) = 0.

Proof. As f(x0) = f(x1) = 0 by Rôlle’s Theorem there is a ξ1 between
x0 and x1 with f ′(ξ1) = 0. But the function f ′ is differentiable on I and
f ′(x0) = f ′(ξ1) = 0 and thus anther application of Rôlle’s Theorem gives us
a ξ between x0 and ξ1 with f ′′(ξ) = (f ′)′(ξ) = 0. As ξ1 is between x0 and
x1 and ξ is between x0 and ξ1 we have that ξ is between x0 and x1. �

This generalizes

Theorem 2.35 (Generalized Rôlle’s Theorem). Let f be n + 1 times dif-
ferentiable on the open interval I. Let x0, x1 ∈ I with x0 6= x1. Assume
that

• f(x0) = f ′(x0) = · · · = f (n)(x0) = 0,
• f(x1) = 0.

Then there is a point ξ between x0 and x1 with

f (n+1)(ξ) = 0.
�

Problem 2.32. Prove this. Hint: There are several ways to do this. One is
to look at the proof of Proposition 2.34 and meditate upon induction. �

Proposition 2.36. Let f be twice differentiable on the open interval I and
let a, b ∈ I with a 6= b. Then there is a ξ between a and b with

f(b) = f(a) + f ′(a)(b− a) +
f ′′(ξ)

2
(b− a)2.

Proof. Let h be defined on I by

h(x) = f(x)− f(a)− f ′(a)(x− a)− c(x− a)2

where c is a constant to be chosen shortly. Note

h(a) = 0

and

h′(x) = f ′(x)− f ′(a)− 2c(x− a),
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and thus

h′(a) = 0.

With applying Theorem 2.35 in mind, we choose c so that h(b) = 0. That is

h(b) = f(b)− f(a)− f ′(a)(b− a)− c(b− a)2 = 0

which leads to

c =
f(b)− f(a)− f ′(a)(b− a)

(b− a)2
.

With this choice of c we have h(a) = h′(a) = h(b) = 0 and thus by Theorem
2.35 there is a ξ between a and b with

h′′(ξ) = 0.

By direct calculation

h′′(x) = f ′′(x)− 2c.

Then h′′(ξ) = 0 yields

f ′′(ξ)− 2c = 0.

But using the formula for c above we find

f ′′(ξ)− 2

(
f(b)− f(a)− f ′(a)(b− a)

(b− a)2

)
= 0

which can be rearranged to give

f(b) = f(a) + f ′(a)(b− a) +
f ′′(ξ)

2
(b− a)2

as required. �

As this was a more or less direct consequence of Proposition 2.34 it makes
sense to look for a generalization that depends on Theorem 2.35. To make
life a little easier on ourselves we first do the case of n = 4.

Lemma 2.37. Let f be a function that is four times differentiable on an
open interval I and let a ∈ I. Let T (x) be the polynomial
(3)

T (x) = f(a)+f ′(a)(x−a)+
f ′′(a)

2
(x−a)2+

f (3)(a)

3!
(x−a)3+

f (4)(a)

4!
(x−a)4,

and set

g(x) = f(x)− T (x).

Then

g(a) = g′(a) = g′′(a) = g(3)(a) = g(4)(a) = 0.

Problem 2.33. Prove this. �
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Theorem 2.38. Let f be five times differentiable on the open interval I and
a, b ∈ I with a 6= b. Then there is a ξ between a and b such that

f(b) = f(a) + f ′(a)(b− a) +
f ′′(a)

2
(b− a)2 +

f (3)(a)

3!
(b− a)3 +

f (4)(a)

4!
(b− a)4

+
f (5)(ξ)

5!
(b− a)5.

Or in different notation let T (x) be the polynomial (3), then this is

f(b) = T (b) +
f (5)(ξ)

5!
(b− a)5.

Problem 2.34. Prove this. Hint: Let

h(x) = f(x)− T (x)− c(x− a)5

where we choose c so that

h(b) = 0.

Show h(a) = h′(a) = h′′(a) = h(3)(a) = h(4)(a) = 0. Now use Theorem 2.35
and now proceed as in the proof of Proposition 2.36. �

Definition 2.39. Let f be n times differentiable on a neighborhood of a.
Then the degree n Taylor polynomial of f at x is

Tn(x) :=

n∑
k=0

f (k)(a)
(x− a)k

k!
.

�

Problem 2.35. Show that if f is n times differentiable on an open interval
I and Tn is its degree n Taylor polynomial at a, then for 0 ≤ k ≤ n

T (k)
n (a) = f (k)(a).

That is the k-th derivatives of Tn and f agree at a for 0 ≤ k ≤ n. �

Theorem 2.40 (Taylor’s Theorem with Lagrange’s form of the remainder).
Let f be (n + 1) times differentiable on the open interval I and let a, b ∈ I
with a 6= b. Let Tn be the degree n Taylor polynomial of f at a. Then there
is a ξ between a and b such that

f(b) = Tn(b) + f (n+1)(ξ)
(b− a)n+1

(n+ 1)!
.

(The term En(b) = f (n+1)(ξ) (b−a)n+1

(n+1)! = f(b) − Tn(b) is the error term or

remainder term when approximating f by its Taylor polynomial Tn.)

Problem 2.36. Prove this. �

We restate this with slightly different notation (just replacing a and b
with x0 and x.)
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Theorem 2.41 (Taylor’s Theorem with Lagrange’s form of the remainder,
form 2). Let f be (n+ 1) times differentiable on the open interval I and let
x, x0 ∈ I with x 6= x0. There there is a ξ betweem x and x0 such that

f(x) =

n∑
k=0

f (k)(x0)
(x− x0)k

k!
+ f (n+1)(ξ)

(x− x0)n+1

(n+ 1)!
.

�

Remark 2.42. In the case that n = 0 this becomes

f(x) = f(x0) + f ′(ξ)(x− x0),

which can be rewritten as f(x) − f(x0) = f ′(ξ)(x − x0). That is for n = 0
we just get the mean value theorem. �

One last restatement of Taylor’s theorem. If we let x = x0 + h we get

f(x0 + h) =
n∑
k=0

f (k)(x0)
hk

k!
+ f (n+1)(ξ)

hn+1

(n+ 1)!

where ξ is between x0 and x0 + h.
As an examples of Taylor’s theorem we have

ex = 1 + x+
x2

2!
+
x3

3!
+
eξx4

4!
(Used n = 3.)

cos(x) = 1− x2

2!
+
x4

4!
− cos(ξ)x6

6!
(Used n = 5.)

sin(x) = x− x3

3!
+
x5

5!
− cos(ξ)x7

7!
(Used n = 6.)

where ξ is between x and 0 (and of course the value of ξ is different in each
of the three equations). Here are some graphs that show how closely Taylor
polynomials approximate some functions.

y = T1(x)

y = T2(x)

y = T3(x)

y = T4(x)
y = ex
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Graphs of y = ex and the Taylor polynomials y = Tn(x) for k =
1, 2, 3, 4 on the interval [−2, 2]

y = T1(x)

y = T5(x)

y = T3(x)

y = sin(x)

Graphs of y = sin(x) and the Taylor polynomials y = T1(x), y =
T2(x) = T3(x), and y = T4(x) = T5(x). on the interval [−π, π]. (If
f(x) = sin(x), then for odd positive integers n we have fn(0) = 0.
Therefore T2k(x) = T2k+1(x).)

2.5. Some applications of Taylor’s Theorem. The next result is just
the second derivative test from calculus.

Theorem 2.43. Let I be an open interval and f : I → R twice differentiable
with f ′′ continuous. Assume that f ′(x0) = 0 then,

• if f ′′(x0) < 0 then x0 is a local maximizer of f .
• if f ′′(x0) > 0 then x0 is a local minimizer of f .

Problem 2.37. Prove this. Hint: It is enough to prove in the case f ′′(x0) >
0.

(a) Use that f ′′ is continuous to show that there is δ > 0 such that f ′′ > 0
on the interval (x0 − δ, x0 + δ).

(b) Now use Taylor’s Theorem to show for x ∈ (x0 − δ, x0 + δ) that

f(x) ≥ f(x0)

and that equality holds if and only if x = x0. �

If we know that the second derivative has the same sign on an entire
interval we can get a global maximum or minimum.

Theorem 2.44. Let I be an interval and x0 ∈ I in the interior of I. Assume
that f ′′ exists and f ′′ ≥ 0 at interior points of I. Then f ′(x0) = 0 implies
that

f(x) ≥ f(x0)

for all x ∈ I. (And if f ′′ < 0 on the interior of I, then f(x) ≤ f(x0) on I.)

Problem 2.38. Prove this in the case of f ′′ > 0. �
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The last result can be generalized to giving a condition for a function to
always be above its tangent line.

This function is above all its tangent lines.

Theorem 2.45. Let f ′′ ≥ 0 on an open interval I. Then the graph of f is
above all its tangent lines. More precisely if a ∈ I, then

f(a) + f ′(a)(x− a) ≤ f(x)

for all x ∈ I.

Problem 2.39. Prove this. �

Let f : I → R where I is an interval. Then f is convex if and only if for
all x0, x1 ∈ R and t ∈ [0, 1] the inequality

f((1− t)x0 + tx1) ≤ (1− t)f(x0) + tf(x1)

holds. Geometrically this means that the graph of f lies below any of the
chords connecting two of the points on the graph as in the graph below.

x0 xt x1x1

(x1, f(x1))(xt, f(xt))

(x0, f(x0))
(xt, (1 − t)f(x0) + tf(x1))

In this figure xt = (1 − t)x0 + tx1

Theorem 2.46. Let I be an open interval and f : I → R be a function that
is twice differentiable and with f ′′ ≥ 0. Then f is convex on I.
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Problem 2.40. Prove this. Hint: To simplify notation let

xt = (1− t)x0 + tx1.

By Theorem 2.45 we have that the graph of f is above its tangent line at
xt, which implies

f(xt) + f ′(xt)(x0 − xt) ≤ f(x0)

f(xt) + f ′(xt)(x1 − xt) ≤ f(x1).

Show

x0 − xt = −t(x1 − x0)

x1 − xt = (1− t)(x1 − x0).

And therefore

f(xt)− tf ′(xt)(x1 − x0) ≤ f(x0)

f(xt) + (1− t)f ′(xt)(x1 − x0) ≤ f(x1).

Now manipulate these inequalities to complete the proof. �

Proposition 2.47. Let x < y be real numbers and α, β > 0 with α+β = 1.
Then the linear combination αx + βy is between x and y. That is x <
αx+ βy < y.

Proof. Write αx + βy = x − x + αx + βy = x − (1 − α)x + βy = x − βx +
βy = x + β(y − x). But x < y so (y − x) > 0 and 0 < β < 1 and thus
0 < β(y − x) < (y − x). There

x < αx+ βy = x+ β(y − x) < x+ (y − x) = y

as required. �

Remark 2.48. If we do not make the assumption that x < y we can just
say that αx + βy is between x and y. That is, when x 6= y, we have
min{x, y} < αx+ βy < max{x, y}. �

Definition 2.49. Let x, y be real numbers. Then a convex combination ,
also called a weighted average , of x and y is a linear combination of the
form αx+ βy where α, β ≥ 0 and α+ β = 1.

Thus Proposition 2.47 tells us that the convex combination of two real
numbers x and y is between x and y. We can make a more general definition

Definition 2.50. Let x1, . . . , xn be real numbers. Then a convex com-
bination (and again this is often called a weighted average) of these
numbers is a linear combination of the form

α1x1 + · · ·+ αnxn =
n∑
k=1

αkxk

where

α1, . . . , αn > 0 and α1 + · · ·+ αn =
n∑
k=1

αk = 1.



Notes on Analysis 27 Section 2

The following is useful in the induction step of a couple of the proofs
below.

Lemma 2.51. Let α1, . . . , αn+1 > 0 with α1 + · · · + αn+1 = 1. Then for
any real numbers x1, . . . , xn+1 we have

n+1∑
k=1

αkxk = (1− αn+1)
n∑
k=1

( αk
1− αn+1

)
xk + αn+1xn+1.

and
n∑
k=1

( αk
1− αn+1

)
= 1.

Problem 2.41. Prove this. �

Remark 2.52. One way to think about the last lemma is that if x is a convex
combination of x1, . . . , xn+1, then x can be written as

x = αy + βxn+1

where α = 1−αn+1 > 0, β = αn+1 > 0 (so that α+β = 1) and y is a convex
combination of x1, . . . , xn. This is exactly the set up needed for induction
proofs. �

Proposition 2.53. Let x be a convex combination of x1, . . . , xn. Then

min{x1, . . . , xn} ≤ x ≤ max{x1, . . . , xn}.
(The reason that we have “≤” rather than “<” is to cover the case when
x1 = x2 = · · · = xn. In all other cases the inequalities are strict.)

Problem 2.42. Prove this. Hint: See Remark 2.48 (for the base case) and
Remark 2.52 (for the induction stop).

Definition 2.54. A function f defined on an interval I is convex iff for all
α, β > 0 with α+ β = 1 and all x, y ∈ I the inequality

(4) f(αx+ βy) ≤ αf(x) + βf(y)

holds. �

Definition 2.55. A function f defined on an interval I is strictly convex
iff for all α, β > 0 with α+ β = 1 and all x, y ∈ I with x 6= y the inequality

f(αx+ βy) < αf(x) + βf(y)

holds. �

Remark 2.56. Anther way to say that f is strictly convex is that equality
holds in the inequality (4) if and only if x = y. �

Problem 2.43. Show that f(x) = x and g(x) = |x| are convex on R. Hint:
For the absolute value, use the triangle inequality. �

Next is a basic result about convex functions.
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Theorem 2.57 (Jensen’s inequality). If f is convex on the interval I,
x1, . . . , xn ∈ I and α1, . . . , αn > 0 with α1 + · · ·+ αn = 1, then

f(α1x1 + · · ·+ αnxn) ≤ α1f(x1) + · · ·+ αnf(xn).

If f is strictly convex, then equality holds if and only if x1 = x2 = · · · = xn.

Problem 2.44. Prove this. Hint: See the hint to Problem 2.42. �

If would be nice to have an easily checked criterion that implies that f is
convex. You most likely recall from calculus that a function is concave up,
that is convex, if its second derivative is positive. As a first step in toward
proving this we have

Proposition 2.58. Let f be twice differentiable on the open interval I with
f ′′(x) ≥ 0 for all x ∈ I. Then for any a ∈ I

(5) f(x) ≥ f(a) + f ′(a)(x− a)

for all x ∈ I. If the stronger condition f ′′(x) > 0 holds for all x ∈ I then
equality holds in (5) if and only if x = a.

Proof. This is a straightforward application of Taylor’s theorem. From Tay-
lor’s theorem with Lagrange’s form of the remainder we have

f(x) = f(a) + f ′(a)(x− a) + f ′′(ξ)
(x− a)2

2
≥ f(a) + f ′(a)(x− a)

as f ′′(ξ)
(x− a)2

2
≥ 0 because (x− a)2 ≥ 0 and we are assuming f ′′ ≥ 0. If

f ′′ > 0 then equality can only hold if x = a. �

Recall that y = f(a) + f ′(a)(x − a) is the equation of the tangent line
to the graph of y = f(x) at the point (a, f(a)). Therefore Proposition 2.58
tells us that if f ′′ ≥ 0, then the graph of y = f(x) lies above all its tangent
lines. See Figure 1.

Theorem 2.59. Let f be twice differentiable on the open interval I and
with f ′′ ≥ 0 on I. Then f is convex on I. If f ′′(x) > 0 for all x ∈ I, then
f is strictly convex.

Problem 2.45. Prove this. Hint: Let x, y ∈ I. If x = y there is nothing to
prove (as the inequality (4) reduces to f(x) = f(x)). So assume x 6= y. Let
α, β > 0 with α+ β = 1 and set

a = αx+ βy.

Then we wish to show

(6) f(a) ≤ αf(x) + βf(y).

From Proposition 2.58 we know

f(x) ≥ f(a) + f ′(a)(x− a), f(y) ≥ f(a) + f ′(a)(y − a).
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(a, f(a))

Figure 1. If f ′′ ≥ 0, then the second order Taylor’s theorem tells us

f(x) = f(a) + f ′(a)(x− a) + f ′′(ξ)
(x− a)2

2

≥ f(a) + f ′(a)(x− a)

As y = f(a) + f ′(a)(x − a) is the equation of the tangent line to the
graph of y = f(x) at (a, f(a)) the graph of f is lies above all of its
tangent lines. If f ′′(ξ) > 0 then equality can only if x = a, that is the
graph y = f(x) is strictly about the tangent line except at the point of

tangency.

Multiply the first of these by α and the second by β and add to get an
inequality for αf(x) + βf(y) and show that this simplifies to (6). Then
show if f ′′ > 0 that this inequality is strict. �

It is now easy to check (just by computing the second derivative and
noting it is positive) the following

Proposition 2.60. The following are strictly convex on the indicted inter-
vals.

(a) f(x) = xn where n is an integer with n ≥ 2 and I = (0,∞).
(b) f(x) = ex on I = R.
(c) f(x) = − ln(x) on I = (0,∞).
(d) f(x) = x2n where n ≥ 1 is an integer on I = R. (Showing this is

strictly convex takes a bit of work.) �

We recall the Arithmetic-Geometric mean inequality . This is that
if a, b are positive real numbers, then

(7)
√
ab ≤ a+ b

2
and equality holds if and only if a = b. The proof is simple

a+ b

2
−
√
ab =

a− 2
√
a
√
b+ b

2
=

(√
a−
√
b
)2

2
≥ 0

and equality can only hold if
√
a =
√
b. That is if only if a = b. The number√

ab is the geometric mean of a and b, while a+b
2 is the arithmetic mean
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of a and b, which is where the inequality gets its name. It can be greatly
generalized.

Theorem 2.61 (Generalized Arithmetic-Geometric Mean Inequality). Let
α1, . . . , αn > 0 with α1 + · · · + αn = 1. Then for any positive real numbers
a1, . . . , an the inequality

aα1
1 aα2

2 · · · a
αn
n ≤ α1a1 + α2a2 + · · ·+ αnan

holds. Equality holds if and only if all the aj’s are equality.

Problem 2.46. Prove this. Hint: We know that the function f(x) = ex is
strictly convex on R. That is for any real numbers x1, . . . , xn we have

f(α1x1 + · · ·αnxn) ≤ α1f(x1) + · · ·+ αnf(xn)

and equality holds if and only if all the xj ’s are equal. Show this can be
rewritten as

(ex2)α1(ex2)α2 · · · (exn)αn ≤ α1e
x1 + α2e

x2 + · · ·+ αne
xn

and equality holds if and only if all the xj ’s are equal.
Now given positive numbers a1, . . . , an there are unique real numbers

x1, . . . , xn with aj = exj for all j = 1, 2, . . . , n. (You can assume these xj ’s
exist.) And you take it from here. �

Remark 2.62. In different notation the generalized Arithmetic-Geometric
inequality is

n∏
k=1

aαk
k ≤

n∑
k=1

αkax

with equality holding if and only if all the ak’s are equal. �

The can you may have seen before is

n
√
a1a2 · · · an ≤

a1 + · · ·+ an
n

coming form α1 = α2 = · · · = an = 1/n and equality holds if and only if all
the aj ’s are equal. The can of n = 2 is often useful. Then letting α = α1

and β = α2 we have
aαbβ ≤ αa+ βb

with equality holding if and only if a = b. (And as usual α, β > 0 with
α+ β = 1.)

Here is an example of the use of the generalized arithmetic geometric
mean inequality

Example 2.63. For x, y, z ≥ 0 maximize the product xyz subject to the
constraint x+ y + z = c, where c is a constant. We have

xyz =
(

(xyz)1/3
)3
≤
(
x+ y + z

3

)3

=
( c

3

)3

and equality holds if and only of x = y = z. Thus the maximum is (c/3)3

with equality if any only if x = y = z = c/3. �
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Here is a bit more challenging problem.

Problem 2.47. Show that if f : I → R is a continuous function on an
interval I, such that for all x, y ∈ I the inequality

(8) f

(
x+ y

2

)
≤ f(x) + f(y)

2

holds, then f is convex on I. �

Remark 2.64. A function that satisfies the inequality (8) is called midpoint
convex . So the problem is asking you to show that a continuous midpoint
convex function is convex. Without the assumption of continuity this is
false. That is there are midpoint convex functions that are not convex.
However they are not continuous. Examples of such functions are hard to
produce and require using some version of the Axiom of Choice. �

3. Riemann Integration

We start with some definitions.

Definition 3.1. Let [a, b] be a closed bounded interval. Then a partition
of [a, b] is a list of points a = x0 < x1 < x2 < · · · < xn = b. We denote it by
P = {x0, x1, . . . , xn}. We also use the notation

∆xj = xj − xj−1.

(See Figure 2.) �

a = x0 x1 x2 x3 x4 x5 x6 = b
Figure 2. A partition of the interval [a, b] into n = 6 pieces.
The j-th interval [xj−1, xj ] has length ∆xj = xj − xj−1.

Definition 3.2. The function ϕ is a step function on [a, b] so that there
is a partition P = {x0, x1, . . . , xn} of [a, b] and ϕ is constant on each open
interval (xj−1, xj) for j = 1, 2, . . . , n. We denote the set of all step functions
on [a, b] by S[a, b]. �

Proposition 3.3. The set S[a, b] is a vector space. That if if ϕ1, ϕ2 ∈ S[a, b]
and c1, c2 ∈ S[a, b], then c1ϕ1 + c2ϕ2 ∈ S[a, b].

Problem 3.1. Prove this. If ϕ1 is a step function with respect to the parti-
tion P1 and ϕ2 is a step function with respect to the partition P2, then show
c1ϕ1 + c2ϕ2 is a step function with respect to the partition P = P1∪P2. �
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a = x0 x1 x2 x3 x4 x5 = b

Figure 3. A step function, ϕ, for the interval [a, b] parti-
tioned into five subintervals. By definition ϕ is constant on
each of the open intervals (xj−1, xj) for j = 1, 2, 3, 4, 5. No
assumption is made about the values at the points xj .

Definition 3.4. Let ϕ ∈ S[a, b] and let P = {a = x0, x1, . . . , xn = b}
be a partition such that ϕ has the constant value cj on the open interval
(xj−1, xj). Then the integral of ϕ on the interval [a, b]∫ b

a
ϕ(x) dx =

n∑
j=1

cj(xj − xj−1).

�

Setting ∆xj = xj − xj−1 (the length of the interval (xj−1, xj)) this can
also be written as ∫ b

a
ϕ(x) dx =

n∑
j=1

cj∆x.

When a all the cj ’s are positive, this is just the area under the graph of ϕ
computed by adding up the area rectangles. In the general case (where the
cj ’s can be negative) this is the area where the area below the graph x-axis
counted as negative.

Proposition 3.5. The integral is linear on S[a, b]. That is if ϕ1, ϕ2 ∈
S[a, b], and c1, c2 ∈ R, then∫ b

a
(c1ϕ1 + c2ϕ2) dx = c1

∫ b

a
ϕ1(x) dx+ c2

∫ b

a
ϕ2(x) dx.

�

Problem 3.2. Prove this. Hint: If ϕ1 is defined by the partition P1 and
ϕ2 is defined by the partition P2 then let P = P1 ∪ P2. If P is the list
x0 < x1 < · · · < xn then both ϕ1 and ϕ2 will be constant on each of the
open intervals (xj−1, xj) for j = 1, 2, . . . , n. Thus are constants a1, a2, . . . , an
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and b1, b2, . . . , bn such that ϕ1 = aj and ϕ2 = bj on (xj−1, xj) and∫ b

a
ϕ1(x) dx =

n∑
j=1

aj∆xj

∫ b

a
ϕ2(x) dx =

n∑
j=1

bj∆xj

and the rest should be easy. �

Proposition 3.6. If ϕ ∈ step[a, b] and ϕ(x) ≥ 0 for x ∈ [a, b], then∫ b

a
ϕ(x) dx ≥ 0.

Problem 3.3. Prove this. �

Corollary 3.7. If ϕ,ψ ∈ S[a, b] and ϕ ≤ ψ on [a, b] then∫ b

a
ϕ(x) dx ≤

∫ b

a
ψ(x) dx.

Problem 3.4. Prove this. �

Definition 3.8. Let f : [a, b]→ R be a bounded function. Then define the
upper integral of f to be∫ b

a
f(x) dx = inf

{∫ b

a
ψ(x) dx : ψ ∈ S[a, b] and f(x) ≤ ψ(x) all x ∈ [a, b]

}
.

Likewise the lower integral of f is∫ b

a

f(x) dx = sup

{∫ b

a
ϕ(x) dx : ϕ ∈ S[a, b] and f(x) ≥ ϕ(x) all x ∈ [a, b]

}
.

�

Definition 3.9. The bounded function f : [a, b] → R is Riemann inte-
grable if and only if ∫ b

a

f(x) dx =

∫ b

a
f(x) dx.

In this case the integral of f is the common value of the upper and lower
integral ∫ b

a
f(x) dx =

∫ b

a

f(x) dx =

∫ b

a
f(x) dx.

We denote the set of all Riemann integrable functions on [a, b] byR[a, b]. �

Proposition 3.10. For any bounded f : [a, b]→ R we have∫ b

a

f(x) dx ≤
∫ b

a
f(x) dx
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Proof. If ϕ,ψ ∈ S[a, b] with ϕ ≤ f ≤ ψ on [a, b], then∫ b

a
ϕ(x) dx ≤

∫ b

a
ψ(x) dx

This holds for all ϕ ∈ S[a, b] with ϕ ≤ f , and so
∫ b
a ψ(x) dx is an upper

bound for the set {
∫ b
a ϕ(x) dx : ϕ ∈ S[a, b] and f(x) ≥ ϕ(x) all x ∈ [a, b]}

and therefore, by the definition of sup as the least upper bound∫ b

a

f(x) dx ≤
∫ b

a
ψ(x) dx.

Thus
∫ b
a
f(x) ds is a lower bound for ψ ∈ {

∫ b
a ψ(x) dx : ψ ∈ S[a, b] and f(x) ≤

ψ(x) all x ∈ [a, b]} and therefore∫ b

a

f(x) dx ≤
∫ b

a
f(x) dx

as required. �

The following gives a method for showing that a function is Riemann
integrable without having to compute the upper and lower integrals.

Theorem 3.11. The bounded function f : [a, b]→ R is Riemann integrable
if and only if for all ε > 0 there is are step functions ϕ,ψ ∈ S[a, b] with

ϕ ≤ f ≤ ψ

on [a, b] and ∫ b

a
(ψ(x)− ϕ(x)) dx < ε.

Proof. Let ε > 0. Then there are ϕ,ψ ∈ S[a, b] with

ϕ(x) ≤ f(x) ≤ ψ(x)

for x ∈ [a, b]. ∫ b

a
(ψ(x)− ϕ(x)) dx < ε.

Then ∫ b

a
ϕ(x) dx ≤

∫ b

a

f(x) ≤
∫ b

a
f(x) dx ≤

∫ b

a
ψ(x) dx

which implies

0 ≤
∫
f(x) dx−

∫ b

a

f(x) dx ≤
∫ b

a
(ψ(x)− ϕ(x)) dx < ε.

This holds for all ε > 0 and so
∫ b
a
fx) dx =

∫ b
af(x) dx, that is f ∈ RR[a, b].

�
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Lemma 3.12. Let f, g : [a, b]→ R be bounded functions. Then

∫ b

a
(f(x) + g(x)) dx ≤

∫ b

a
f(x) dx+

∫ b

a
g(x) dx∫ b

a

(f(x) + g(x)) dx ≥
∫ b

a

f(x) dx+

∫ b

a

g(x) dx

Problem 3.5. Prove this. Hint: It is enough to prove the first of these, as
the proof of the second is similar. Let ε > 0 and choose ϕ1, ψ2 ∈ S[a, b] with
f ≤ ψ1, g ≤ ψ2 and

∫ b

a
ψ1(x) dx ≤

∫ b

a
f(x) dx+ ε/2,

∫ b

a
ψ2(x) dx ≤

∫ b

a
g(x) dx+ ε/2,

Use this and f + g ≤ ψ1 + ψ2 to show

∫ b

a
f(x) dx+

∫ b

a
g(x) dx ≤

∫ b

a
f(x) dx+

∫ b

a
g(x) + ε.

Since this holds for all ε > 0 the result follows.

Problem 3.6. This problem shows that equality need not hold in Lemma
??. Let

f(x) =

{
1, x ∈ Q;

0, x /∈ Q.
g(x) =

{
0, x ∈ Q;

1, x /∈ Q.

Then f + q = 1. Show

∫ 1

0
f(x) dx =

∫ 1

0
g(x) dx =

∫ b

a
(f(x) + g(x)) dx = 1.

Thus
∫ b
a(f(x) + g(x)) dx = 1 < 2 =

∫ b
af(x) dx+

∫ b
ag(x) dx. �

Lemma 3.13. If f, g ∈ R[a, b] then f + g ∈ R[a, b] and

∫ b

a
(f(x) + g(x)) dx =

∫ b

a
f(x) dx+

∫ b

a
g(x) dx.
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Proof. As f, g ∈ R[a, b] we have
∫ b
af(x) dx =

∫ b
a
f(x) dx =

∫ b
a f(x) dx and∫ b

ag(x) dx =
∫ b
a
g(x) dx =

∫ b
a g(x) dx We now use Lemma 3.12∫ b

a
(f(x) + g(x)) dx ≤

∫ b

a
f(x) dx+

∫ b

a
g(x) dx

=

∫ b

a
f(x) dx+

∫ b

a
g(x) dx

=

∫ b

a

f(x) dx+

∫ b

a

g(x) dx

≤
∫ b

a

(f(x) + g(x)) dx

≤
∫ b

a
(f(x) + g(x)) dx.

So all the inequalities are equalities and we have∫ b

a
(f(x) + g(x)) dx =

∫ b

a

(f(x) + g(x)) dx =

∫ b

a
f(x) dx+

∫ b

a
g(x) dx,

as required. �

Lemma 3.14. If f ∈ R[a, b], then −f ∈ R[a, b] and∫ b

a
(−f(x)) dx = −

∫ b

a
f(x) dx

Problem 3.7. Prove this. �

Lemma 3.15. If f ∈ R[a, b] and c ∈ R then cf ∈ R[a, b] and∫ b

a
cf(x) dx = c

∫ b

a
f(x) dx.

Problem 3.8. Prove this. Hint: You may have to consider the cases c ≥ 0
and c ≤ 0 separately. �

Theorem 3.16. The set R[a, b] is a vector space and the integral is linear
on R[a, b].

Problem 3.9. Use the lemmas and propositions above to prove this. �

If f is a monotone increasing function on [a, b] and P = {x0, x1, . . . , xn}
is a partition of [a, b] define two step functions by ϕf,P(b) = f(b),

ϕf,P(x) = f(xj−1) for xj−1 ≤ x < xj

and ψf,P(b) = f(b)

ψf,P = f(xj) for x ∈ xj−1 ≤ x < xj .

See Figure 4
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Figure 4. A monotone increasing function on [a, b] and a
partition, P, with n = 3 showing the lower step function
ϕf,P (in green) and the upper step function ψf,P (in red).

Proposition 3.17. If f is monotone increasing on [a, b] then for any par-
tition, P, of [a, b], with the notation above,

ϕf,P ≤ f ≤ ψf,P
on [a, b].

Problem 3.10. Prove this. �

Definition 3.18. Given a positive integer n and a closed bounded interval
[a, b] the uniform partition of [a, b] into n sub-intervals is the partition
P = {x0, x1, . . . , xn} with

xj = a+ j

(
b− a
n

)
for j = 0, 1, . . . , n. Note in this case all the lengths, ∆xj of the sub-intervals
[xj−1, xj ] have the same value ∆x = ∆xj = (b− a)/n. �

Now let us consider the monotone increasing function f on the interval
[a, b] with the uniform partition, P, of [a, b] with n = 4. Then ∆x = ∆xj =
(b− a)/4 and ϕf,P ≤ f ≤ ψf,P . Also∫ b

a
ϕf,P(x) dx =

(
f(x0) + f(x1) + f(x2) + f(x3)

)
∆x

and ∫ b

a
ψf,P(x) dx =

(
f(x1) + f(x2) + f(x3) + f(x4)

)
∆x.
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Thus∫ b

a
(ψf,P(x)− ψf,P(x)) dx = (f(x4)− f(x0)) ∆x = (f(b)− f(a)) ∆x

There is nothing special about n = 4 in this:

Problem 3.11. Show that if f is monotone increasing on [a, b], n is a positive
integer and P = {x0, x1, . . . , xn} is the uniform partition of [a, b] into n sub-
intervals, then, with the notation above,∫ b

a
(ψf,P(x)− ϕf,P(x)) dx = (f(b)− f(a)) ∆x =

(f(b)− f(a))(b− a)

n
.
�

Theorem 3.19. If f is a monotone function on the closed bounded interval
[a, b], then f is integrable on [a, b].

Problem 3.12. Prove this. Hint: With out loss of generality assume f is
monotone increasing (if f is monotone decreasing replace f by −f). Let
ε > 0 and let n be a positive integer such that

(f(b)− f(a))(b− a)

n
< ε

and use Proposition 3.17 and the last problem. �

Theorem 3.20. Let f be a continuous function on [a, b]. Then f is inte-
grable on [a, b].

Proof. Let ε > 0. As f is continuous on the closed bounded set [a, b] it
is uniformly continuous on [a, b]. Thus there is an δ > 0 such that for
x, y ∈ [a, b].

|x− y| < δ =⇒ |f(x)− f(y)| < ε

b− a
.

Let n be a positive integer such that

b− a
n

= ∆x < δ

and let P = {x0, x1, . . . , xn} be the uniform partition of [a, b] into n sub-
intervals. Set

mj = inf{f(x) : x ∈ [xj−1, xj ]} = min{f(x) : x ∈ [xj−1, xj ]},
Mj = sup{f(x) : x ∈ [xj−1, xj ]} = max{f(x) : x ∈ [xj−1, xj ]}

where the infimum is achieved as a minimum and the supremum is achieved
as a maximum because continuous functions on closed bounded sets achieve
their maximums and minimums. Define step functions ϕ and ψ on [a, b]
ϕ(b) = ψ(b) = f(b) and

ϕ(x) = mj for xj−1 ≤ x < xj

ψ(x) = Mj for xj−1 ≤ x < xj .



Notes on Analysis 39 Section 3

Then
ϕ ≤ f ≤ ψ

and ∫ b

a
(ϕ(x)− ψ(x)) dx =

n∑
j=1

(Mj −mj)

(
b− a
n

)
.

As f is continuous on the closed bounded interval [xj−1, xj ], f achieves its
maximum and minimum on this interval. Thus there are αj , βj ∈ [xj−1, xj ]
with f(αj) = mj and f(βj) = Mj . But then |αj − βj | ≤ ∆x < δ and
therefore

Mj −mj = |f(βj)− f(αj)| <
ε

b− a
.

Thus∫ b

a
(ϕ(x)− ψ(x)) dx =

n∑
j=1

(Mj −mj)

(
b− a
n

)
<

n∑
j=1

ε

b− a

(
b− a
n

)
= ε

and the result now follows from Theorem 3.11. �

Lemma 3.21. Let α, β ∈ R, then

|max{α, 0} −max{β, 0}| ≤ |α− β|.

Problem 3.13. Prove this by splitting it into the four cases (i) α, β ≥ 0,
(ii) α ≥ 0, β < 0, (iii) α < 0, β ≥ 0, and (iv) α, β < 0. This is not to be
handed in. �

Proposition 3.22. If f ∈ R[a, b] then so is g = max{f, 0}.

Proof. Let ε > 0 Let ϕ and ψ be step functions on [a, b] such that ϕ ≤ f ≤ ψ
and

∫ b
a (ψ − ϕ) dx < ε. Then

ϕ0 = max{0, ϕ}, ψ0 = max{0, ψ}
are step functions, ϕ0 ≤ max{f, 0} ≤ ψ0 and 0 ≤ ψ0 − ϕ0 ≤ ψ − ϕ. Thus,
using Lemma 3.21, ∫ b

a
(ψ0 − ϕ0) dx ≤

∫ b

a
(ψ − ϕ) dx < ε

and so max{f, 0} is integrable by Theorem 3.11. �

This implies a good deal more because of the following elementary result.

Lemma 3.23. For real numbers a, b the following hold

min{a, 0} = −max{−a, 0},
|a| = max{a, 0}+ max{−a, 0},

max{a, b} = a+ max{0, b− a},
min{a, b} = a+ min{0, b− a}.

Proof. Left to reader (and you don’t have to turn these in). We did enough
of this type of thing last term that I believe you can do it. �
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Proposition 3.24. If f and g are integrable on [a, b] then so are |f |,
min{f, g} and max{f, g}.

Proof. This follows easily from Proposition 3.22 and Lemma 3.23. �

Lemma 3.25. If f is integrable on [a, b] then so is f2.

Problem 3.14. Prove this. Hint: As f2 = |f |2 and |f | is also integrable by
replacing f by |f | we can assume f ≥ 0. As f is integrable it is bounded,
say 0 ≤ f ≤ B on [a, b]. Also as f is integrable on [a, b] for ε > 0 there is
are step functions ϕ,ψ such that

ϕ ≤ f ≤ ψ

and ∫ b

a
(ψ − ϕ) dx <

ε

2B
.

By replacing ϕ by max{0, ϕ} and ψ by min{ψ,B} we can assume 0 ≤ ϕ and
ψ ≤ B. Then ϕ2 and ψ2 are step functions and

ϕ2 ≤ f2 ≤ ψ2

and

0 ≤ ψ2 − ϕ2 = (ψ + ϕ)(ψ − ϕ) ≤ (ψ + ψ)(ψ − ϕ) ≤ (B +B)(ψ − ϕ).

You should now be able to show∫ b

a
(ψ2 − ϕ2) dx < ε

so that Theorem 3.11 applies. �

Proposition 3.26. If f and g are integrable on [a, b] then so is the product
fg.

Problem 3.15. Prove this. Hint: Show

fg =
(f + g)2 − (f − g)2

4

and use Lemma 3.25. �

4. The Fundamental Theorem of Calculus.

Proposition 4.1. If a < b < c and f is integrable on [a, c] then the restric-
tions f

∣∣
[a,b]

and f
∣∣
[b,c]

are integrable on [a, b] and [b, c] respectively and∫ c

a
f(x) dx =

∫ b

a
f(x) dx+

∫ c

b
f(x) dx.
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Proof. We have shown in class that for any bounded function on [a, c] that∫ c

a
f(x)) dx =

∫ b

a
f(x) dx+

∫ c

b
f(x) dx,∫ c

a

f(x)) dx =

∫ b

a

f(x) dx+

∫ c

b

f(x) dx.

As f is integrable on [a, c]∫ c

a
f(x) dx =

∫ c

a
f(x) dx

=

∫ c

a

f(x) dx

=

∫ b

a

f(x) dx+

∫ c

b

f(x) dx

≤
∫ b

a
f(x) dx+

∫ c

b
f(x) dx

=

∫ c

a
f(x) dx

=

∫ c

a
f(x) dx.

Thus equality must hold at all the intermediate inequalities. Therefore∫ b

a

f(x) dx =

∫ b

a
f(x) dx and

∫ c

b

f(x) dx =

∫ c

b
f(x) dx

which implies the restrictions f
∣∣
[a,b]

and f
∣∣
[b,c]

are integrable. The rest fol-

lows from∫ b

a
f(x) dx =

∫ b

a
f(x) dx and

∫ c

b
f(x) dx =

∫ c

b
f(x) dx

and that equality holds in the displayed inequality. �

Proposition 4.2. Let f be integrable on [a, b] and let [α, β] ⊆ [a, b]. The f
is integrable on [α, β].

Problem 4.1. Prove this. Hint: [α, β] = [a, β] ∩ [α, b] and Proposition 4.1.
�

It is useful to define
∫ b
a f(x) dx even in the cases where a = b and b < a.

Definition 4.3. For any function f define∫ a

a
f(x) dx = 0.
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If b < a and f is integrable on [b, a] define∫ b

a
f(x) dx = −

∫ a

b
f(x) dx.

�

Proposition 4.4. If f is integrable on the interval [x1, x2] and a, b, c ∈
[x1, x2] then, with the definitions above,∫ c

a
f(x) dx =

∫ b

a
f(x) dx+

∫ c

b
f(x) dx.

Proof. This is just checking case by case (i.e. a ≤ b ≤ c, a ≤ c ≤ b etc.) and
is left to the reader. And please do not hand it in. �

Proposition 4.5. Let f(x) be integrable on [a, b] and let F : [a, b] → R be
defined by

F (x) =

∫ x

a
f(t) dt

then F is Lipschitz. That is there is a constant M such that for all x1, x2 ∈
[a, b],

|F (x2)− F (x1)| ≤M |x2 − x1|
and therefore F is continuous on [a, b].

Problem 4.2. Prove this. Hint: As f is integrable on [a, b], it is bounded
on [a, b], say |f(x)| ≤M on [a, b]. Without loss of generality we can assume
that x1 ≤ x2. Then

|F (x2)−F (x1)| =
∣∣∣∣∫ x2

a
f(t) dt−

∫ x1

a
f(t) dt

∣∣∣∣ =

∣∣∣∣∫ x2

x1

f(t) dt

∣∣∣∣ ≤ ∫ x2

x1

|f(t)| dt

and it should be easy from here. �

Theorem 4.6 (Fundamental Theorem of Calculus Form 1). Let f be inte-
grable on [a, b]. Define new function F : [a, b]→ R by

F (x) =

∫ x

a
f(t) dt.

If f is continuous at the point x ∈ (a, b), then the derivative of F exists at
x and

F ′(x) = f(x).

Problem 4.3. Prove this. Hint: First note

1 =
1

h

∫ x+h

x
1 dt.

Multiply by f(x) to get

f(x) =
1

h

∫ x+h

x
f(x) dt
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Also note

F (x+ h)− F (x) =

∫ x+h

a
f(t) dt−

∫ x

a
f(t) dt =

∫ x+h

x
f(t) dt.

Combining some of these formulas we get

F (x+ h)− F (x)

h
− f(x) =

1

h

∫ x+h

x
f(t) dt− 1

h

∫ x+h

x
f(x) dt

=
1

h

∫ x+h

x
(f(t)− f(x)) dt.

Let ε > 0. As f is continuous at x there is a δ > 0 such that

|t− x| < δ =⇒ |f(t)− f(x)| < ε.

Put this all together to show

|h| < δ =⇒
∣∣∣∣F (x+ h)− F (x)

h
− f(x)

∣∣∣∣ < ε

and explain why this shows F ′(x) = f(x). �

Theorem 4.7 (Fundamental Theorem of Calculus Form 2). Let f be con-
tinuous on [a, b] and let F be continuous on [a, b] and differentiable (a, b)
with F ′ = f on (a, b). Then∫ b

a
f(t) dt = F (b)− F (a) = F

∣∣∣∣b
a

.

Problem 4.4. Prove this. Hint: Let

G(x) =

∫ x

a
f(t) dt− F (x)

and show G′(x) = 0 for x ∈ (a, b). �

Corollary 4.8. If f is continuous on [a, b] and F is any anti-derivative of
f on [a, b] (that is F ′(x) = f(x) for x ∈ [a, b]), then∫ b

a
f(x) dx = F (b)− F (a).

Problem 4.5. Prove this. �

Definition 4.9. Let f be integrable on [a, b]. Then the average value of
f on [a, b] is

1

b− a

∫ b

a
f(x) dx.

�

Theorem 4.10 (The First Mean Value Theorem for Integrals). If f is
continuous on [a, b], then it achieves its average value. That is there is a
ξ ∈ (a, b) with

f(ξ) =
1

b− a

∫ b

a
f(x) dx.
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Problem 4.6. Prove this. Hint: As f is continuous on the closed bounded
set [a, b], it achieves its maximum and minimum on this interval. Let m =
min{f(x) : x ∈ [a, b]} and M = max{f(x) : x ∈ [a, b]} and let α, β ∈ [a, b]
such that f(α) = m and f(β) = M . Now

f(α) = m =
1

b− a

∫ b

a
mdx ≤ 1

b− a

∫ b

a
f(x) dx

and

f(β) = M =
1

b− a

∫ b

a
M dx ≥ 1

b− a

∫ b

a
f(x) dx

and recall the intermediate value theorem. �

We now prove a somewhat stronger version of the second form of the
Fundamental Theorem of Calculus.

Theorem 4.11. Let F be continuous on [a, b] assume that F is differentiable
on (a, b) and let

f(x) = F ′(x)

on [a, b]. Then ∫ b

a
f(x) dx = F (b)− F (a).

(This differs from Theorem 4.7 as we are only assuming that f is integrable
rather than continuous.)

Proof. Let ε > 0. As f is integrable there are step functions ϕ and ψ on
[a, b] with

(9) ϕ ≤ f ≤ ψ and

∫ b

a
f dx− ε ≤

∫ b

a
ϕdx ≤

∫ b

a
ψ dx ≤

∫ b

a
f dx+ ε.

We can assume there is a partition P = {x0, x1, . . . , xn} such that if Ij =
[xj−1, xj) then

ϕ =

n∑
j=1

mjχIj , ψ =

n∑
j=1

MjχIj .

We write F (b)− F (a) as a telescoping sum:

F (b)− F (a) = F (xn)− F (x0) =
n∑
j=1

(F (xj)− F (xj−1))

As F is differentiable on [xj−1, xj ] we can apply the mean value theorem to
get that there is a ξj ∈ (xj−1, xj) with

F (xj)− F (xj−1 = F ′(ξj)(xj − xj−1) = f(ξj)(xj − xj−1) = f(ξj)|Ij |.
Combining these equations gives

F (b)− F (a) =
n∑
j=1

(F (xj)− F (xj−1) =

n∑
j=1

f(ξj)|Ij |.
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But ϕ ≤ f ≤ ψ which implies mj ≤ f(ξj) ≤Mj and thus∫ b

a
ϕdx =

n∑
j=1

mj |Ij | ≤ F (b)−F (a) =
n∑
j=1

f(ξj)|Ij | ≤
n∑
j=1

Mj |Ij | =
∫ b

a
ψ dx.

Combining this with the inequalities (9) gives∫ b

a
f dx− ε ≤ F (b)− F (a) ≤

∫ b

a
f dx+ ε.

As ε > 0 was arbitrary this gives F (b)− F (a) =
∫ b
a f dx as required. �

Problem 4.7. To see that Theorem 4.11 really is stronger than Theorem
4.7 we need to show that there is a function F on an interval [a, b] such that
f = F ′ exists and is integrable on (a, b) but with f not continuous on (a, b).
Let

F (x) =

{
x2 cos(1/x), x 6= 0;

0, x = 0

Show that F is differentiable at all points of R, and f = F ′ is bounded on
[−1, 1], but f is not continuous at x = 0. As f is continuous at all points
other than 0 it is integrable on [−1, 1]. �

We can now give the familiar integration by parts formula.

Theorem 4.12 (Integration by Parts). Let u and v continuous on [a, b],
differentiable on (a, b), with u′ and v′ integrable on [a, b]. Then∫ b

a
u(x)v′(x) dx = u(x)v(x)

∣∣∣∣b
x=a

−
∫ b

a
u′(x)v(x) dx.

Problem 4.8. Prove this. Hint: This follows from the product rule and the
Fundamental Theorem of Calculus in the form∫ b

a
(u(x)v(x))′ dx = u(x)v(x)

∣∣∣∣b
x=a

.

You do have to worry a bit about if the integrals involved exist. Theo-
rem 3.26 should help here. �

We now use integration by parts to give another form of the remainder
in Taylor’s Theorem.

Lemma 4.13. Let f be k+ 1 times differentable on an open interval (α, β)

and assume that f (k+1) is integrable. Then for a, x ∈ (α, β) we have∫ x

a

(x− t)k−1

(k − 1)!
f (k)(t) dt =

f (k)(a)

k!
(x− a)k +

∫ x

a

(x− t)k

k!
f (k+1)(t) dt.

Problem 4.9. Prove this. Hint: Use integration by parts with v′(t) =
(x−t)k−1

(k−1)! and u = f (k)(t). �
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Theorem 4.14 (Taylor’s Theorem with Integral form of the Remainder).

Let f be n+ 1 times differentable on (α, β) and assume that f (n+1) is inte-
grable. Then for a, x ∈ (α, β)

f(x) = f(a) + f ′(a)(x− a) +
f ′′(a)

2!
(x− a)2 + · · ·+ f (n)(a)

n!
(x− a)n +Rn(x)

where the remainder term Rn(x) is given by

Rn(x) =

∫ x

a

(x− t)n

n!
f (n+1)(t) dt.

Problem 4.10. Prove this. Hint: Note that Lemma 4.13 can be rewritten
as

Rk−1(x) =
f (k)(a)

k!
(x− a)k +Rk(x)

and by the Fundamental Theorem of Calculus and integration by parts

f(x)− f(a) =

∫ x

a
f ′(t) dt

= −
∫ x

a
(−1)f ′(t) dt

= −
∫ x

a

(
d

dt
(x− t)

)
f ′(t) dt

= − d

dt
(x− t)f ′(t)

∣∣∣∣x
t=a

+

∫ x

a
(x− t)f ′′(t) dt

= f(a)(x− a) +R1(x).

Now use induction. �

Theorem 4.15 (Change of Variable Formula). Let the map x = u(t) map
the interval [c, d] into the interval [a, b] and assume that u′(t) is integrable
on [c, d]. Then for any continuous function f on [a, b]∫ u(d)

u(c)
f(x) dx =

∫ d

c
f(u(t))u′(t) dt.

Problem 4.11. Prove this. Hint: Do this in steps

(a) Explain why both the integrals exist.
(b) Define F on [a, b] by

F (x) =

∫ x

a
f(y) dy

and explain why

F ′(x) = f(x) and

∫ u(d)

u(c)
f(x) dx = F (u(d))− F (u(c)).
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(c) On [c, d] define
G(t) = F (u(t)).

By the chain rule

G′(t) = F ′(u(t))u′(t) = f(u(t))u′(t)

and so by Theorem 4.11∫ d

c
f(u(t))u′(t) dt =

∫ d

c
G′(t) dt = G(d)−G(c).

(d) Put the pieces above together to finish the proof. �

5. Definition of the logarithm and exponential functions.

Define a function L : (0,∞)→ R by

L(x) =

∫ x

1

dx

x
.

We know this should be the natural logarithm, but we now verify directly
from its definition that it has the correct properties.

Proposition 5.1. The derivative of L is

L′(x) =
1

x

and thus L is strictly increasing. Therefore L is one-to-one (that is injec-
tive).

Proof. By the Fundamental Theorem of Calculus

L′(x) =
1

x
> 0

as x > 0 which implies L is strictly increasing. �

Proposition 5.2. Let a, b > 0 then∫ b

a

dx

x
= L(b/a).

Problem 5.1. Prove this. Hint: In the integral
∫ b
a
dx
x do the change of

variable x = at to get ∫ b

a

dx

x
=

∫ b/a

1

dt

t
.

�

Proposition 5.3. If a, b > 0 then

L(ab) = L(a) + L(b).

Problem 5.2. Prove this. Hint:

L(ab) =

∫ ab

1

dx

x
=

∫ a

1

dx

x
+

∫ ab

a

dx

x

and use Proposition 5.2. �
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The last Proposition and induction yield:

Corollary 5.4. If a > 0 and n is a positive integer

L(an) = nL(a).
�

Proposition 5.5. The function L : (0,∞)→ R is a bijection.

Problem 5.3. Prove this. Hint: Recall the saying that L is a bijection is
just saying that it is one-to-one and onto. We have already seen that L is
injective. To see that it is surjective (that is onto) note that L(2) > 0 and
L(1/2) < 0. Also for a positive integer n

L(2n) = nL(2) and L(1/2n) = nL(1/2).

If y0 is any real number we can find (by Archimedes’ principle) a positive
integer n such that

nL(1/2) < y0 < nL(2).

Also we know that L is continuous (why?). Now you should be able to show
that there is a x0 ∈ (0,∞) with L(x0) = y0. �

Because the function L : (0,∞)→ R is bijective, it has an inverse E : R→
(0,∞). As L is strictly increasing, continuous, and differentiable with
L′(x) 6= 0 for all x theorems from earlier this term imply that E is strictly
increasing, continuous, and differentiable.

Proposition 5.6. The function E satisfies E(0) = 1 and

E′(x) = E(x).

Problem 5.4. Prove this. Hint: L(1) = 0. And as L and E are inverses of
each other L(E(x)) = x for all x ∈ R. Therefore d

dxL(E(x)) = 1. Use the
chain rule and that we know the derivative of L. �

Proposition 5.7. For all real numbers x

E(−x) =
1

E(x)
.

Problem 5.5. Prove this. Hint: There are several ways to do this. One is
to take the derivative of E(x)E(−x) and show it is zero. Anther is to note
that L(a) + L(1/a) = L(1) = 0 �

Proposition 5.8. For all real numbers a, b

E(a+ b) = E(a)E(b).

Problem 5.6. Prove this. Hint: One way is to deduce this from the property
L(αβ) = L(α) + L(β) of L. Anther is to show that the derivative of the
function

f(x) = E(x+ a)E(−x)

is zero and therefore f is constant. �
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Proposition 5.9. If n is any integer, positive or negative, and t is any real
number

E(nt) = E(t)n

If m is a positive integer then

E

(
1

m
t

)m
= E(t)

and thus E( 1
m t) is the positive m-th root of E(t).

Problem 5.7. Prove this. �

In light of Proposition 5.9 If r is a rational number, say r = n/m with
m,n integers and m > 0, then for a positive number a we can define

ar = an/m = (an)1/m

where (an)1/m is the positive m-th root of an. We would also like to define
ar when r is irrational. Note that when r = m/n and a = E(t), then
Proposition 5.9 shows us that

(10) ar = E(t)n/m = (E(t)n)1/m = E(nt)1/m = E

(
1

m
nt

)
= E(rt).

But E(rt) makes sense for all real numbers r. We now formalize all this.

Definition 5.10. We now officially define logarithm of a positive number
x to be

ln(x) = L(x) =

∫ x

1

dt

t
,

the number e to be
e = E(1)

and for any real number x we define the power ex by

ex = E(x).
�

Definition 5.11. Let a > 0. Then for any real number r define

ar = er ln(a).

(Note if a = E(t) = et then ln(a) = t and this becomes ar = er ln(a) = ert =
E(rt) which agrees with our preliminary definition (10).) �

Proposition 5.12. If a > 0 and r = n/m is a rational number with m > 0,
then

ar = (an)1/m

so that our definition agrees with what it should be on the rational numbers.
In particular a1/2 is the square root of a, a1/3 is the cube root of a etc.

Problem 5.8. Prove this. �

Proposition 5.13. With these definition the following hold
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(a) If a > 0 then for all r, s ∈ R

aras = ar+s,
ar

as
= ar−s.

and,

(ar)s = ars.

(b) If r ∈ R and a, b > 0 then

arbr = (ab)r.

(c) If r, s ∈ R and a > 0, then

(ar)s = ars.

Problem 5.9. Prove this. �

Proposition 5.14. Let r be a real number and on define f : (0,∞)→ (0,∞)
by

f(x) = xr.

Then f is differentiable and

f ′(x) = rxr−1.

Problem 5.10. Prove this. Hint: We know that E(x) = ex is differentiable
with derivative E′(x) = E(x) and that ln(x) is differentiable with d

dx ln(x) =

1/x. Thus f(x) = er ln(x) = E(r ln(x)) is a composition of differentiable
functions. Use the chain rule to derive the formula for f ′(x). �

Proposition 5.15. Let a be a positive real number and define g : R→ (0,∞)
by

g(x) = ax.

Then g is differentiable and

g′(x) = ln(a)ax.

Problem 5.11. Prove this. �

There is is anther way define ex based on the following

Proposition 5.16. For any x ∈ R

lim
n→∞

(
1 +

x

n

)n
= ex.

Problem 5.12. Here is one method of proving this.

(a) Use Taylor’s theorem with the Lagrange form of the remainder to
show that for |y| ≤ 1/2 that

ln(1 + y) = y +R(y)

where

|R(y)| ≤ 2y2.
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(b) Let x ∈ R and note that if |x/n| ≤ 1/2, we have

ln (1 + x/n) =
x

n
+R(x/n)

and

|R(x/n)| ≤ 2x2

n2

(c) Use (b) to show

lim
n→∞

n ln(1 + x/n) = x.

(d) Now use that (
1 +

x

n

)n
= en ln(1+x/n)

to show that

lim
n→∞

(
1 +

x

n

)n
= ex

holds. �

There are books that instead of defining the ln(x) as
∫ x

1 dt/t, and then
defining ex as the inverse of ln(x), first define ex as

ex =
(

1 +
x

n

)n
,

show that this behaves like ex should and then define ln(x) as the inverse of

ex and finally ar = er ln(a). This takes more work than what we have done,
but has the advantage that it is possible to define ex, ln(x), and ax before
defining the derivative and integral.

6. Series

The material here corresponds to parts of Chapter VII Rosenlicht.

6.1. Basic definitions and results about series. We now wish to make
sense out of infinite sums

∞∑
k=1

= a1 + a2 + a3 + · · ·

Definition 6.1. Let 〈ak〉∞k=n0
be a sequence of real numbers. The corre-

sponding infinite series is (or just series) is the sum
∞∑

k=k0

ak = ak0 + ak0+1 + ak0+2 + · · · .

The n-th partial sum of the series is

An = an0 + an0+1 + an0+2 + · · ·+ an−1 + an =
n∑

k=n0

ak.

We say the series converges and has sum A if and only if

lim
n→∞

An = A.
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If
∑∞

k=1 ak does not converge, it diverges. �

To make notation easier, when proving results about series we will usually
let n0 = 0 or n0 = 1.

Here is a result that follows at once from the facts about limits of se-
quences.

Theorem 6.2. If
∑∞

n=1 ak and
∑∞

k=1 bk both converge, then for any con-
stants c1 and c2 the series

∑∞
k=1 (c1ak + c2bk) also converges and

∞∑
k=1

(c1ak + c2bk) = c1

∞∑
n=1

ak + c2

∞∑
n=1

bk

Proof. Let

An = (a1 + · · · an)

Bn = (b1 + · · · bn)

Cn =
(
(c1a1 + c2b1) + · · ·+ (c1an + c2an)

)
be the partial sums of the series. We are given that

lim
n→∞

An = A, lim
n→∞

Bn = B

exist and want to show limn→∞Cn = c1A+ c2B. Note

Cn =
(
(c1a1 + c2b1) + · · ·+ (c1an + c2an)

)
= c1(a1 + · · · an) + c2(b1 + · · · bn)

= c1An + c2Bn

and therefore

lim
n→∞

Cn = lim
n→∞

(c1An + c2Bn) = c1A+ c2B

as required. �

Before going on we note that for any series
∑∞

k=1 ak with partial sums
An =

∑n
k=1 ak we have the elementary relation

An = An−1 + an,

or equivalently
an = An −An−1.

This will come up several times in what follows starting with the following:

Theorem 6.3. If the series
∑n

k=1 ak converges, then

lim
n→∞

an = 0.

Proof. If An =
∑n

k=1 ak then limn→∞An = A exists as the series converges.
But then also limn→∞An−1 = A and so

lim
n→∞

an = lim
n→∞

(An −An−1) = A−A = 0.

�
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Remark 6.4. Often the previous theorem is used in its contrapositive form:
If limk→∞ ak 6= 0, then

∑∞
k=1 ak diverges. From this it is not hard to give

lots of examples of series that do not converge. For example none of the
following converge

∞∑
k=1

(−1)k,
∞∑
k=1

sin(k),
∞∑
n=1

n2 − 2

2n2 + 5
.

�

Proposition 6.5. The series
∑∞

k=1 ak converges if and only if for all ε > 0
there is a N such that

N ≤ m < n =⇒ |am+1 + am+2 · · ·+ an| < ε.

Problem 6.1. Prove this. Hint: What is the Cauchy condition for the
sequence 〈An〉∞n=1 of partial sums? �

Proposition 6.6. Let
∑∞

k=1 ak and
∑∞

k=1 bk be two series such that ak = bk
except for a finite number of values k. Then either they both converge or
both diverge. (An informal way so state this is that changing a finite number
of terms of a series does not effect whether it converges or diverges.)

Proof. By the hypothesis there is an n0 such that such that

ak = bk for all k ≥ n0.

If n ≥ n0 then

Bn = Bn0 +

n∑
k=n0+1

bk

= Bn0 +

n∑
k=n0+1

ak (as ak = bk when k ≥ n0)

= Bn0 −An0 +An0 +

n∑
k=n0+1

ak

= (Bn0 −An0) +An.

Letting c = Bn0 − An0 , which is a constant, we have that Bn = An + c for
n ≥ n0. Thus the sequences 〈An〉∞n=1 and 〈Bn〉∞n=1 either both converge or
both diverge. �

Lemma 6.7. If r 6= 1 then

a+ ar + ar2 + · · · arn =
n∑
k=0

ark =
a− arn+1

1− r
.

Proof. Let Sn = a+ ar + ar2 + · · · arn. Then

(1− r)Sn = a+ ar + ar2 + · · ·+ arn − r(a+ ar + ar2 + · · ·+ arn)

= a+ ar + ar2 + · · · arn − ar − ar2 − · · · − arn − arn+1

= a− arn+1.



Notes on Analysis 54 Section 6

As r 6= 1 we can divide by (1− r) to get the desired result. �

Lemma 6.8. If |r| < 1 then

lim
n→∞

|r|n = 0.

Proof. One way to do this is to note that 〈|r|n〉∞n=1 is a monotone decreasing
sequence that is bounded below (as all the terms are positive). Therefore the
sequence has a limit, say L = limn→∞ |r|n. But then L is also the limit of
〈|r|n+1〉 and so L = limn→∞ |r|n+1 = limn→∞ |r||r|n = |r|L. Thus L = |r|L
and as |r| 6= 1 this implies L = 0.

Here is anther proof using what we have recently covered. Let ε > 0 and
set N = ln(ε)/ ln(|r|). If n > N it is not hard to check

∣∣|r|n − 0
∣∣ = |r|n < ε,

which shows limn→∞ |r|n = 0. �

One of the most basic examples of convergent series is a geometric series
with ratio less than one. Many results about series involve comparison to
such a series.

Theorem 6.9 (Infinite Geometric Series). Let a, r be real numbers with
a 6= 0. Then the series

a+ ar + ar2 + · · · =
∞∑
k=0

ark

converges if and only if |r| < 1 in which case its sum is
∞∑
k=0

ark =
a

1− r
.

Proof. If |r| ≥ 1 then the n-th term arn satisfies |arn| ≥ |a| > 0 and so
limn→∞ ar

n 6= 0 and thus the series diverges.
Now assume |r| < 1. We have seem in Lemma 6.7 that the nth partial

sum is

Sn =
a− arn+1

1− r
.

Now by the last lemma,

lim
n→∞

Sn = lim
n→∞

a− arn+1

1− r
=
a− a · 0

1− r
=

a

1− r
as required. �

6.2. Series with positive terms.

Theorem 6.10. Let
∑∞

k=1 ak be a series with ak ≥ 0 for all k. Then∑∞
k=1 ak converges if and only if the sequence, 〈An〉∞n=1 (with An = a1 +

· · · an) of partial sums is bounded.

Proof. If
∑∞

k=1 ak converges, then limn→∞An = A exists by definition. But
a convergent sequence is bounded. If 〈An〉∞n=1 is bounded, then An+1 =
An + an+1 ≥ An so the series is monotone increasing. A bounded monotone
sequence is convergent. �
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Remark 6.11. When talking about series,
∑∞

k=1 ak, of non-negative terms
we will use the following suggestive notation.

∞∑
k=1

ak <∞ ⇐⇒ The series converges

∞∑
k=1

ak =∞ ⇐⇒ The series series diverges.

This notation is not appropriate when talking about series with terms of
mixed signs. For example the series

∑∞
k=1(−1)k+1 has bounded partial

sums, but is not convergent. �

6.3. Tests for the convergence of series with monotone terms. In
general it is easier to understand the convergence of series with monotone
decreasing terms. As a first example.

Theorem 6.12 (Cauchy Condensation Test). If 〈ak〉∞k=1 is a sequence of
non-negative numbers that are monotone decreasing, then

∞∑
k=1

ak <∞

if and only if
∞∑
k=0

2ka2k <∞.

Proof. Let the partial sums of the two series be

An =
n∑
k=1

ak, Bn =
n∑
k=0

2ka2k .

We will show

A2n+1−1 ≤ Bn(11)

Bn ≤ 2A2n .(12)

If these hold the result is easy. If
∑∞

k=0 2ka2k < ∞ then for any positive
integer m choose n such that m ≤ 2n+1 − 1. By (11),

Am ≤ A2n+1−1 ≤ Bn ≤
∞∑
k=0

2ka2k <∞

and therefore the partial sums of
∑∞

k=1 ak are bounded above and thus∑∞
k=0 ak <∞.
Conversely if

∑∞
k=1 ak <∞ then for any positive integer n we use (12) to

get

Bn ≤ 2A2n ≤ 2

∞∑
k=1

ak <∞
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which shows the partial sums of
∑∞

k=0 2ka2k are bounded above and thus∑∞
k=0 2ka2k converges.
We now prove (11). Using that the terms are monotone decreasing,

A2n+1−1 = a1 + (a2 + a3)︸ ︷︷ ︸
21 terms

+ (a4 + · · ·+ a7)︸ ︷︷ ︸
22 terms

+ · · ·+ (a2n + · · ·+ a2n+1−1)︸ ︷︷ ︸
2n terms

≤ a1 + (a2 + a2)︸ ︷︷ ︸
21 terms

+ (a4 + · · ·+ a4)︸ ︷︷ ︸
22 terms

+ · · ·+ (a2n + · · ·+ a2n)︸ ︷︷ ︸
2n terms

= a1 + 22a22 + 23a23 + · · ·+ 2na2n

= Bn.

The proof (12) is similar

A2n = a1 + a2 + (a3 + a4)︸ ︷︷ ︸
21 terms

+ (a5 + · · · a8)︸ ︷︷ ︸
22 terms

+ · · ·+ (a2n−1+1 + · · ·+ a2n)︸ ︷︷ ︸
2n−1 terms

≥ a1 + a2 + (a4 + a4)︸ ︷︷ ︸
21 terms

+ (a8 + · · · a8)︸ ︷︷ ︸
22 terms

+ · · ·+ (a2n + · · ·+ a2n)︸ ︷︷ ︸
2n−1 terms

= a1 + a2 + 21a22 + 22a23 + · · ·+ 2n−1a2n

= 2−1a1 + 2−1a1 + a2 + 21a22 + 22a23 + · · ·+ 2n−1a2n

= 2−1a1 + 2−1
(
20a1 + 21a2 + 22a22 + 23a23 + · · ·+ 2na2n

)
= 2−1a1 + 2−1Bn

≥ 1

2
Bn.

Multiplication by 2 completes the proof. �

Theorem 6.13. For any real number p > 0 the series

∞∑
k=1

1

kp

converges if and only if p > 1.

Proof. We use the Cauchy-Condensation Test, which applies as the terms of
the series are decreasing. The given series converges if and only if

∞∑
k=1

2k
1

(2k)p
=
∞∑
k=1

(
2

2p

)k
converges. This is a geometric series with ratio

r =
2

2p
.

Therefore the series converges if and only if r = 2/2p < 1, that is if and only
if p > 1. �
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Anther method of dealing with series with monotone terms is by compar-
ison with an integral. Let us start with an example. Let f(x) be monotone
decreasing on the interval [0, 6] and let

ak = f(k) for 1 ≤ k ≤ 6

and

An = a1 + · · ·+ an = f(1) + · · ·+ f(n).

Then, see Figure 5, we can compare the integral
∫ 6

1 f(x) dx with some of the
Riemann sums for the partition P = {1, 2, 3, 4, 5, 6} to get∫ 6

1
f(x) dx ≤ A5 ≤ A6 ≤ f(1) +

∫ 6

1
f(x) dx.

1 2 3 4 5 6

Graph of y = f(x) on [1, 6].

Figure 5. The area under the tall (with red tops) rectangles
is A5 = f(1) + f(2) + f(3) + f(4) + f(5). The area under
the short (with green tops) rectangles is A6 − f(1) = f(2) +
f(3) + f(4) + f(5) + f(6). The area of the integral is clearly
in between these two areas and therefore

A6 − f(1) ≤
∫ 6

1
f(x) dx ≤ A5.

This can be rearranged to give∫ 6

1
f(x) dx ≤ A5 ≤ A6 ≤ f(1) +

∫ 6

1
f(x) dx = a1 +

∫ 6

1
f(x) dx

which is a bit more aesthetic.

We could, and since this is a mathematics class, should be a bit more
formal. Note that on any interval [k, k+1] we have, because f is decreasing,
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that

f(k) ≥ f(x) ≥ f(k + 1).

Then integration over [k, k + 1] and using that
∫ k+1
k f(k) dx = f(k) and∫ k+1

k f(k + 1) dx = f(k + 1)

f(k) ≥
∫ k+1

k
f(x) dx ≥ f(k + 1).

This can be summed it two ways to get∫ 6

1
f(x) dx =

5∑
k=1

∫ k+1

k
f(x) dx ≤

5∑
k=1

f(k) = A5

and

A6 − a1 =

6∑
k=2

f(k) ≤
5∑

k=1

∫ k+1

k
f(x) dx =

∫ 6

1
f(x) dx.

Of course there is nothing special about n = 6 in this argument.

Proposition 6.14. Let f : [1,∞) → [0,∞) be a monotone decreasing non-
negative function. Let ak = f(k) and let

An =
n∑
k=1

ak

be the n-th partial sum of the series
∑∞

k=1 ak. Then∫ n

1
f(x) dx ≤ An ≤ f(1) +

∫ n

1
f(x) dx.

Problem 6.2. Use a variation of the argument given for n = 6 to prove
this. �

Theorem 6.15 (The Integral Test). Let f : [1,∞)→ [0,∞) be a monotone
decreasing non-negative function. Let ak = f(k) and let

An =
n∑
k=1

ak

be the n-th partial sum of the series
∑∞

k=1 ak. Then

∞∑
k=1

ak <∞ ⇐⇒ lim
n→∞

∫ n

1
f(x) dx exists and is finite.

(Note that
〈∫ n

1 f(x) dx
〉∞
n=1

is a monotone increasing sequence, thus the limit
exists, but might be +∞.)

Problem 6.3. Prove this. �

Problem 6.4. Use the Integral Test to give anther proof of Theorem 6.13.
�
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Problem 6.5. Use the Integral Test to show

∞∑
k=2

1

n(ln(n))p

converges if and only if p > 1. �

6.4. Comparison tests.

Proposition 6.16. Let Let
∑∞

k=1 ak and
∑∞

k=1 bk be two series of non-
negative terms. Assume there is a constant C > 0 such that

ak ≤ Cbk
for all k. Then

(a) If
∞∑
k=1

bk converges, so does
∞∑
k=1

ak.

(b) If
∞∑
k=1

ak diverges, so does
∞∑
k=1

bk.

Problem 6.6. Prove this. Hint: Consider partial sums. �

Theorem 6.17 (Limit Comparison Test). Let
∑∞

k=1 ak and
∑∞

k=1 bk be two
series of positive terms. Assume that

L = lim
k→∞

ak
bk

exists. Then

(a)
∞∑
k=1

bk <∞ implies
∞∑
k=1

ak <∞

(b) If L 6= 0 and
∞∑
k=1

ak =∞, then
∞∑
k=1

bk =∞.

Often the following special case is enough.

Corollary 6.18. Let
∑∞

k=1 ak and
∑∞

k=1 bk be two series of positive terms.
Assume that

L = lim
k→∞

ak
bk

exists and L 6= 0. Then

∞∑
k=1

ak converges if and only if

∞∑
k=1

bk converges. �

Problem 6.7. Prove Theorem 6.17. Hint: Recall that a convergent sequence
is bounded. Thus 〈ak/bk〉∞k=1 is bounded and therefore there is a constant
C such that ak/bk ≤ C. Thus Proposition 6.16 applies. �

Here some applications of these results.
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Example 6.19. Does the series
∑∞

k=1
k3+2k2+7

3k5+2
converge? Let this series be∑∞

k=1 ak and let
∑∞

k=1 bn be the p-series
∑∞

k=1
1
k2

. Then it is not hard to
check that

lim
k→∞

ak
bk

=
1

3
.

Therefore, by Corollary 6.18,
∑∞

k=1 ak converges if and only if
∑∞

k=1 bk con-
verges. But

∑∞
k=1 bk is a p series with p = 2 > 1 and so both series con-

verge. �

Example 6.20. Does the series
∑∞

k=1 =
∑∞

k=1

(
3
√
n+ 5− 3

√
n− 2

)
converge?

Let f(x) = 3
√
x = x1/3. Then for n > 2 by the mean value theorem there is

a ξn between −2 and 5 such that

an = f(n+ 5)− f(n− 2) = f ′(n+ ξn)((n+ 5)− (n− 2)) =
1

3
(n+ ξn)−2/37.

Therefore if
∑∞

k=1 bk is the divergent p-series
∑∞

k=1 1/n2/3 we have

lim
k→∞

ak
bk

=
7

3
.

So
∑∞

k=1 ak diverges by limit comparison to
∑∞

k=1 bk.

Problem 6.8. For practice in these ideas do Problems 10 and 11 on Page
161 of the text. Hint: For Problem 11 it might help to notice that

1

n
− 1

n+ x
=

x

n(n+ x)
and lim

n→∞

1/n2

1/(n(n+ x))
= 1.

�

6.5. The root and ratio tests. These are basically just limit comparisons
with a geometric series. To get started here is a version of the comparison
were we only worry about the comparison for large values.

Lemma 6.21. Let
∑∞

k=1 ak and
∑∞

k=1 bk be series of positive terms. As-
sume there is an N such that

ak ≤ bk for all k > N

and that
∑∞

k=1 bk <∞. Then
∑∞

k=1 ak <∞.

Proof. Let An and Bn be the partial sums of these series. Let

C1 = max{An : 1 ≤ n ≤ N}.
If n > N then

An = (a1 + · · · aN ) + (aN+1 + · · ·+ an)

≤ (a1 + · · · aN ) + (bN+1 + · · ·+ bn)

= (a1 + · · · aN )− (b1 + · · ·+ bN ) + (b1 + · · ·+ bN + bN+1 + · · ·+ bn)

= AN −BN +Bn

≤ AN −BN +
∞∑
k=1

bk <∞.
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Therefore if

C = max

{
C1, AN −BN +

∞∑
k=1

bk

}
we have

An ≤ C
for all n. Thus the partial sums of

∑∞
k=1 ak are bounded which implies that

it is convergent. �

The following is a dressed up version of doing a comparison with a geo-
metric series.

Theorem 6.22 (Root Test). Let
∑∞

k=1 ak be a series of positive terms and
assume the limit

ρ := lim
k→∞

(ak)
1/k.

exists.

(a) If ρ < 1 then the series converges.
(b) If ρ > 1 then the series diverges.

Problem 6.9. Prove this. Hint: For (a) let r be any number such that

ρ < r < 1. Then ρ = limk→∞(ak)
1/k < r implies there is a N such that

k > N =⇒ (ak)
1/k < r.

Then

ak < rk for all k > N.

Now consider Lemma 6.21 and Theorem 6.9.
For (b) show that if ρ > 1 then limk→∞ ak 6= 0. �

Here is anther dressed up version of comparison with a geometric series.

Theorem 6.23 (Ratio Test). Let
∑∞

k=1 ak be a series of positive terms
assume the limit

ρ := lim
k→∞

ak+1

ak
exists.

(a) If ρ < 1, then the series converges.
(b) If ρ > 1, then the series diverges.

Problem 6.10. Prove this. Hint: For (a) let r be a number such that
ρ < r < 1. Then, by the definition of lim, there is a N such that

k > N =⇒ ak+1

ak
< r.

Thus for k > N we have

ak = aN+1
aN+2

aN+1

aN+3

aN+2
· · · ak−1

ak−2

ak
ak−1

= (aN+1)

k−1∏
j=N+1

aj+1

aj
< aN+1r

k−N−1.
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The series
∞∑
k=1

(aN+1)rk−N−1 =

∞∑
k=1

(
aN+1r

−N−1
)
rk =

∞∑
k=1

Crk

(where C =
(
aN+1r

−N−1
)

) is a convergent geometric series. You should
now be able to do a comparison by use of Lemma 6.21.

For (b) show ρ > 1 implies limk→∞ ak 6= 0. �

The following shows that if the ratio test works, then the root test will
also work.

Proposition 6.24. Let 〈an〉∞n=1 be a sequence of positive real numbers such
that

lim
n→∞

an + 1

an
= r

exists. Then also
lim
n→∞

a1/n
n = r.

Problem 6.11. Prove this by filling in the details of the following outline
of a proof. Let ε > 0. We start by using the same idea as the proof of 6.23.
We choose an N such that

n ≥ N implies

∣∣∣∣an+1

an
− r
∣∣∣∣ < ε

2
,

which implies

r − ε

2
<
an+1

an
< r +

ε

2
.

Show for n > N

an = aN

(
aN+1

aN

)(
aN+2

aN+1

)(
aN+3

aN+2

)
· · ·
(
an−1

an−2

)(
an
an−1

)
and therefore

aN

(
r − ε

2

)n−N
< an < aN

(
r +

ε

2

)n−N
Taking n-th roots

a
1/n
N

(
r − ε

2

)1−N/n
< a1/n < a

1/n
N

(
r +

ε

2

)1−N/n
.

But

lim
n→∞

a
1/n
N

(
r − ε

2

)1−N/n
= a0

N

(
r − ε

2

)1−0
=
(
r − ε

2

)
.

This implies there is N1 > N such that

n ≥ N1 implies

∣∣∣∣a1/n
N

(
r − ε

2

)1−N/n
−
(
r − ε

2

)∣∣∣∣
which in turn implies

r − ε < a
1/n
N

(
r − ε

2

)1−N/n
.
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Do a similar argument to show there is a N2 > N such that

n ≥ N2 implies a
1/n
N

(
r +

ε

2

)1−N/n
< r + ε.

Set N3 = max{N1, N2} and put the inequalities above together to get

n ≥ N3 implies
∣∣∣a1/n
n − r

∣∣∣ < ε

which finishes the proof. �

Problem 6.12. Here are a couple of applications of Proposition 6.24.

(a) For n a positive integer let

an =
n!

nn
.

Show

lim
n→∞

an+1

an
=

1

e
.

Use this and Proposition 6.24 to show

lim
n→∞

(n!)1/n

n
=

1

e
.

(b) Let

bn =

(
2n

n

)
=

(2n)!

n!n!
.

Show

lim
n→∞

bn+1

bn
= 4

and use this to show

lim
n→∞

(
2n

n

)1/n

= 4.
�

6.6. Absolutely and conditionally convergent series.

Definition 6.25. The series
∑∞

k=1 ak is absolutely convergent iff the
series of absolute values

∑∞
k=1 |ak| is convergent. �

Theorem 6.26. If
∑∞

k=1 ak is absolutely convergent, then it is convergent
and ∣∣∣∣∣

∞∑
k=1

ak

∣∣∣∣∣ ≤
∞∑
k=1

|ak|.

Problem 6.13. Prove this. Hint: Proposition 6.5 and the triangle inequality
applied to partial sums. �

This, together with Proposition 6.16 implies

Proposition 6.27. Let
∑∞

k=1 ak and
∑∞

k=1 bk be series with |ak| ≤ Cbk
for some positive constant C. Assume

∑∞
k=1 bk converges. Then

∑∞
k=1 ak

converges absolutely. �
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Example 6.28. The last proposition implies all the following
∞∑
k=1

cos(k)

k2
,

∞∑
k=1

(−1)k

n2n
,

∞∑
k=1

3 + (−1)k

(k + 1) ln2(k + 1)
.

converge absolutely. �

Definition 6.29. The series
∑∞

k=1 ak is conditional convergent iff
∑∞

k=1 ak
converges, but

∑∞
k=1 |ak| =∞. �

The following gives one of the main methods of producing conditional
convergent series.

Theorem 6.30. Let 〈ak〉∞k=1 be a sequence of real numbers with

(a) ak ≥ ak+1 (that is it is monotone decreasing),
(b) limk→∞ ak = 0.

Then
∞∑
k=1

(−1)k+1ak = a1 − a2 + a3 − a4 + · · ·

converges. If A =
∑∞

k=1(−1)k+1ak is the sum and An =
∑n

k=1 ak is the n-th
partial sum then

|A−An| ≤ an+1.

That is the error at stopping at the n-th term is at most the (n+ 1)-st term.

Problem 6.14. Prove this. Hint: Note

A3 = A1 − a2 + a3 = A1 − (a2 − a3) ≤ A1

as a2 ≥ a3. Likewise

A5 = A3 − a4 + a5 = A3 − (a4 − a5) ≤ A3

as a4 ≥ a5. In general

A2m+3 = A2m+1 − (a2m − a2m+1) ≤ A2m+1

Give an analogous argument to show

A2m+2 = A2m + (a2m+1 − a2m+2) ≥ A2m.

Now use this to show that if ` ≥ n then for n odd

An+1 ≤ A` ≤ An
and for n even

An ≤ A` ≤ An+1.

Therefore if ` ≥ n the partial sum A` is between An and An+1. Also show
|An+1 −An| = an+1. It should not be hard to finish from here. �

Problem 6.15. Show if 0 < p ≤ 1 the series
∞∑
k=1

(−1)k

kp

is conditional convergent. �
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Therefore when 0 < p ≤ 1 (which implies
∑∞

k=1
1
kp diverges) the series∑∞

k=1
(−1)k

kp is conditionally convergent.

6.7. Power series.

Theorem 6.31. Let a0, a1, a2, . . . be a sequence of numbers and let f(x) be
defined on R by

f(x) =

∞∑
k=0

akx
k

for all x where this converges. If the series converges for x = x0, then it
converges absolutely for all x with |x| < |x0|.
Problem 6.16. Prove this. Hint: As

f(x0) =
∞∑
k=0

ak(x0)k

converges we have limk→∞ ak(x0)k = 0 by Theorem 6.3. This implies that
〈ak(x0)k〉∞k=0 is bounded. So there is a constant C with

|ak(x0)k| = |ak||x0|k ≤ C.
Then for |x| < |x0| we have

|akxk| = |ak||x|k = |ak||x0|k
(
|x|
|x0|

)k
≤ C

(
|x|
|x0|

)k
= Crk

where

r =
|x|
|x0|

< 1.
�

Lemma 6.32. Let f(x) be as in the last theorem. If the series for f(x)
converges at x = x0, then the series

f∗(x) =
∞∑
k=1

kakx
k−1

converges absolutely for all x with |x| < |x0|. We call f∗ the formal de-
rivative of f as it is what the derivative would be if we knew that we could
take it term at a time. (Shortly we will show that this the actual derivative.)

Problem 6.17. Prove this. Hint: With notation as in Problem 6.16 show

|kakxk−1| ≤ kCrk−1

and then show
∑∞

k=1 kCr
k−1 converges by either the root or ratio test. �

Corollary 6.33. With the same hypothesis as in the last lemma for |x| <
|x0| the series

f∗∗(x) =

∞∑
k=2

k(k − 1)akx
k−2

converges absolutely. (This is the formal second derivative.)
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Proof. As |x| < |x0| there is a number r0 such that |x| < r0 < |x0|. By the
lemma the series f∗(r0) converges absolutely. But (with what I hope is not
confusing notation) (f∗)∗(x) = f∗∗(x) so this corollary follows by applying
Lemma 6.32 to f∗ (with r0 replacing x0). �

Lemma 6.34. Let k be a positive integer and x, x1, r0 real numbers with
|x|, |x0| < r0. Then∣∣∣∣xk − xk1x− x1

− kxk−1
1

∣∣∣∣ ≤ k(k − 1)

2
r0
k−2|x− x0|.

Problem 6.18. Prove this. Hint: This is yet anther opportunity to use
Taylor’s theorem. Let p(x) be any two times differentiable function. By
Taylor’s theorem

p(x) = p(x1) + p′(x1)(x− x1) +
p′′(ξ)

2
(x− x1)2

where ξ is between x and x1. This can be rearranged as

p(x)− p(x1)

x− x1
− p′(x1) =

p′′(ξ)

2
(x− x1)

and so ∣∣∣∣p(x)− p(x1)

x− x1
− p′(x1)

∣∣∣∣ =
|p′′(ξ)|

2
|x− x1|.

Now consider the special case where p(x) = xk. Then |p′′(ξ)| = k(k −
1)|ξ|k−2 < k(k − 1)rk−2

0 as ξ is between x and x1 and |x|, |x1| < r0. �

Theorem 6.35. Let a0, a1, a2, . . . be a sequence of numbers and let f(x) be
defined on R by

f(x) =

∞∑
k=0

akx
k

for all x where this converges. If the series converges for x = x0, then the
function f(x) exists and is differentiable for all x with |x| < |x0| and the
derivative is given by the formal derivative

f ′(x) = f∗(x) =

∞∑
k=1

kakx
k−1.

Problem 6.19. Prove this. Hint: That f(x) exists for |x| < |x0| follows from
Theorem 6.31. We need so show that if |x1| < |x0| that f is differentiable at
x1 and the derivative is f∗(x1). Choose a number r0 such that |x1| < r0 <
|x0|. Let x be such that |x| < r0. Explain why the following hold.

(a) The series for the following all converge absolutely.

f(x), f(x1), f∗(x1), f∗∗(r0).

(b) We have

f(x)− f(x1)

x− x1
− f∗(x1) =

∞∑
k=1

ak

(
xk − xk1
x− x1

− kxk−1
1

)
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(c) The inequality∣∣∣∣f(x)− f(x1)

x− x1
− f∗(x1)

∣∣∣∣ ≤ C|x− x1|

holds, where

C =
1

2

∞∑
k=2

k(k − 1)|ak|rk−1
0 <∞

holds. (Part of the problem is explaining why C < ∞. The hint
here is that the series for f∗∗(r0) converges absolutely.)

(d) To finish show

f ′(x1) = lim
x→x1

f(x)− f(x1)

x− x1
= f∗(x1).

�

Now that we have differentiated we wish to integrate. Note that by The-
orem 6.35 if the series f(x) =

∑∞
k=0 akx

k converges for x = x0, then it is
differentiable on the interval (−|x0|, ||x0|) and therefore also continuous on
this interval. Thus if |x| < |x0| this implies

∫ x
0 f(t) dt is the integral of a

continuous function and thus it exists.

Theorem 6.36. Let a0, a1, a2, . . . be a sequence of numbers and let f(x) be
defined on R by

f(x) =

∞∑
k=0

akx
k

for all x where this converges. If the series converges for x = x0, then for
any x with |x| < |x0|∫ x

0
f(t) dt =

∞∑
k=0

ak
k + 1

xk+1 =

∞∑
k=1

ak−1

k
xk.

That is we can integrate the series for f(x) term at a time.

Problem 6.20. Prove this. Hint: Let F (x) be defined to be the formal
integral of f(x). That is

F (x) =
∞∑
k=0

ak
k + 1

xk+1.

Choose r0 with |x| < r0 < |x0|. Then as the series for f(x) is convergent,
its terms are bounded. That is there is a constant C such that

|akxk0| ≤ C.

Then ∣∣∣∣ ak
k + 1

rk+1
0

∣∣∣∣ =
r0|akxk0|
k + 1

∣∣∣∣ r0

x0

∣∣∣∣k ≤ r0C

k + 1

∣∣∣∣ r0

x0

∣∣∣∣k =
C1

k + 1
rk ≤ C1r

k
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where

C1 = r0C and r =

∣∣∣∣ r0

x0

∣∣∣∣ < 1.

Now

(a) Explain why the series for F (r0) converges absolutely. Hint: Com-
pare the the geometric series

∑∞
k=0C1r

k.
(b) Explain why F (x) is differentiable on the interval (−r0, r0). Hint:

Theorem 6.35 with x0 replaced by r0.
(c) The derivative of F (x) on (−r0, r0) is f(x) Hint: Theorem 6.35

again.
(d) Finish the proof. Hint: Fundamental Theorem of Calculus. �

Now that we know that we can integrate and differentiate power series
we can find new series form old ones.

Example 6.37. Find the series for (1+x)−2 on the integral (−1, 1). We know

(1 + x)−1 =
1

1 + x
= 1− x+ x2 − x3 + x4 − x5 + x6 − · · ·

This can be differentiated term at a time to get

−(1 + x)−2 = 0− 1 + 2x− 3x2 + 4x3 − 5x4 + 6x5 − · · ·
so that

(1 + x)−2 = 1− 2x+ 3x2 − 4x3 + 5x4 − 6x5 − · · · =
∞∑
k=0

(−1)k(k + 1)xk.
�

Similar examples can be done by integrating term at a time. Here are
some for you to try.

Problem 6.21. (a) Find a series for ln(1 + x) valid on (−1, 1). Hint:

ln(1 + x) =

∫ x

0

dt

1 + t

and you know how to expand 1/(1 + t) in a series.
(b) For any positive integer n find the series for (1+x)−n valid on (−1, 1).
(c) On (−1, 1) we have the convergent geometric series:

1

1 + x2
= 1− x2 + x4 − x6 + x8 − x10 + · · ·

Use this to find a power series for arctan(x) valid on (−1, 1). �

6.8. The product of two series. Consider two power series

f(x) =
∞∑
k=0

akx
k

g(x) =

∞∑
k=0

bkx
k
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It we assume that we can multiply these the same way we would polynomials
we get

f(x)g(x) =
(
a1 + a1x+ a2x

2 + a3x3 + · · ·
) (
b1 + b1x+ b2x

2 + b3x3 + · · ·
)

= a0b1 + (a0b1 + a1b0)x+ (a0b2 + a1b1 + a2b0)x2 + · · ·

=
∞∑
k=0

( k∑
j=0

akbk−j

)
xk

Problem 6.22. Here is anther way to see this. Let

h(x) = f(x)g(x).

Then the first couple of derivatives of h are

h′(x) = f ′(x)g(x) + f(x)g′(x)

h′′(x) = f ′′(x)g(x)f ′(x)g′(x) + f(x)g′′(x)

h′′′(x) = f ′′′(x)g(x) + 3f ′′(x)g′(x) + 3f ′g′′(x) + g′′′(x)

which reminds use of the Binomial Theorem.

(a) Prove that k-th derivative of h(x) is

h(k)(x) =
k∑
j=0

(
k

j

)
f (j)(x)g(k−j)(x).

(b) Let

ak =
f (k)(0)

k!
and bk =

g(k)(0)

k!

and use the formula for h(k)(0) to show

h(k)(0)

k!
=

k∑
j=0

ajbk−j .
�

If we assume that both series for f(x) and g(x) both converge for x = 1
we can let x = 1 the result is( ∞∑

k=0

ak

)( ∞∑
n=0

bn

)
=

∞∑
k=0

( k∑
j=0

akbk−j

)
.

This motivates:

Definition 6.38. Let
∞∑
k=0

ak

∞∑
k=0

bk

be two series then the Cauchy product of these series is the series
∞∑
k=0

ck
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where

ck =
k∑
j=0

ajbk−j =
∑
i+j=k

aibj .

�

Theorem 6.39. Let

A =
∞∑
k=0

ak B =
∞∑
k=0

bk

we convergent series with at least one of the two absolutely convergent. Let

ck =

k∑
j=0

ajbk−j .

Then the series
∞∑
k=0

ck converges and

∞∑
k=0

ck = AB.

Problem 6.23. Prove this along the following lines. Let

An =
n∑
k=0

ak Bn =

n∑
k=0

bk Cn =

n∑
k=0

ck

be the partial sums. Note that the product

AnBn = (a0 + a1 + · · ·+ an)(b1 + b2 + · · ·+ bn)

is the sum of the (n+ 1)2 products ajbk with 0 ≤ j, k ≤ n. For n = 10 these
terms are shown in the following figure.
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��a0b0 a1b0 a2b0 a3b0 a4b0 a5b0 a6b0 a7b0 a8b0 a9b0 a10b0

a0b1 a1b1 a2b1 a3b1 a4b1 a5b1 a6b1 a7b1 a8b1 a9b1 a10b1

a0b2 a1b2 a2b2 a3b2 a4b2 a5b2 a6b2 a7b2 a8b2 a9b2 a10b2

a0b3 a1b3 a2b3 a3b3 a4b3 a5b3 a6b3 a7b3 a8b3 a9b3 a10b3

a0b4 a1b4 a2b4 a3b4 a4b4 a5b4 a6b4 a7b4 a8b4 a9b4 a10b4

a0b5 a1b5 a2b5 a3b5 a5b5a4b5 a6b5 a7b5 a8b5 a9b5 a10b5

a0b6 a1b6 a2b6 a3b6 a5b6a4b6 a6b6 a7b6 a8b6 a9b6 a10b6

a0b7 a1b7 a2b7 a3b7 a5b7a4b7 a6b7 a7b7 a8b7 a9b7 a10b7

a0b8 a1b8 a2b8 a3b8 a5b8a4b8 a6b8 a7b8 a8b8 a9b8 a10b8

a0b9 a1b9 a2b9 a3b9 a5b9a4b9 a6b9 a7b9 a8b9 a9b9 a10b9

a0b10 a1b10 a2b10 a3b10 a5b10a4b10 a6b10 a7b10 a8b10 a9b10a10b10

c0 c1 c2 c3 c4 c5 c6 c7 c8 c9 c10

b1a10

b2(a9 + a10)

b3
(∑10

j=8 aj
)b4

(∑10
j=7 aj

)b5
(∑10

j=6 aj
)b6

(∑10
j=5 aj

)b7
(∑10

j=4 aj
)b8

(∑10
j=3 aj

)b9
(∑10

j=2 aj
)b10

(∑10
j=1 aj

)

(a) Using the figure above as a guide show for all n = 1, 2, · · · that

AnBn − Cn =

n∑
k=1

bk

( n∑
j=n−k+1

aj

)
.

(b) Let 0 < m < n (the integer m will be chosen later). Explain why

|AnBn − Cn| =

∣∣∣∣∣∣
n∑
k=1

bk

( n∑
j=n−k+1

aj

)∣∣∣∣∣∣
≤

n∑
k=1

|bk|
∣∣∣∣ n∑
j=n−k+1

aj

∣∣∣∣
=

m∑
k=1

|bk|
∣∣∣∣ n∑
j=n−k+1

aj

∣∣∣∣+
n∑

k=m+1

|bk|
∣∣∣∣ n∑
j=n−k+1

aj

∣∣∣∣
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(c) Without loss of generality we may assume that
∑

k=0 bk is absolutely
convergent. Explain why there is constant β ≥ 0 such that for all m

m∑
k=1

|bk| ≤ β.

(d) The series
∑∞

j=1 aj is convergent. That is limn→∞An exists. Show

this implies there is a constant C such that |An| ≤ C for all n and
then use

n∑
j=n−k+1

aj = An −An−k

to show there is a constant α ≥ 0 such that∣∣∣∣ n∑
j=n−k+1

aj

∣∣∣∣ ≤ α
for all n and k with 0 ≤ k ≤ n.

(e) Combine parts (b), (c), and (d) to show

|AnBn − Cn| ≤ β
∣∣∣∣ n∑
j=n−k+1

aj

∣∣∣∣+ α
n∑

k=m+1

|bk|

= β|An −An−k|+ α
n∑

k=m+1

|bk|

when 0 ≤ k ≤ m ≤ n.
(f) Let ε > 0. Explain where are are N1, N2 > 0 such that

m ≥ N1 implies

n∑
k=m+1

|bk| <
ε

2α
,

and

n ≥ N2 and n− k ≥ N2 implies |An −An−k| <
ε

2β
.

(g) Let n ≥ N1 + N2 + 2, set m = N1, and show that for any k with
0 ≤ k ≤ m that the inequalities

m ≥ N1, n ≥ N2, n− k ≥ N2

all hold and that this in turn yields

n ≥ N1 +N2 + 2 implies |AnBn − Cn| < ε.

(h) Conclude from part (f) that

lim
n→∞

(AnBn − Cn) = 0.

(i) Complete the proof by showing

lim
n→∞

Cn = AB.
�
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Problem 6.24. Here is an example to show that it is important that in
Theorem 6.39 at least one of the two series is absolutely convergent. Let∑∞

k=0 ak =
∑∞

k=0 bk =
∑∞

k=0(−1)k/
√
k + 1. The Cauchy product is

∑∞
k=0 ck

where

ck = (−1)k
k∑
j=0

1√
(j + 1)(k − j + 1)

.

Show

|ck| =
k∑
j=0

1√
(j + 1)(k − j + 1)

≥ 1

and therefore the series
∑∞

k=0 cn diverges. �

Theorem 6.40. Let

f(x) =

∞∑
k=0

akx
k, g(x) =

∞∑
k=0

bkx
k

be power series with radius convergence at least R. Let

cn =
n∑
j=0

ajbn−j

then the power series

h(x) =

∞∑
n=0

cnx
n

also has radius of convergence at least R and

h(x) = f(x)g(x)

for |x| < R.

Proof. This follows easily form Theorem 6.39. �

We now give a short indication of how to divide power series. Assume
that we wish to find the power series expansion of

f(x) =
h(x)

g(x)

where

h(x) =
∞∑
k=0

ckx
k g(x) =

∞∑
k=0

bkx
k.

and we wish to find the series for f(x). Assume that f(x) has an expansion

f(x) =
∞∑
k=0

akx
k.
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Then h(x) = f(x)g(x) and so we have

ck =
k∑
j=0

ajbk−j .

Assume that g(0) 6= 0, that is b0 6= 0. Then the last equation can be
rewritten as

ak =
1

b0

(
ck −

n−1∑
j=0

ajbk−j

)
.

For small values of k these formulas are

a0 =
c0

b0

a1 =
1

b0

(
c1 − a0b1

)
a2 =

1

b0

(
c2 − a0b2 − a1b1

)
a3 =

1

b0

(
c3 − a0b3 − a1b2 − a2b1

)
a4 =

1

b0

(
c4 − a0b4 − a1b3 − a2b2 − a3b1

)
This allows us to find the coefficients a0, a1, a2, . . . of f(x) recursively. Un-
fortunately this method does not tell us anything about the radius of con-
vergence of f(x) in terms of the radii of convergence of g(x) and h(x). But
if we already know that all three have positive radius of convergence, it does
give us a method for finding the coefficients of f(x) from the coefficients of
g(x) and h(x).

Problem 6.25. Find the first three nonzero terms in the power series of

f(x) =
e2x

cos(x)
.

�

Problem 6.26. Find the first couple terms of the power series of the follow-
ing and thus convince yourself that using series tells you more than using
L’Hôspital’s rule.

(a)
sin(2x)

4x

(b)
1− cos(5x)

x2

(c)
ex − 1− x
1− cos(2x)

.
�

Problem 6.27. Find the power series of the following functions around the
indicated points x0.

(a) f(x) = sin(x) around x0 = π/4.
(b) f(x) = e2x around the point x0 = 1.
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(c) f(x) =
√

4− x around the point x = 4.

7. Uniform convergence

7.1. Uniform Convergence and uniform limits of continuous func-
tions. For convergence of sequences of functions between metric spaces
there are (at least) two natural notions of convergence.

Definition 7.1. Let f1, f2, f2, . . . X → Y be a sequence of functions between
metric spaces and f : X → Y . Then limn→∞ fn = f pointwise (or f is the
pointwise limit of the sequence 〈fn〉∞n=1 if and only if for for each x ∈ X

lim
n→∞

fn(x) = f(x).
�

Definition 7.2. Let f1, f2, f2, . . . X → Y be a sequence of functions between
metric spaces and f : X → Y . Then limn→∞ fn = f uniformly (or f is the
uniform limit of the sequence 〈fn〉∞n=1 if and only if for all ε > 0 there is
a N such that

n ≥ N dY (fn(x), f(x)) < ε for all x ∈ X.
�

Problem 7.1. Prove that if a sequence converges uniformly, then it con-
verges pointwise. �

Theorem 7.3. Let fn : X → Y , n = 1, 2, . . . be a sequence of continu-
ous functions which converge uniformly to the function f . Then f is also
continuous.

That is the uniform limit of continuous functions is continuous.

Problem 7.2. Prove this. Hint: Let x0 ∈ X and we want to show that f is
continuous at x0. Let ε > 0 Then there is an integer n such that

dY (f(x), fn(x)) <
ε

3
for all x ∈ X.

As fn is continuous at x0 there is a δ > 0 such that

dX(x, x0) < δ implies dY (fn(x), fn(x0)) <
ε

3
.

Use the triangle inequality to show

dY (f(x), f(x0)) ≤ dY (f(x), fn(x0)) + dY (fn(x), fn(x0)) + dY (fn(x0), f(x0))

and use this to complete the proof.

Theorem 7.3 makes is easy to give examples of pointwise convergent se-
quences that are not uniformly convergent.

Problem 7.3. Let fn : [0, 1]→ R be

fn(x) = xn.

Show this converges pointwise to a discontinuous function f . Therefore the
convergence can not be uniform as if it were the limit would be continuous.
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Problem 7.4. Here is a variant on the previous problem. Let arctanR →
(−π/2, π/2) be the inverse of the restriction of the tangent function to
(−π/2, π/2). Find the pointwise limit

f(x) = lim
n→∞

arctan(nx)

and show it is discontinuous and therefore this is also an example of pointwise
convergent sequence that is not uniformly convergent. �

Here is anther nice property of uniform convergence.

Theorem 7.4. Let f1, f2, f3, . . . be a sequence of Riemann integrable func-
tions on [a, b] and assume that limn→∞ fn = f where f is also Riemann
integrable. Then

lim
n→∞

∫ b

a
fn(x) dx =

∫ b

a
f(x) dx.

Problem 7.5. Prove this. Hint: First note∣∣∣∣∫ b

a
fn(x) dx−

∫ b

a
fn(x) dx

∣∣∣∣ ≤ ∫ b

a
|fn(x)− f(x)| dx

so that it is enough to show

lim
n→∞

∫ b

a
|fn(x)− f(x)| dx = 0.

Toward this end let ε > 0 and choose N so that

n ≥ N implies |fn(x)− f(x)| < ε

b− a
for all x ∈ [a, b]

and show for n ≥ N that∫ b

a
|fn(x)− f(x)| dx < ε.

�

Definition 7.5. Let for each k = 1, 2, 3, . . . let fk : X → R be a function.

Then the series
∞∑
k=1

fk(x) converges uniformly if and only if the sequence

of partial sums Fn(x) :=
n∑
k=1

fk(x) converges uniformly. �

The following is probably the most used for showing a series of functions
is uniformly convergent.

Theorem 7.6 (WeierstrassM Test). Let X be a metric space and f1, f2, f3, . . .
be functions fk : X → R. Assume there are constants Mn so that

|fn(x)| ≤Mn for all x ∈ X
and

∞∑
k=1

Mk <∞.
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Then the series
∞∑
k=1

fk(x) converges absolutely and uniformly.

Problem 7.6. Prove this. For each x ∈ X we have that the series
∑∞

k=1 fk(x)
converges absolutely be comparison to the convergent series

∑∞
k=1Mk. There-

fore the function

F (x) =

∞∑
k=1

fk(x)

is defined on X. To show uniform convergence let ε >. Then as
∑∞

k=1Mk

is convergent there is a N such that

∞∑
k=N+1

Mk < ε.

Let Fn =
∑n

k=1 fk be the n-th partial sum of the series
∑∞

k=1 fk. Let n ≥ N
and justify the calculatioin

|F (x)− Fn(x)| =

∣∣∣∣∣
∞∑

k=n+1

fk(x)

∣∣∣∣∣
≤

∞∑
k=n+1

|fk(x)|

≤
∞∑

k=n+1

Mk

≤
∞∑

k=N+1

Mk

< ε.

and explain why this completes the proof. �

Problem 7.7. Use the Weierstrass M test show the series

S(x) =
∞∑
k=1

sin(4kx)

2k

converges uniformly and therefore is a continuous function. �

Remark 7.7. The function S(x) in the previous problem is an example,
due to Weierstrass, of a continuous that does not have a derivative at any
point. �

Theorem 7.8. Let fk : [a, b]→ R for k = 0, 1, 2, . . . be continuous functions
such that the series

F (x) =
∞∑
k=0

fk(x)
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converges uniformly on [a, b]. Then F (x) is continuous and∫ b

a
F (x) dx =

∞∑
k=0

∫ b

a
fk(x) dx.

Problem 7.8. Prove this. �

Theorem 7.9. Let f(x) be defined by a power series

f(x) =

∞∑
k=0

ck(x− x0)k

with a positive radius of convergence R. Let 0 < R0 < R. Then series for
f(x) converges absolutely and uniformly on the interval [x0 −R0, x0 +R0].

Problem 7.9. Prove this. Hint: Let R0 < R1 < R. Then
∑∞

k=0 ckR
k
1

converges and therefore the terms of this series are bounded, say |ckRk1 | ≤ B
for some B > 0. Let Mk = B(R0/R1)k and show

∞∑
k=0

Mk <∞ and |ck||x− x0|k ≤Mk

hold for all k and x ∈ [x0−R0, x0 +R0]. Now use some of the results above
to complete the proof. �

Theorem 7.10. Let f(x) be defined by a power series

f(x) =
∞∑
k=0

ck(x− x0)k

with a positive radius of convergence R. Show that for x with |x− x0| < R
that we can compute the integral of f by∫ x

x0

f(t) dt =
∞∑
k=0

ck(x− x0)k+1

k + 1
=
∞∑
k=1

ck−1(x− x0)k

k
.

Problem 7.10. Prove this using the results above. Note: We gave a different
proof of this when first talking about power series. This gives anther, and
maybe more natural, proof. �

Theorem 7.11. Let f(x) be defined by a power series

f(x) =

∞∑
k=0

ck(x− x0)k

with a positive radius of convergence R. Show that for |x − x0| < R the
derivative of f is given by

f ′(x) =
∞∑
k=0

kck(x− x0)k−1 =
∞∑
k=0

(k + 1)ck+1x
k.
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Problem 7.11. Prove this. Hint: This is anther one we have proven before,
but with a messy proof. Now that we have more machinery to use we can
give an easier proof. Let

f∗(x) =
∞∑
k=0

kck(x− x0)k−1

be the formal derivative of f(x). Then we have shown this has the same
radius of convergence as the original series (you can assume this without
proof). Now just use that we can integrate this term by term and that
by the Fundamental Theorem of Calculus and differentiation are inverse to
each other. �

Theorem 7.12. Let X be a compact metric space and for k = 1, 2, 3, . . .
let fk → X : R be continuous and assume for each x ∈ X that 〈fk(x)〉∞k=1
is monotone decreasing (that is fk+1 ≤ fk(x) for all k.) Assume there is a
continuous function f : X → R such that

lim
k→∞

fk(x) = f(x)

for all x ∈ X. Then limk→∞ fk = f uniformly.

Problem 7.12. Prove this. Hint: Since each sequence f1(x), f(2), f3(x), . . .
is monotone decreasing we have that fk(x) ≥ f(x) for all x ∈ X. Therefore
to prove uniform convergence we only need show that for each ε > 0 there is
a N such that fk(x)−f(x) < ε for all k ≥ N . (For then 0 ≤ fk(x)−f(x) < ε
which implies |fk − f(x)| < ε).

Let ε > 0 and let

Uk = {x ∈ X : fk(x)− f(x) < ε}.

Explain why Uk is open and show Uk ⊆ Uk+1. Use limk→∞ fk(x) = f(x) to
show

∞⋃
k=1

Uk = X.

Finally use compactness to finish the proof. �

7.2. Uniform approximation of continuous functions by polynomi-
als and other smooth functions. Given a function, f , if is often useful
to it is often useful to approximate it by “nicer” functions. For example give
a continuous function, f , it can be useful to find a sequence of differentiable
functions f1, f2, f3, . . . that converge to f uniformly. Here we give one of the
basic methods for doing this.

Definition 7.13. A sequence of functions K1,K2,K3, . . . defined on R is a
Dirac sequence , or an approximation to the identity iff it satisfies the
following conditions.

(a) Kn ≥ 0 for all k,
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(b) For all n ∫ ∞
−∞

Kn(x) dx = 1.

(c) For all δ > 0

lim
n→∞

∫
|x|≥δ

Kn(x) dx = 0.
�

The condition (c) say that all most all of the mass of Kn is in (−δ, δ).

−δ 0 δ

For large n almost all of the area under the
graph of y = Kn(x) is between −δ and δ.

Here is a standard method of constructing Dirac sequences.

Proposition 7.14. Let ϕ : R→ R be a Riemann integrable function with

ϕ ≥ 0, and

∫ ∞
−∞

ϕ(x) dx = 1.

Then

Kn(x) = nϕ(nx)

is a Dirac sequence.

Problem 7.13. Prove this. �

Theorem 7.15. Let f be a bounded continuous function on R and 〈Kn〉∞n=1

be a Dirac sequence. Let

fn(x) =

∫ ∞
−∞

f(x− y)Kn(y) dy

then

lim
n→∞

fn(x) = f(x)

pointwise.
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Problem 7.14. Prove this. Hint: The basic trick is to note that as
∫∞
−∞Kn(y) dy =

1 we have

f(x) = f(x) · 1 = f(x)

∫ ∞
−∞

Kn(y) dy =

∫ ∞
−∞

f(x)Kn(y) dy.

Therefore for any δ > 0 we have

f(x)− fn(x) =

∫ ∞
−∞

f(x)Kn(y) dy −
∫ ∞
−∞

f(x− y)Kn(y) dy

=

∫ ∞
−∞

(f(x)− f(x− y))Kn(y) dy

=

∫
|y|<δ

(f(x)− f(x− y))Kn(y) dy +

∫
|y|≥δ

(f(x)− f(x− y))Kn(y) dy

= Iδ,n(x) + Jδ,n(x).
(13)

Now let ε > 0. Then as f is continuous at x there is a δ > 0 such that

|y − x| < δ =⇒ |f(x)− f(y)| < ε

2
.

Explain why the following holds

|Iδ,n(x)| ≤
∫
|y|<δ

|f(x)− f(x− y)|Kn(y) dy <

∫
|y|<δ

(ε
2

)
Kn(y) dy ≤ ε

2
.

Using this in the displayed sequence of equalities (13) gives

|f(x)− fn(x)| ≤ |Iδ,n(x)|+ |Jδ,n(x)| < ε

2
+ |Jδ,n(x)|.

This holds for all n. The function f is bounded thus there is a constant B
such that |f(x)| ≤ B for all x. It follows that for all x, y ∈ R that

|f(x)− f(x− y)| ≤ |f(x)|+ |f(x− y)| ≤ 2B.

Therefore

|Jδ,n| ≤
∫
|y|≥δ

|f(x)− f(x− y)|Kn(y) dy ≤ 2B

∫
|y|≥δ

Kn(y) dy.

If you now look back at the definition of a Dirac sequence you should be
able to use the last inequality to show

lim
n→∞

|Jδ,n(x)| = 0

and thus there is a N such that n > N implies |Jδ,n(x) < ε/2. �

We can do a bit better.

Theorem 7.16. Let f function on R that is both bounded and uniformly
continuous and let 〈Kn〉∞n=1 be a Dirac sequence. Define

fn(x) =

∫ ∞
−∞

f(x− y)Kn(y) dy.
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Then
lim
n→∞

fn(x) = f(x)

uniformly on R.

Problem 7.15. Prove this. Hint: This is just a matter of rewriting the
proof of Theorem 7.15 and making sure that you can make the choices of
quantities such as δ and N in a way that is independent of x. �

The following gives a large number of examples of functions where The-
orem 7.16 applies.

Proposition 7.17. Let f be a continuous function such that for some in-
terval [α, β] we have f(x) = 0 for all x /∈ [α, β]. Then f is bounded and
uniformly continuous.

Problem 7.16. Prove this. Hint: This is a good problem to review several
of the results we have been working with. (Continuous functions on closed
bounded intervals are bounded and uniformly continuous). �

Proposition 7.18. Let f be bounded and continuous on R and let 〈Kn〉∞n=1

be a Dirac sequence and

fn(x) =

∫ ∞
−∞

f(x− y)Kn(y) dy.

Then fn can be rewritten as

fn(x) =

∫ ∞
−∞

f(y)Kn(x− y) dy

Problem 7.17. Prove this. Hint: As far as y is concerned, x is a constant.
So if we do the change of variable z = x− y we have dz = −dy. �

Remark 7.19. In what follows we will use whichever formula for fn given by
Proposition 7.18 that it convenient without refering Proposition 7.18.

We are now in a position to prove one of the most famous theorems in
analysis, the Weierstrass Approximation Theorem, which says that a contin-
uous function on a closed bounded interval can be uniformly approximated
by a polynomial. To start we need a Dirac sequence that is constructed from
polynomials.

Lemma 7.20. Let

Kn(x) :=

{
cn(1− x2)n, |x| ≤ 1;

0, |x| > 0.

where

cn :=
1∫ 1

−1
(1− x2)n dx

.

Then 〈Kn〉∞n=1 is a Dirac sequence.
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Proof. That Kn ≥ 0 and
∫∞
−∞Kn(x) dx = 1 are easy, so it remains to show

that for δ > 0 the limit limn→∞
∫
|x|≥δKn(x) dx = 0. We first give a bound

on cn.∫ 1

−1
(1− x2)n dx = 2

∫ 1

0
(1 + x)n(1− x)n dx ≥ 2

∫ 1

0
(1− x)n dx =

2

n+ 1
.

Thus

cn ≤
n+ 1

2
.

Let 0 < δ < 1. Then∫
|x|≥δ

Kn(x) dx = 2cn

∫ 1

δ
(1−x2)n dx ≤ 2cn

∫ 1

δ
(1−δ)n dx ≤ (n+1)(1−δ2)n.

But (1 − δ2) < 1 so limn→∞(n + 1)(1 − δ2)n = 0 which completes the
proof. �

The graphs of y = Kn(x) for n = 1, 2, . . . , 10.

Problem 7.18. While the exact value of
∫ 1
−1(1 − x2)n dx is not needed in

the last proof, it is fun to compute it. So find
∫ 1
−1(1 − x2)n dx. Hint: This

is a case where it pays to generalize. Let

I(m,n) :=

∫ 1

−1
(1− x)m(1 + x)n dx.

Then we are trying to compute I(n, n). Use integration by parts to show

I(m,n) =
m

n+ 1
I(m− 1, n+ 1)

when m ≥ 1 and n ≥ 0 and note that I(0, k) =
∫ 1
−1(1 + x)k dx is easy to

compute. �



Notes on Analysis 84 Section 7

Proposition 7.21. Let f : R → R be a continuous function so such that
f(x) = 0 for all x /∈ [0, 1] and let Kn be as in Lemma 7.20. Set

pn(x) =

∫ 1

−1
Kn(x− y)f(y) dy

then pn → f uniformly and the restriction of pn to [0, 1] is a polynomial.

Proof. By Proposition 7.17 f is bounded and uniformly continuous. Let
B be a bound for f , that is |f(x)| ≤ B for all x ∈ R. As f is uniformly
continuous for ε > 0 here is a δ > 0, such that

|x− y| ≤ δ and x, y ∈ [0, 1] =⇒ |f(x)− f(y)| ≤ ε.

As f is bounded and uniformly continuous, Theorem 7.16 implies pn →
f uniformly. All that remains is to show that pn restricted to [0, 1] is a
polynomial. If x, y ∈ [0, 1], then x− y ∈ [−1, 1] and therefore

Kn(x− y) = cn(1− (x− y)2)n

= g0(y) + g1(y)x+ g2(y)x2 + · · ·+ g2n(y)x2n

=
2n∑
k=0

gk(y)xk

where we have just expanded cn(1 − (x − y)2)n and grouped by powers of
x. (Each gk(y) is a polynomial in y, but this does not really matter for us.)
As f(y) = 0 for y /∈ [0, 1] if x ∈ [0, 1] we have

fn(x) :=

∫ 1

0
Kn(x− y)f(y) dy

=

∫ 1

0

2n∑
k=0

gk(y)xkf(y) dy

=
2n∑
k=0

(∫ 1

0
gk(y) dy

)
xk

which is clearly a polynomial. �

Lemma 7.22. Let f : [α, β] → R be a continuous function with f(x) = 0
for x /∈ [α, β]. Define F : [0, 1]→ R to be the function

F (x) := f (α+ (β − α)x)

and let Pn : [0, 1]→ R be polynomials such that Pn → F uniformly and set

pn(x) = Pn

(
x− α
β − α

)
.

Then each pn is a polynomial and pn → f uniformly.

Problem 7.19. Prove this. Hint: This is not hard, so don’t be long winded.
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Theorem 7.23 (Weierstrass Approximation Theorem). Let f : [a, b]→
R be continuous. Then there is a sequence of polynomial pn : [a, b]→ R with
pn → f uniformly.

Problem 7.20. Prove this. Hint: Extend f to R (we still denote the ex-
tended function by f) by

f(x) :=



0, x < a− 1;

(x− (a− 1))f(a), a− 1 ≤ x < a;

f(x), a ≤ x ≤ b;
((b+ 1)− x)f(b), b < x ≤ b+ 1;

0, b+ 1 < x.

This is continuous (don’t prove this, just draw the picture and say it is clear).
Let α := a − 1 and β = b + 1. Then use Proposition 7.21 and Proposition
7.17 to complete the proof.

We now give some applications of these results.

Problem 7.21. Let f : [a, b]→ R be continuous and assume that∫ b

a
f(x)xn dx = 0

for all n = 0, 1, 2, 3, . . .. Then show f(x) = 0 for all x ∈ [a, b]. Hint:

Show that
∫ b
a f(x)p(x) dx = 0 all polynomials. Then choose a sequence of

polynomials pn → f uniformly. Use this sequence to conclude
∫ b
a f(x)2 dx =

0. �

Problem 7.22. Let f, g : [a, b]→ R be continuous functions such that∫ b

a
f(x)xn dx =

∫ b

a
g(x)xn dx

for all n = 0, 1, 2, 3, . . .. Show that f(x) = g(x) for x ∈ [a, b]. Hint: Reduce
this to the last problem. �

Convention. For the rest of this homework f : R → R is a function such
that for some b > 0 we have f(x) = 0 for all x with |x| ≥ b and f is Riemann
integrable on [−b, b] and that there is a constant B such that |f(x)| ≤ B for
all x. �

Theorem 7.24. If 〈Kk〉∞n=1 is a Dirac sequence and

fn(x) =

∫ ∞
−∞

Kn(y)f(x− y) dy =

∫ ∞
−∞

Kn(x− y)f(y) dy

then at any point x where f is continuous

lim
n→∞

fn(x) = f(x).

Problem 7.23. Prove this. Hint: This is an easier version of an earlier
theorem.
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Definition 7.25. A Dirac sequence 〈Kn〉∞n=1 is differentiable iff for each
n Kn is differentiable and

lim
h→0

Kn(x+ h)−Kn(x)

h
= K ′n(x)

uniformly. Explicitly this means that for each n and ε > 0 there is a δ > 0
such that

(14) |h| ≤ δ =⇒
∣∣∣∣Kn(x+ h)−Kn(x)

h
−K ′n(x)

∣∣∣∣ ≤ ε
for all x ∈ R �

Proposition 7.26. Let f be as in the convention and 〈Kk〉∞n=1 a differen-
tiable Dirac sequence. Then for each n

fn(x) =

∫ ∞
−∞

Kn(x− y)f(y) dy

is differentiable and

f ′n(x) =

∫ ∞
−∞

K ′n(x− y)f(y) dy.

(It is not being assumed that f is differentiable.)

Problem 7.24. Prove this. Hint: First show(
fn(x+ h)− fn(x)

h

)
−
∫ ∞
−∞

K ′n(x− y)f(y) dy

=

∫ ∞
−∞

(
Kn(x− y + h)−Kn(x− y)

h
−K ′n(x− y)

)
f(y) dy

=

∫ b

−b

(
Kn(x− y + h)−Kn(x− y)

h
−K ′n(x− y)

)
f(y) dy

take absolute values and then use (14).

Lemma 7.27. Let f be as in the convention and also assume that f is dif-
ferentiable with f ′ uniformly continuous and let 〈Kk〉∞n=1 be a differentiable
Dirac sequence. Then the derivative of

fn(x) =

∫ ∞
−∞

Kn(x− y)f(y) dy

can be written as

f ′n(x) =

∫ ∞
−∞

Kn(x− y)f ′(y) dy
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Problem 7.25. Prove this. Hint: Starting with Proposition 7 show

f ′n(x) =

∫ ∞
−∞

K ′n(x− y)f(y) dy

= −
∫ ∞
−∞

(
d

dy
Kn(x− y)

)
f(y) dy

= −
∫ b

−b

(
d

dy
Kn(x− y)

)
f(y) dy

and use integration by parts along with f(−b) = f(b) = 0. �

Theorem 7.28. Let f be as in the convention and also assume that f is dif-
ferentiable with f ′ uniformly continuous and let 〈Kk〉∞n=1 be a differentiable
Dirac sequence. Then if

fn(x) =

∫ ∞
−∞

Kn(x− y)f(y) dy

the limit
lim
n→∞

f ′n = f ′

holds uniformly.

Problem 7.26. Prove this. �
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