KINEMATIC AND CROFTON FORMULAS FOR LINEAR
GROUPS.

RALPH HOWARD

ABSTRACT. Let G4(R") be the Grassmannian of all linear ¢ dimensional
subspaces of R" and I an integral invariant of p + ¢ — n dimensional
submanifolds of R". Then we give methods of evaluating Crofton type
integral

/ I(MNL)dL.
Gq(R™)

The methods also work for various generalizations of G4(R") such as
complex Grassmannians.

1. INTRODUCTION

In Section 4(d) of his paper [2], Griffiths proposes studying Crofton type
formulas for curvature integrals of intersections of a submanifolds of R"
with the set of all linear, rather than the larger set of affine, subspaces
of R". To be more specific, let G4(R") be the Grassmannian manifold of
all ¢ dimensional linear subspaces of R™ and M a compact p dimensional
submanifold of R™. Then the problem is to evaluate integrals of the form

/ I(MNL)dL
Gq(R™)

where [ is an “integral invariant” of p+q¢—n dimensional submanifolds of R™
and dL is the SO(n) invariant measure on G4(R"). In this note generalize
by letting H be a closed subgroup of O(n) which is transitive on the unit
sphere S~ and L a linear subspace of R and replacing G4(R™) with the
manifold
GI’(H, Lo) = {aLo ac H}

For example if n is even and R” is identified with C*2 H = U(/n/2)
is the unitary group and Ly is a complex linear subspace of cn/2 = R»
of complex dimension ¢, then Gr(Lg, H) is the usual Grassmannian of all
complex ¢ dimensional linear subspaces of C/2 with its measure invariant
under U(n/2).

In this note we use the methods of our earlier paper [3] to reduce the
general case to concrete integrals over groups. While this is progress in the
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general case, getting the precise constants for a specific choice of H, Ly, and
integral invariant I has to be done case by case.

2. PRELIMINARIES

I am going to put the problem of a kinematic formula for intersections with
a plane constrained to go through the origin in a more general setting. Let
H C O(n) be a closed subgroup that is transitive on the unit sphere S™71.
The most natural example of such a group is H = O(n) or H = SO(n). If n
is even and R™ is identified with C"/2 then H = U(n/2) and H = SU(n/2)
are also examples that arise naturally. (More generally all the subgroups of
O(n) that act transitively on S"~! have been classified [4, 1].) Let Rt be
the multiplicative group of positive real numbers. Let G = H x RT. The
group G acts on R™ ~\ {0} by

(g,7)-x =rgx.
This is transitive on R™ \. {0} because H is transitive on S™~!.
Denote by g(,) the standard flat Riemannian metric on R":

g= zn: v’
i1

and let (,) be the Riemannian metric defined by

(XYY, = g8:(X,Y)

The following is easy to verify.

Proposition 1. The metric (,) on R~ {0} is invariant under O(n) x R
and therefore also under its subgroup G = H x R™. O

The group O(n) has a natural (up to a constant multiple) bi-invariant
Riemannian. If we use the usual identifications of the Lie algebra of O(n)
with both the left invariant vector fields on the group and with the skew-
symmetric matrices then this metric is (4, B)o(m) + 3 tr(A'B) (where A’
is the transpose of A). Let o € S"~! be the north pole of the sphere S~
(which we define as o := e, where ej,e9,...,e, is standard orthonormal
basis of R™). Then the natural map m(g) = g(o) is a Riemannian submer-
sion. (Requiring this to hold forces the factor of % in the definition of the
bi-invariant (A, B)o(n)-) Use the metric on H C O(n) induced by (,)on)-
Then the map 7r{ 5(9) = g(o) is also a Riemannian submersion. Giving
G = H x R* the product metric we then have

Proposition 2. If G has the product metric (,)o) +dr? /12, then this met-
ric is bi-invariant and the map p: G — R"™ ~ {0} is a given by p(g,7)(0) =
rg(o) is a Riemannian submersion. Letting Q¢ be the volume form of this
metric, we also have that Q¢ is bi-invariant on G and G is unimodular as
the volume form is bi-invariant. O
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Let M be a smooth compact submanifold of R, possibly with boundary.
For a function f: M — R we have two notions of a measure on M:

/ p(z) dr = integral of p w.r.t. the g-volume on M,
M

/ p(x) Qur(x) = integral of p w.r.t. the (,)-volume on M.
M

Elementary calculations show these are related by

[ e = [ falts) o). [ w0t = [ H

In these formulas |x| is computed with respect to the Euclidean metric g.

Let P be an invariant polynomial defined on the second fundamental
forms of p + ¢ — n dimensional submanifolds of R"™ (see [3, Def. 6.3, p. 40]
for the definition). Define an integral invariant I” on p 4+ ¢ — n dimensional
submanifolds of R" by

P _ M -
17 (M) —/Mmhx )d

where hM is the vector valued second fundamental form of M at z with
respect to the usual Euclidean inner product g.

Let MP and NY be submanifolds of R~ {0}. Then our goal is to evaluate
the integral

1) /G 1P (M 1 gN) Q0 (dg).

Note this is not the usual set up for integral geometry as I” is not invariant
with respect to the action of the group G. To see how this relates to the
problem of a kinematic formula for intersections with ¢-dimensional planes
through the origin, let Ly be some ¢g-dimensional linear subspace of R", and
set

(2) Gr(Lo,G) ={gLo:9€ G} ={alo:a € H}.

If H = 0O(n) then Gr(Lg,G) is the usual Grassmannian of all ¢g-dimensional
linear subspaces of R". If H = U(n/2) and Ly is a complex linear subspace
of R™ then Gr(Ly, G) is the complex Grassmannian of all ¢/2-dimensional
complex subspaces of C/2 = R™. Note that Gr(Lg, G) has an H invariant
volume element dL. (This is because H is compact.) This volume element
is also invariant under the action of G (as the factor RT acts trivially on
Gr(Lo,G).) Then the original problem coming out of the Griffiths paper is
to evaluate the integral

P _ P a a
(3) /Gr(Lo,G)I (MmL)dL/HI (M N aLo) Qur(da)

where Qg is the invariant volume form on H. But if we choose N to be a
bounded open subset of Ly with compact closure in Ly ~\ {0} then it is not
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hard to show there is a constant C, only depending on the (,) volume of N
so that

(4) / IP(MNL)dL = 0/ IP(M N gN)dg.
Gr(Lo,Q) G

(This follows just as in [3, appendix to Section 3].) Thus if we can evaluate
(1) then we can also evaluate (2). Let o be the north pole of S"~! and
let K be the isotropy subgroup of H at o. Then K is also the isotropy
subgroup of G acting on R™ ~\ {0} at the point o. Thus R" \ {0} = G/K
is a homogeneous space.

As submanifolds of R™ \ {0} have two notions of surface area (coming
from the two different Riemannian metrics g and (, )) we need some notation
to keep them straight. Let M* be a k-dimensional submanifold of R™ ~ {0}
and p: M — R a smooth function. Then

/ p(z) dr = integral of p w.r.t. the g-volume on M,
M

/ p(x) Qpr(dx) = integral of p w.r.t. the (,)-volume on M.
M

It follows from the definitions that these are related by

) [ e = [ s ), [ o) outan = [ D
M M M M ||
Let K be the isotropy subgroup of G at o:
K :={a € G :a(o) = o}.

Recalling that p: G — R" ~ {0} given by p(g,r) = rg(o) is a Riemannian
submersion and each fiber p~![z] is a translate in G of K and thus has the
same volume as K. Also p is a Riemannian submersion and thus of M is a
k dimensional submanifold of R™ \ {0}, M = p~1[M] is preimage of M by
p, and f: M — R is a measurable function, then the coarea formula gives

Vol(K) /Mf<x>QM<dx> - /ﬁf(p(x))ﬁc(d«f).
In light of (5) this implies

©) Vol() [ f()de = | Ip( 1 (pl6) ().
Let U,V be subspaces of of a real inner product space of dimensions k
and ¢ respectively. Then the angle' between defined to be
o(U,V)=|lur Aug -+ Aug Avg Avg A+ Aoyl
where wuq,uo,...,u; is an orthonormal basis of U and wvq,vs,...,vp is an

orthonormal basis of V. More generally we if £, € G and U is a subspace

1“Angle’7 is not really quite the correct term for o(U, V) as when as when U and V
are one dimensional this is the sine of the usual angle between them. We use the term
“angle” for brevity.
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of TG¢ and V is a subspace of T'G,,, we can define the angle bwtween theses
subspaces by translating back to the identity element of G:

o(U,V) = o(Le-1,U, Ly1,V)

where L, is left translation by g and L. is the derivative of Ly. It is worth
remarking that as the metrics (,) and g are conformal and elements of G
are conformal maps that o(U,V) can be computed with respect to either
metric. Let M? and N be submanifolds of R ~. {0} and let M = 7 —1[M],
N = 771[N]. Then by the basic integral formula of [3, p. 7] and using that
G is unimodular for any we have for any integrable function f: MxN—>R

@ [ ([ res005.,50) gt

MngN
_ //A FE o (T M, THNy) Qo (de, ).
MxN

We recall some definitions from [3]. If M C R"™ then, as usual, the
second fundamental form of M at € M is a symmetric function h: T M, X
TM, — T+M,. For technical reasons it is useful to consider the extended
second fundamental form of M which is defined by letting h to a function
H:R" x R" — R", also symmetric and bilinear, by H(u,v) = h(u,v) for
u,v € TM, and H(u,w) = H(w,v) =0 for w € T+M, and all u,v € R
Let

EII = vector space of all symmetric bilinear maps from R" x R" to R".

This includes the extended second fundamental forms of all submanifolds of
R"™. Let

vector space of all real valued polynomials on EIT

Polyl (EIT) = { *°
invariant under H and homogeneous of degree /.

If P € Poly%; (EII) and if M is a submanifold of R™ set
I”(M) = / P(hy") da
M

where hM is the extended second fundamental form of M. This is in variant
under translations and the group H. That is invariant under the subdirect
product H x R™ of maps of the form x — axz + b with a € H and b € R".
See [3, Section 6] for more details on these integral invariants.

Let MP and N? be submanifolds of R™ of the indicated degrees and
P € PolyY;. Our goal is to evaluate

(®) /G 1P (M A gN) Qs (dg).

This is not quite the usual set up for integral as the integral invariant I” in
not invariant under the group G, but the methods of [3] carry over to this
set setting.
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With notation as in the Basic Integral Formula (7), let f: MxN-—>R
be the function

fem =P (iig™) @l
Then
16,9718 =P (WMEET N Im@ e = P (BN ) ()t

Therefore, using that Mn g]/\\f fibers over M NgN with fiber K and that the
projection is a Riemannian submersion,

| 5659 05,56m)

MnNgN

- /MN P (R0 (€)1 2, (0 d)
— Vol(E) /Mm P (R ()T Qaang ()
g

= Vol(K) / P (hY"9N) da.
MngN

Using this in equation (7)

MngN
VOI(K)/G (/Mmng (R ) dac) Qc(dg)
_ //A FE (T M, TENy) Qo (de, d).
MxN

Which is equivalent to

(9)

Vol(K) / IP(M N gN) Qg(dg)

G

(10) — / /ﬂxﬁf@,n)o(:ﬁﬂ?@ﬂﬁn)% (¢, dn).

Now to get our formula it just remains to put the right side of this equation
in a usable, or at least more usable, form Note that the map (£,7) —
(m(§),m(n)) is a Riemannian submersion M x N — M x N with fibers
isometric to K (where we are assuming here that M and N have the G
invariant metric (,)). Thus if for each x € M and y € N we choose &;, 7, €
G with m(&§;) = « and 7(ny) =y (or what is the same thing {,(0) = = and
ny(0) = y) we can rewrite the last equation as

(11) Vol(K)/GIP(MﬂgN ) Qalg //MXN z,1y) Qur(2)Qn (y)
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where

I(e,y) = / /K ) (1 e, TR ) () ()

1 -1 . R
= // P (hjiWﬂfzab 177y N) ’x’p+q—nJ(TlM£Ia’TJ_Nnyb) QK(da)QK(db)
KxK

From [3, Eq. (3-13), p. 17] and that b is an isometry we have
(T Mg,y TH N,y ) = 0((€0a)7 " T M, (071 (n,)s HTEN,)

0 (bs(620) 1T+ M, (1) ' T N,)

o(( xab_l)*_lTLMx» (ny);lTLNy)~

Using this in equation (10)

1 -1 /\ R
I(x,y) = //K KP <hi\/m£mab K N> |x’p+q_nU(TlMsxa,TLNnyb)QK(da)QK(db)
X
1, -1
= // P (hiwmfxab 177y N) |1’|p+q—no_((£xab—l);lTLMm’ (ny)*—lTlNy)QK(da)QK(db)
KxK

= Vol(K) [ P (Y ol (6 M ()5 TN, 2 (da)
K

(10)

— Vol(K)[z[P+an /

-1
[P () (G T M () 5T Ny g (),

As P € PolyY; (EII), we have that P is homogeneous of degree £. Note that
if £ is a p+ ¢ —n dimensional submanifold of R™ and A > 0 then the second
fundamental form of E and its dilate AE are related by h* = (1/A)RF.
Then as P is homogeneous of degree £ we have

_ 1

(12) P(h*) = 3 P(h").

The element &, € G is so that £;(0) = = and as |o| = 1 this implies that
there is a unique element (, € H so that &, = |z|(,. With this notation and
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using that P is invariant under the action of H,

D (hiWﬂgcca'ﬂy_lN) _p <hgx(§x Mnany N))

_p <h|;ﬂ|Cz(5x_1Mﬂany_1N))

WP (th(SL Mnany, N))
x

( (&1t Mmany )

B w

lfcc Mnny
|x|K ( )

WP (h(ﬁza) MOy, )

Putting this in (11)
I(x,y)
- —1
— Vol(K)|afPtan-" / P (RN o((6a) T My, () T4 Ny (da)
K
— -1
= Vol(K) 2P IR (T (& Mo, h M Ty N)ou by ™)

where 1% (V,hi, W, hy) is as defined in [3, Def 6.3 p. 40]. Putting this into
equation (11) gives

/G 1P (M A gN) Q0 (g)

—1 1
= [ IR Mo Ty N ) Qarl ) )
X

ol — _ ~1 _ JIN
— // 2]y IR (T (€ Mo, h§ M T N)ou ) dirdy.
MxN

To simplify this a little more it would be nice to get rid of the dependence
on the elements £, and 7,. This can be done by using the dilation property
M = (1/A)h, and that &, = |z[(, for some (, € H. Thus

— —1
e P

|x\o

which when used along with the invariance properties of 1 [7? in equation (14)
gives
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Proposition 3. With notation as above the kinematic formula
/IP(MOQN) Qc(dg)
G
=[] lalt R ol1, TNyl o dy
MXxXN

N / /M NP R (T, el TNy, gl )0 ()2 (dy)
X
holds. -

Unfortunately there does seem to be any obvious way to farther simplify
the integrand I} (T'M,, |z|h}!, TNy, y|hl)).

With Gr(Lg, G) as in (2) and letting
JE(T My, hM) = TR(TM,, |z|hM, Lo, 0) = |z| TR (T M,, h, Lo, 0)

zy by

we can combine Proposition 3 and Equations (4) and (6) to get:

Corollary 4. If P ¢ Poly% and Lo has dim(Lg) = q, then for any compact
submanifold M of R™ ~ {0} with dim(M) =p

/ IP(MNL)ydL = c/ |z [PTa TP (T My, 2 Qs (dir)
Gr(Lo,G) M

:C/ 2|7 I (T M, h27) da.
M

where C' is a constant that only depends on the choice of measure on Gr(Lg, G)
(or equivalently only on the total volume of Gr(Lg,G).) O

3. POINCARE AND CROFTON TYPE FORMULAS.

We need a bit of notation. Let V' C T'(R"), and W C T(R"), where
x,y # 0. Choose &;, 1, € G so that {;(z) = o and 71,(y) = o and define the
averaged angle between V and W to be

Tk VW) = [ &V W)(do).

That is use elements &, and 7, move the subspaces V and W to the point o
and then average the angle between the resulting subspace with respect to
all possible choices of 7,. This satisfies, cf. [3, Prop. 3.4 Page 14]

(13) ox(V,\W) =oxg(W,V) =0k(9:V, W) = ox(V,g.W)

for all g € G.
Then ¢ = 0 and the formula for IL (T M,, |z|hM, TN, |y[hév) simplifies to

I (T My, |z|hy' TNy, |y|h))) = ok (TM, TN;).

This follows from the formula for I [3, Page 40] upon letting P = 1. So in
this case the kinematic formula becomes
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Proposition 5. If MP and N? are compact submanifolds of R™ ~. {0}

/VOl(MmN)QG(dg):// 2|9 " y| "o g (T M, TTN,) dz dy
G MxN

_ / / ([P g (T My, TN, ) (d) v (dy).
MxN

And Corollary 4 becomes
Corollary 6. With the hypothesis of Corollary 4

/ Vol(MNL)dL =C / |z[PT I o g (T M, L ) Qs (diz)
Gr(Lo,G) M

= C/ |z "o (T M, Ly ) da.
M
with the constant C' only depending on the total volume of Gr(Lg, G). U
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